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Introduction 


Consider the cyclic algebra §’(I1) whose basis consists of the products a/r* (j, 
k = 0,1, --- ,r — 1) overa field § where a generates a cyclic field §’ = §(a) 
over §} and 


(1) za = az 
(2) II =2’'-y=0 (y ¥ 0) 


where a is an element of §’ such that the correspondence a into a“ generates 
the Galois group of §’ over §. We consider §’(II) as a residue algebra of the 
polynomial II in the domain §’ [x] of all polynomials in x whose coefficients 
C §#’ and for which multiplication is defined by (1). The main purpose of the 
present paper is to show that the problem of determining the division algebra 
part of (II) in the Wedderburn decomposition may be reduced to the problem 
of finding a single irreducible factor of Il in [x]. In §1 we discuss the factori- 
zation theory in [x]. In §2 and §3 we determine the relation between ’ (II) 
and an algebra associated with a factor of II. Finally, in §4 we derive a ‘‘norm”’ 
condition in order that IT have an irreducible factor of degree ¢ and from this 
condition the usual norm conditions for cyclic algebras follow as simple corol- 
laries. The methods used are applicable to the algebras defined by (1) and (2) 
where §’ is any division algebra of finite order over §. We hope to consider 
this case in a later paper. 

In the course of the preparation of this paper, I had the privilege of discuss- 
ing its details with Professor Wedderburn. I am very grateful to him for the 
stimulus of these discussions. 


1. Cyclic Polynomial Domains 


Let 3’ = §(a) bea cyclic field of order r generated by a over the field § and 
a) = @(a) be another root of the minimal equation satisfied by a in § such that 
the correspondence a into a“ is a generating automorphism of the cyclic Galois 
group of §’ over §. We define the cyclic polynomial domain, §' [x], as the set 
of expressions of the form 


P = ao + aya + e+e + apa" 





1 Presented to the American Mathematical Society, June 19, 1933. 
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where the a; C §’ and z is an indeterminate. Addition of such expressions 
is defined lin the usual manner. Multiplication is defined by (1) together with 
the distributive and associative laws. From (1) one obtains 


xb = b# a 


where b = (a) is a polynomial of degree < rina and b = b(6(a)), 0 being 
the k-th iterative of 6. It is easily verified that §’[z] is a domain of integrity, 
It may also be considered as an algebra with an infinite basis over §. In the 
present section we take the former viewpoint and give an outline of the theory of 
factorization in §’ [x]. We mention first certain well known properties of §’ [z] 
referring to the papers of Wedderburn and of Ore for the proofs.” 

For any two polynomials P and Q there exists a division process leading to 
polynomials S, R and S,, R; such that 


=SQ+R P = QS, + Ri 


where the degree of R, 5(R) < 6(Q) and 6(R,) < 6(Q). Further, S, R and S,, 
R, are unique. 

The existence of a highest common right (left) factor of P and Q, (P, Q)z 
((P, Q)1) and a least common left (right) multiple, [P,Q], ([P, Q] 2) follows 
from the division process.* These are unique except for left (right) unit multi- 
pliers. We have 


(3) 6(PQ) = S[P, Q]. + O(P, Qe = SP, Qe + 5(P, Q)z. 
There exists A;, B, and Ao, B. C F’ [x] such that 
(P, Q)e = A,\P + BQ (P, Q): = PA, + QB:. 


We recall the definition of a generalized left-transform of P by Q as P* = 
[P,Q].Q14 If (P, Q)ez = 1, then (3) shows that 6(P) = 6(P*) and P* is said 
to be left-equivalent® to P. Right-transforms and right-equivalence may be 
defined in an analogous way. We refer to Ore’s paper (O. pp. 488-491) for a 
discussion of transforms, recalling merely that right- and left-equivalence imply 
each other and hence we drop the modifiers “right’’ and “left’’ in what follows. 

The fundamental factorization theorem for §’ [z] is the eee | 

THEOREM 1. A polynomial A may be expressed as P,P, --- P, where the P’s 
are irreducible. If Q:Q: --- Qi is another factorization of 4 into irreducible 
factors, then s = tand the P’s and Q’s are equivalent in pairs. 

We refer to Ore’s paper (O. p. 494) for the proof. 





2 J. H. M. Wedderburn, On continued fractions in non-commutative quantities, Ann. of 
Math., 15, (1913-1914), pp. 101-105 and Non-commutative domains of integrity, Jour. fiir 
Math., 167, (1932), pp. 129-141. Thelatter paper will be referred to as W. ©. Ore, Theory of 
non-commutative polynomials, Ann. of Math., 34, (1933), pp. 480-508, referred to asO. 

3 W. pp. 132-135 or O. pp. 483-486. 

4 W. p. 135 or O. p. 488. 

5 Ore (O. p. 488) uses the term similar. We prefer equivalent since similar has a different 
meaning in connection with the theory of algebras. See p. 204. 
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The preceding properties hold for a very wide class of domains of integrity, 
namely, the proper Euclidean domains as defined by Wedderburn.’ We shall 
now discuss certain properties peculiar to §’ [x]. 

Let €[{x] denote the centrum of %’ [zx] ie. the set of elements of §’ [zx] com- 
mutative with every element in §’[z]. If a polynomial II is commutative with 
z, its coefficients C § and if it commutes with a, it contains only terms in the 
powers of x”. It follows that €[z] consists of all polynomials in x” with coefti- 
cients C §. 

A domain of integrity has been called Hamiltonian by Wedderburn’ if for every 
element P there exists a P, an adjoint of P such that PP = II C centrum of the 
domain. It follows that PP = I. 


THEOREM 2. §' [x] ts a Hamiltonian domain of integrity. 
For any P, 
1P = Pl, 2’P = Pr',---,2"P = Pr'.---, 


By division obtain 


(4) a'r = PU; + Vi. 
Since the polynomials Vo, Vi, V2, --- all haved < 6(P), they can not be linearly 
independent with respect to §. There exists ao, a1, --- ay not all zero such that 
f 

(5) » arV i = 0. a 

k=0 é 
From (4) and (5) we have | 
(6) Tl = Lar” = P(la,U,) = PP. 


Since there exists a division process in €[z], it follows easily that the poly- 
nomial II of lowest degree (and hence the adjoint of lowest degree) is unique 
except for a multiplier C §. If the inverses of the polynomials @[z] are 
adjoined to §’ [x], we obtain a division algebra containing § [x].* 

THEOREM 3. Let Il C [zx] and be irreducible in C[x]. If 1 = PiP.-:: Ps 
where the P’s are irreducible in §' [x], then all the P’s are equivalent. 

Suppose IT has the form (6) and a; = 1, ao # 0.9 Let Q be an irreducible 
right factor of II with leading coefficient 1, i.e. 


(7) I = RQ. 
We may transform (7) by an element of §’ or by z obtaining 


(8) 1 = bb = (bRb)(bQb>) = azllz— = (xRx-)(xQz"), DCF. 








° W. p. 132. 

7W. p. 138. 

5° W. p. 138. 

° If a = 0,1 = zx’ and the theorem is trivial. 
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where the a; C %’ and z is an indeterminate. Addition of such expressions 
is defined lin the usual manner. Multiplication is defined by (1) together with 


the distributive and associative laws. From (1) one obtains 
2b = b® zk 


where b = b(a) is a polynomial of degree < rina and b“ = b(@(a)), 6 being 
the k-th iterative of 6. It is easily verified that §’[z] is a domain of integrity, 
It may also be considered as an algebra with an infinite basis over §. In the 
present section we take the former viewpoint and give an outline‘of the theory of 
factorization in §’ [x]. We mention first certain well known properties of §' [z] 
referring to the papers of Wedderburn and of Ore for the proofs.” 

For any two polynomials P and Q there exists a division process leading to 
polynomials S, R and S,, R; such that 


P=SQ+R P=Q8S, + Ry 


where the degree of R, 5(R) < 6(Q) and 6(R,) < 6(Q). Further, S, R and S,, 
R, are unique. 

The existence of a highest common right (left) factor of P and Q, (P, Q). 
((P, Q)1) and a least common left (right) multiple, [P, Q], ([P, Q] 2) follows 
from the division process.* These are unique except for left (right) unit multi- 
pliers. We have 


(3) 6(PQ) = S[P, Qi + 6(P, Qe = 5[P, Qe + 5(P, Q)z. 
There exists A;, B, and As, B, C [x] such that 
(P, Q)e = AiP + BQ (P,Q), = PAz + QB:. 


We recall the definition of a generalized left-transform of P by Q as P* = 
[P,Q],.Q714 If (P, Qe = 1, then (3) shows that 6(P) = 6(P*) and P* is said 
to be left-equivalent® to P. Right-transforms and right-equivalence may be 
defined in an analogous way. We refer to Ore’s paper (O. pp. 488-491) for a 
discussion of transforms, recalling merely that right- and left-equivalence imply 
each other and hence we drop the modifiers ‘“‘right’’ and “‘left’’ in what follows. 

The fundamental factorization theorem for §’ [x] is the following 

THEOREM 1. A polynomial A may be expressed as P,P: --- P, where the P’s 
are irreducible. If Q:Q. --- Q: is another factorization of A into irreducible 
factors, then s = t and the P’s and Q’s are equivalent in pairs. 

We refer to Ore’s paper (O. p. 494) for the proof. 





* J. H. M. Wedderburn, On continued fractions in non-commutative quantities, Ann. of 
Math., 15, (1913-1914), pp. 101-105 and Non-commutative domains of integrity, Jour. fiir 
Math., 167, (1932), pp. 129-141. Thelatter paper will be referred to as W. 0. Ore, Theory of 
non-commutative polynomials, Ann. of Math., 34, (1933), pp. 480-508, referred to as O. 

3 W. pp. 132-135 or O. pp. 483-486. 

4 W. p. 135 or O. p. 488. 

> Ore (O. p. 488) uses the term similar. We prefer equivalent since similar has a different 
meaning in connection with the theory of algebras. See p. 204. 
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The preceding properties hold for a very wide class of domains of integrity, 
namely, the proper Euclidean domains as defined by Wedderburn.’ We shall 
now discuss certain properties peculiar to §’ [x]. 

Let €[x] denote the centrum of §’ [x] i.e. the set of elements of §’ [x] com- 
mutative with every element in §’[z]. If a polynomial II is commutative with 
z, its coefficients C § and if it commutes with a, it contains only terms in the 
powers of x”. It follows that €[z] consists of all polynomials in x" with coeffi- 
cients C §. 

A domain of integrity has been called Hamiltonian by Wedderburn’ if for every 
element P there exists a P, an adjoint of P such that PP = II C centrum of the 
domain. It follows that PP = II. 


TueorEM 2, §’ [x] is a Hamiltonian domain of integrity. 
For any P, 
1P = Pl, 2’P = Pzx’,---,2"P = Pzr*..-, 


By division obtain 


(4) a** = PU; + Vi. 
Since the polynomials Vo, V1, V2, --- all haved < 6(P), they can not be linearly 
independent with respect to §. There exists ao, ai, --- ay not all zero such that 
f 
(5) 7 a.V, = 0. 
k=0 


From (4) and (5) we have 
(6) Il = Yar” = P(Sa,U,) = PP. 


Since there exists a division process in €[z], it follows easily that the poly- 
nomial II of lowest degree (and hence the adjoint of lowest degree) is unique 
except for a multiplier C §. If the inverses of the polynomials €[z] are 
adjoined to §’ [xz], we obtain a division algebra containing §’ [x].* 

THEOREM 3. Let II C ©[zx] and be irreducible in C[x]. If M1 = PiP2--- Ps 
where the P’s are irreducible in §' [x], then all the P’s are equivalent. 

Suppose IT has the form (6) and as = 1, ao # 0. Let Q be an irreducible 
right factor of II with leading coefficient 1, i.e. 


(7) Tl = RQ. 
We may transform (7) by an element of §’ or by z obtaining 


(8) 1 = bib = (bRb™)(bQb—) = allz = (eRe) (xQr"), WCF. 





® W. p. 132. 

7W. p. 138. 

°W. p. 138. 

* If a = 0,1 = 2x’ and the theorem is trivial. 
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The transform zRz— is obtained by taking conjugates of the coefficients of R, 
We indicate generally the result of any transformation as (8) by II = R’Q’. It 
follows that Q* = [Q’,Q],Q-‘isaright factor of R. Q*is a unit if and only if Q’ 
and Q differ by unit factors, which means in this case that Q’ = Q. But, if Q’ = 
Q for every transformation, then Q C €[z] and from the assumption of the 
irreducibility of II in €[z] it follows that II = Q. In the contrary case we 
obtain a new factor Q*, equivalent to Q’ and hence to Q such that 


= R,Q*Q = RiQ.. 
We suppose Q, normalized so that its leading coefficient i is 1 and then we use the 
same process on it as used before on Q. We obtain Q; = [Q:, Q:],Q— which 


has factors equivalent to Q unless Q, = Q;.° Continuing in this way we finally 
reach a stage at which Q, = Q; for every transform. As before, it follows that 

= Q,. Thus, we obtain a factorization of the type desired. It follows then 
from Theorem 1 that any factorization has the desired properties. 


2. Residue Classes in §’[z] 


In this section we consider the properties of §’ [7] as an algebra over §. 

The sub-algebra §’[x]P (the set of elements of the form KP, K C §'[z}) is 
left-invariant in §’[z]. One may divide the elements of %’[x] into classes 
modulo §’[x]P or (mod P). The set of these classes forms a vector space =, 
whose order is tr over § where ¢ = 6(P). In order that 2, be an algebra it 
must be closed under multiplication, i.e. from 


(9) A = A, (mod P), B = B, (mod P) 
must follow 

(10) BA = B,A, (mod P). 

But (9) and (10) imply 

(11) PA =0(mod P) or PA = A’P 


Since A is arbitrary, it follows that a necessary and sufficient condition that 2> 
be an algebra is that (11) hold for every A C §’ [x]. However, if we restrict 
ourselves to the sub-set, §’[P], of elements A which satisfy (11), we may asso- 
ciate with every P a unique difference or residue algebra §’(P) = 9%’ [P] - 
&'[z|P. %'[P] is a domain of integrity and an algebra over §. It is in fact 
the maximal sub-algebra of §’ [x] which contains §’[z]P as an invariant sub- 
algebra. We shall call §’[P] the normalizer" of P and §’(P) the residue 
algebra of P. 





10 See O. p. 488-491. 

141 Ore, in Formale Theorie der linearen Differentialgleichungen II, Jour. fur Math., 168, 
(1932) p. 242, uses the term “‘Eigenring.’’ We use normalizer because of the analogy with 
the theory of groups. We refer to this paper of Ore’s as O’. 
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Suppose that A C §’[P] and (A, P), = 1. There exist an A; and a P, 
such that 


(12) A,\A + P,P = 1. 


By division of PA, by P on the right we get PA; = A;P + Az where 6(A2) < 
5(P). From (12) we get 


(13) PA,A = P(1 — P,P) = (1 — PP,)P 
and from (11) 
(14) PA\A = A}PA + A:A = AjA’P + ALA 
and from (13) and (14) 

A.A = (1 — P,P — AjA’)P. 


Then P* = [P, A],A~' is a right factor of A, which is impossible because of 
the degrees of P* and A, unless A, = 0, or PA; = A;P. Since §’(P) is an 
algebra it follows that there is a P, such that AA; + P.P = 1. We have 
immediately : 

TurorEeM 4, If P is irreducible, §'(P) is a division algebra.'” 

In the same way we may treat the algebra P%’ [x] and we may define the left- 
normalizer §; [P] as the set of elements A’ which satisfy (11) and we may define 
the left-residue algebra as §;,(P) = §’[P] — P§’[x]. If we let A and A’ be 
corresponding elements, (11) gives an isomorphism between §’[P] and §;[P] 
and also between §’(P) and §;(P). 

We shall require later the trivial remark that §’(P) ~ §’(bPc) where b, c C 
i’. This is verified immediately. 


3. The Structure of Cyclic Algebras 


A cyclic algebra is defined to be an algebra §’(I1) where II = x" — vy (y ¥ 0). 
§ (II) is a normal simple algebra. We shall now discuss the structure of §’ (I) 
and its relation to the factorization of II in §’ [x]. 

Suppose that IT = PP where (P, P), = 1. Then from (3) we have [P, P], 
= II. There exists a Q and an R’ such that 


(15) QP + RP =1 

where we may take 6(Q) < 6(P). From (11) we obtain 
(16) AP = PA’, 

Since Q C §’[P], we may set 

(17) QP = PQ’ = 





This theorem has been given by Ore (O’ p. 242). Our proof, however, is different from 
his. 
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and since the roles of P and P may be interchanged, 


(18) R'P = PR =2. 
Now, (15), (17) and (18) give (P, P), = 1 and as before 
(19) [P, Pl, = U1. 


(15), (17) and (18) imply also 
(20) e? = e (mod II), é? = é (mod II), e 


e = 0 (mod Il). 


i 
I 


If A C §’[P] from (15) and (17) follows 
(21) A = P(Q’A) + (R’A’)P = PY + ZP 


and conversely any polynomial of the form PY + ZP C §’[P]. Thus, §’[P] 
is identical with the set of these polynomials. If 6(A) < 6(P), we may take 
5(Y) < 6(P) in (21). 

As in §2 let =, denote the set of elements of §’[z] of 6 < 6(P) = t. We 
have seen that =, is a vector space whose order is rt over §. Let 3¢? = =, A 
§’[P]. = is a vector space whose elements may be used as representatives 
of the elements of the residue algebra §’(P). Finally, let =%2) be the sub-space 
of elements W of >, such that PW = W*P or, what amounts to the same thing, 
such that 


(22) WP = Pw*. 


We shall require later 

Lemma 1. 2p = 32) + 5%) 3 a a? = 0. 

=f Ax?) =0. For, if W satisfies (22) and (16),then PW’ = PW* which is 
impossible because of (19) unless W’ = W* = W = 0. Now, (21) with 6(Y) < 
t gives a linear transformation of =, into =“) determined by dividing PY on the 
right by P and letting Y correspond to A. 2‘? is precisely the sub-space which 
goes into 0 under this transformation. Hence, order of =» = order of =%) + : 
order of °°) and from the previous result, 5, = >@ + >), 

We prove next the fundamental 

TueoreM 5. If Il = PP = PP, (P, P)z = 1, then §(P) ~ ef (Me 
where e is given by (17). 

We recall the Peirce decomposition of §’(I) relative to the idempotent 
elements e and é: 


& (Il) = e&’(Me + ef’ (Me + eR (Me + ef’ (Me 


or 


S = eSe + eSé + @Se + é@Sé (mod Tl). 
eSe is divisible on both sides by P and if 
(23) eSe = Sy (mod II) ( 
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where 6(Si:) < 7, Su is divisible on both sides by P i.e. 
(24) Su = TyP = PT},. 
and so Sy, C ¥’[P]. Similarly, we obtain 
(5) Se=TisP = PT», Su=TnP =PT3,, Sn = 7),.P = PTx 
where 6(Six) < rand 
S = Su + Sie + Sa + See (mod I). 
Now, if 6(S) < r, from considerations of degree follows 
(26) S = Su + Siz + Sor + Soe. 


Conversely, suppose S is any element of 6 < rand let (26) be an expression for S 
where we assume merely that the S, satisfy (24) and (25) and 6(Sy.) < r. Then, 
this expression is the Peirce decomposition of S. To show this we have merely 
to show that an expansion of this type is unique. Suppose then S = 0 where S 
has the form (26) the S;, satisfying (24) and (25). Then 


P(T{, + Tw) = —P(T2, + Tx) 


which according to (19) implies Si: + Siz = 0 = Sx + Se and by the same 
kind of argument applied to Sy, + Sy, Su = Siz = So = Se = 0 or (26) is 
unique. 

We shall show that the correspondence between the class of eSe (mod IT) and 
the class of S,, (mod P), where S,, and eSe satisfy (23), is an isomorphism be- 
tween ef’ (I1)e and %’(P). 

In the first place, the elements S,; obtained by (23) are a complete set of repre- 
sentatives of the elements of §’(P). For, let 7, be any element of =‘). Then 
Su = Ty,P = PT}, has 6 < rand according to the Peirce decomposition, (26), 
Su C eF’(Me. As 7, takes on all values in =“), S,, generates a complete set 
of residues (mod P) since P has an inverse, Q, (mod P). Hence, the corre- 
spondence between classes under consideration is (1-1). It is evidently pre- 
served under addition and scalar multiplication. Let 


SYS) = Si‘) (mod P). 


From (17) we have 


(27) eS) S\%e = eS\e (mod I) 

and by (15) 

(28) S2SMe = eSWe + aSWe = eSVYeSPe + eSVeS Ve. 
Further, 


(29) eSWesMe = PQ’S\Y)R'PSY) PQ’ = PQ’S\)R'SY)1Q’ = 0 (mod Tl) 








>> 
B 
- 
\ 
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and so from (27), (28), (29) and (20) follows 
eS\Pe = (eS Je) (eS'\e) (mod 11) 


i.e. the correspondence is an isomorphism. 

If we allow Sj. in (25) to correspond to JT, we obtain a non-singular linear 
transformation of the elements of e§’(II)é into the elements of >°??, For, if 
T <>?) as before, Se = PT» C e§’(M)é so that the correspondence is 
defined over the whole of 2°). It is evidently (1-1) and linear with respect to §. 
Hence, we have 

Lemma 2. The orders of e§’ (IL)é and Z'2? over § are equal. 

It follows from Theorem 5 that §’(P) is a normal simple algebra similar to (~) 
(II), ie. their division algebras in the Wedderburn decomposition are iso- 
morphic. If P is irreducible, §’(P) is the division algebra part of §’ (II) (in the 
sense of isomorphism) and ¢ is a primitive idempotent element. 

Theorem 5 holds also in the more general case in which II C €[#] and isirre- 
ducible there. However, it can be shown without difficulty that §’(I]) is cyclic 
over its centrum and so from the point of view of the theory of algebras there is 
no gain in generality in this case. We return to our previous consideration of 
FM), = 27-4 

Lemma 3. Jf Il = PP, P irreducible, then there exists an associate, P,, of P 
such that I. = P,P, and (P,, Py) e2 = 1. 

If (P, P) x ¥ 1, then P = TP = PT and 


(30) P? = 0 (mod Il). 
Let b and c be arbitrary elements of §’. Then 
TI = (bPc) (c*Pb-) = P,P, = P,P,. 


If the lemma is false, then (30) holds for every P;. A direct calculation shows 
that P, is divisible on both sides by P and so 


(31) P,P = PP, = 0 (mod M11) 


and in fact (81) holds for any pair of associates of P. If x* is a power of z 
actually present in P,a® P — Pa has one term less than P and by (30) and (31) 
is nilpotent. Continuing in this way we may obtain a linear combination of 
terms as P; = 2'(l < r) which is nilpotent. But this is impossible since y ~ 0. 

It follows from Theorem 5, Lemma 3 and the remark at the end of §2 that if 
Il = PP, P irreducible, §’(P) ~ division algebra part of §’ (II). 

THEorEM 6. If P is an irreducible factor of Il of degree t, the order of the division 
algebra part of §' (Il) zs t?. 

It is only necessary to compute the order of §’(P) where P is irreducible and 
(P, P)e = 1. Let n? denote this order. By Lemma 1 n? = rt — h whereh = 
order of 2°2), The order of the matric part (e;) of (II) is then 


r2 
n2 


(32) m? = 
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h is also the order of e’(11)é according to Lemma 2. If ¢ is taken as e;,; in the 
matric part of ¥'(II), then e§’(M)é is the direct product of the division algebra 








part §’(II) and the algebra whose basis is (12, €13, «++ , im) over %. It follows 
that 

owen -GEY 3 

(33) + sities: rt—h ~ \et —h 1 ee 


From (32) and (33) we find n = ¢. 

Theorem 6 gives an indirect proof that the degrees of the irreducible factors of 
IIareequal. This is also a consequence of Theorem 3. 

We summarize the results of this section in the following 

TuHeorEeM 7. Jf Il = P,P, --- Ps where the P’s are irreducible, all the P’s have 
the same degree. If this common degree is t, §'(I1) has division algebra of order t® 
and matric algebra of order s*. Further, §'(11) ~ §'(P3). 


4. Norm Conditions 


We shall now derive a criterion based on Theorem 7 in order that the division 
algebra part of (11) have order ¢?. From this criterion the norm conditions 
for cyclic algebras follow as immediate corollaries. 

If P C ¥’ [x], evidently 


P = pu + Put +--+ + pyr?! 


where the p;; are polynomials in x with coefficients C §’. This expression for 
Pisunique. In the same way let 


(34) z* -1P = pe + prot +++ + per x7! (kK = 1, --- 1). 


If X denotes the matrix 


r—l 
and { the matrix (p;;), then the equations (34) may be written as 
(35) XP = $x. 


The correspondence of P into § is readily verified to be an isomorphism. 

THEOREM 8. The characteristic equation of $ has coefficients which are poly- 
nomials in © [x]. 

If we allow the p,; in the expression for P to have denominators C @[z], 
then P represents a general element of the quotient algebra of §’[r]. This 
algebra has as its centrum the field R = §(x” = z) and is in fact the cyclic 
algebra &’(Q) where R’ = R(a) and Q = x — z. The matrices $ give a 
representation of &’(Q). The characteristic equation of $ is the minimal 
equation of the algebra &’(2). Hence, the coefficients of this equation C &. 
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Obviously, if P C §’ [x], the characteristic equation of $ has integral coeffi- 
cients in &, i.e. C C[x]. 

In particular, the determinant of 8 C €[z]. We shall call this determinant 
the norm of P, N(P). If b C %’, N(6) is the ordinary norm, the product of the 
conjugates of b. For Il C €[xr], N(I) = II’. Finally, if 


P=aytaat--: + ap, a; CH’, i<¢s, 








then 
ao ay . ‘ ° ° ° ° Ps at ‘ . 0 
0 a) a‘)? 
tee jy 
(r—t) pr (r— t) (r—t) 
So, "2 0 ao © 2 Gyny 
al? Yar afr) 
and so 
(36) N(P) = (-1)'N(—1)'‘N(aix** + +--+ + N(ao). 


For any P we have 
(adjoint $)$ = N(P)3 
where (%t is the unit matrix and hence from (35) 
(37) (adjoint $)X¥P = N(P)X. 


By comparing elements in the first row of the matrices on the two sides of the 
equality sign in (37), we find that P isa factor of N(P). Further 


(38) N(PQ) = N(P)N(Q). 


We may now prove the following 

THEOREM 9. [f ¢ is the smallest positive integer such that all‘ = N(P) for some 
a C §and P CF’ [x], then the division algebra part of §' (11) has order t? and is 
tsomor phic to §’(P). 

Let P, a and ¢ satisfy the conditions of the theorem. Then P is irreducible. . 
For, suppose P = P,P, where 6(P,) = 4 <¢t. From (38) follows all‘ = 
N(P,)N(P2). N(P1) and N(P,) C C[x] and have P; and P, respectively as 
factors. Since II is irreducible in C[z], we must have N(P,) = BI" where u < t 
and 8 C ¥. This contradicts our assumption about t. 

P is a right factor of all‘ and if not a factor of II, (P, )ez = 1. Hence, P = 
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[P, I1].1I- ‘is a factor of all‘~'. By repeating this argument sufficiently often, 
we are lead to a contradiction. 

Thus, P is an irreducible factor of II and hence 6(P) <r. From (36) we have 
5(P) = tand the theorem follows from Theorem 7. 

If the leading coefficient of P is a,, then (—1)‘a,~ 'P also satisfies the condition 
of the theorem and has (—II)‘ for its norm. 

THEOREM 10. A necessary and sufficient condition that §'(I1) be matric is that 
y be the norm of an element of §'."° 

By Theorem 9 the condition is that 


y — x” = N(m — x) = N(m) — 2". 


Hence, y = N(m). By retracing the steps we get the converse. 

THEOREM 11. Jf q is the smallest positive integer for which y* is the norm of an 
element of §’, then the division algebra part of §' (11) has order = q?. 

If the order of the division algebra is ¢?, then according to Theorem 9, there 
exists a P such that N(P) = (vy — 2x’)! where we assume that the leading coeffi- 
cient of P is (— 1)‘ and last coefficient is a. From (36) follows 


(—1)'x" + +++ + N(ao) = (y — 2”)! 


and hence y! = N(ao) so that ¢ 2 ¢.¥ 

If r = st, there is a unique sub-field §, of § of order ¢ over §. &; is in 
fact the sub-field of §’ which is invariant under the automorphism which sends 
aintoa™. Ifb C ¥, we denote bb™ --- b —» by N,(b).. By means of §;, 
and the automorphism which sends any b of §, into'b“ we can define a cyclic 
polynomial domain §,[x]. If P is a polynomial in §,[x], we denote its residue 
algebra in §,[x] by §.(P). We require the following 

Lemma. If P = x‘ — 6, 6 C §, then §'(P) = FAP) and is a cyclic algebra. 

For, if A = ao + aya + +++ + q_iz'~!and PA = A’P, then the a; C §:. 

We may now prove a result of Albert’s: 

TuHeoreM 12. If r = st and y* = N(c), c C¥’, then there exists an element 
d C §: such that y = Nd). 

By the hypothesis and by Theorem 10 we conclude that the cyclic algebra 
i/(z" — y*) isa matric algebra. But 


at — y8= (at = y) (xt —D 4 yates -— 9 fee yt!) = PP 


where P = xt — y. Evidently (P, P) = 1 and hence by Theorem 5, §’(«” — 
Vv) ~ & (et — vy) = FAzt — vy). Thus §(c' — vy) is matric and so by 
Theorem 10 


vy = Nid) d — &t. 





‘Sef. Helmut Hasse, Theory of cyclic algebras over an algebraic number field, Trans. 
Am. Math. Soc., 34, (1932), p. 199, or A. A. Albert, On the construction of cyclic algebras 
with a given exponent, Am. Jour. of Math., 54, (1932), p. 10. These papers will be denoted 
by H. and by A. respectively. 

“ ef. H. p. 194 and A. p. 10. 

BA, p. 8. 
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The following theorem also has been given by Albert:" 

THEOREM 13. A cyclic algebra is a direct product of cyclic algebras of prime 
power orders. 

We recall the well known theorem that the direct product §’(x" — y,) X 
o(2” — ¥2) ~ B(2" — y172)." Now, suppose that r = st, (s, t) = 1 and 
determine |, m and k so that 

ls + mt = 1+hkr l,m, k > 0. 
Then 
Ha" — vy") K He" — 1) ~ F]@’ — vy) X HE’ — 7”. 

But by Theorem 10, §’(x” — y*’) is matric and hence 

Te - y ~Fe - 7X Ee — 7". 
On the other hand, since 

 - vis te (xt ee 7") (atte -D4 yy latls — 2 feowee ylis - 1)) = PP 

where P = x — y' and (P, P) = 1, it follows as in the proof of Theorem 12 
that §’(2”7 — y"*) ~ §(x' — vy’) and similarly f(z" — y™) ~ §.(x* — y"). 
Hence 

& (z’ — y) ~ Fez! — y') X Fe" — y”). 
By comparing the degrees of the algebras involved we have 

& (x’ — vy) & Fea — v') XK F(z" — y”). 


If s or tis not a power of a prime we repeat the argument using §,(a* — y”) or 
ea‘ — y') in place of §’(x7 — vy). Continuing in this way we obtain the 
theorem, 





16 Ap. 9. 
17 A. p.6. 
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A NOTE ON NON-COMMUTATIVE POLYNOMIALS 
By NATHAN JACOBSON 
(Received October 18, 1933) 


(). Ore has recently considered polynomials in an indeterminate x whose coeffi- 
cients (taken on the left) lie in a non-commutative field or division algebra % 


where 
(1) wa = ax+a’ a, d,a’ CA 
He has shown that if the associative and distributive postulates are assumed, the 


set of these polynomials constitutes a domain of integrity, %{z], and the opera- 
tions (~) and (’) in & satisfy the conditions: 


G@+b -<at+h (ab) = ab 
(a+ b)’=a'+D’ (ab)’ = ab’ + a’b. 
lor every element A ~ 0, C %[z] there is defined a real non-negative number 
(A), (the degree of A) such that 
(I) 6(AB) = 6(A) + 6(B) 6(A + B) S Max. (6(A), 6(B)) 
(II) No infinite sequence A,, Ae, As --- can exist such that 
5(A1) > 6(A2) > 6(A3) > -:- 


(III) For every pair A, B there exists a Q and an R such that A = QB +R 
where either 6(R) < 6(B) or R = 0. 

A domain of integrity satisfying (II) and (III) will be called right-Euclidean.’ 
The property (I) will be referred to as the non-Archimedian property of 6. 

It is the purpose of the present note to prove the converse of these results 
and thus obtain an abstract characterization of polynomial domains. 


THEOREM. A domain of integrity in which there is defined a non-negative func- 
tion 6 laving the properties (I), (IT) and (ITI) is a polynomial domain. 
The condition 5(a) = 0 is necessary and sufficient in order that a be a unit.‘ 





10. Ore, Theory of non-commutative polynomials, Annals of Math., 34 (1933) pp. 480- 
508. 

* J. H. M. Wedderburn, in Non-commutative domains of integrity, Jour. fiir Math., 167 
(1932) p. 132, calls a domain Euclidean if two sided division exists and (II) is satisfied in 
the domain. 

* A. Ostrowski, Uber einige Lésungen der Funktionalgleichung ¢(z)¢(y) = ¢(ry), Acta 
Math., 41 (1916-1917), p. 272. 

‘ ef. Wedderburn, loc. cit. 
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For it follows from (I) that 6(1) = 0 and since 6(aa~') = 6(a) + 6(a) = 0 
then 6(a) = 0 = 6(a~'). Conversely, if 6(a) = 0, (III) gives 1 = ga+r 
and since 6(a) = 0, we must have r = 0 so that g = a“. (I) shows that the 
set of units is closed under rational operations and thus forms a non-commuta- 
tive field Y. 

Let x be an element of the domain for which 6(x) has the minimum positive 
value. The existence of such an element follows from (II). Now, there is no 
element P for which 


(2) ni(x) < 6(P) < (n + 1)6(2) 
where n is a positive integer. For, if we obtain by division 
(3) P = agv* + P; 


where 6(P:) < 6(x"), then it follows from (I) that 6(P) S 6(aox"). But if P, 
is transposed to the side of P in (3) and (I) is again applied, we obtain 6(a x") s 
5(P) and hence 


(4) 6(P) = S(aox") = 5(ao) + né(x) 


and from (2) follows 0 < 6(a 9) < 6(x) contrary to the assumption on z. 

Now, if 6(P) = né(x), (4) shows that 6(a0) = 0 and so a C YW. By 
repeating the argument for P; and using induction as allowed by (II), we obtain 
finally | 


(5) P = aor" + aya" ~'+ +++ +a, 


where the a; C A. It is evident from considerations of degree that the expres- 
sion for P given by (5) is unique, i.e. x is transcendental over YI. 
The conditions (1) imply (1) and the proof is complete. 


PRINCETON UNIVERSITY. 
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ON CERTAIN IMPRIMITIVE FIELDS OF DEGREE p? OVER P OF 
CHARACTERISTIC p* 


By A. ADRIAN ALBERT 


(Received October 11, 1933) 


1. Introduction. E. Artin and O. Schreier have determined all cyclic fields 
of degree p, p® over a field P of characteristic p and have obtained very beautiful 
results.' Their latter problem on fields of degree p? is but a part of the more 
general problem of determining all imprimitive fields 


P(x) > P(u) > P 


where P(x) is cyclic of degree p over P(u) which is itself cyclic of degree p 
over P. 

In the present paper I apply the Artin-Schreier results to solve this more 
general problem. In case p = 2 more explicit results are obtainable® and this 
application is also made here. 


2. The Artin-Schreier theory. Let P be any infinite field of characteristic 
p. Then we make the 
DeEFINITION. A quantity a of P is calied a p-difference of P if 


(1) a=)? —d 


for \ in P. 


It is well known that cyclic equations of degree p over P are not solvable by 
radicals. Thus the usual criterion that a quantity a is not the pth power of a 
quantity of P is of no value for questions of irreducibility in P. But E. Artin 
and O, Schreier have proved 


THEOREM 1. A normed equation 
(2) d(w) = w —w-a=0 (a in P), 


is cyclic if and only if ais not a p-difference of P. Every cyclic field C of degree p 
over P has a generator u which satisfies (2), C = P(u), and in fact 


(3) ¢(w) = (w — u) [w — (Ut 1) ++: fo - (ut+p-— 1). 





* Presented to the American Mathematical Society December 1, 1933. Received in 
October 1933. 

' Hamburg Abhandlungen, vol. 5 (1926-27), pp. 225-231. 

? These results are of great importance in the problem of determining all normal division 
algebras of degree 4 over F of characteristic 2._ I have solved this problem in a paper which 
is being offered to the American Journal of Mathematics for publication. 
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Artin-Schreier have also proved 

THEOREM 2. A primitive quantity v of C = P(u) satisfies a normed equation 
if and only if 
(4) v=ku+y (K = 1,2, ---,p—1), 
where y is in P. 

THEOREM 3. Let C = P(u) be cyclic of degree p over P,ua root of (2). Then 


there exist cyclic fields of degree p® over P containing C. Every such field is gener- 
ated by a root x of 


* (5) Vw) = wr —w —f =0, 


where f = f(u) = g(u) +X, A is any quantity of P, g(n) ts the uniquely deter- 
mined polynomial 


(6) g(n) = yn? —* + yy? —2 + +++ + yp 
satisfying identically 
(7) g(n + 1) — g(n) = (9 + a)? —! — gP- 3. 


Conversely if x satisfies (5) with (7) holding then P(x) > C = P(u) is cyclic of 
degree p* over P. 

In fact Artin-Schreier showed that the cyclic equation of degree p? over P 
satisfied by z is 


(8) b() = [w? — w — f(u)] [o? — w — fu + 1)] ++: [o? —-o -f(utp-— I) 


= (w — x) w — 7) sss (@ — 2"), m = p*, o™ = 2, 


and 
(9) oe? mrt ut + (y+ 1)?-'+--- +(ut+y—1)y-! 
(y = 1, 2, ---), 
“while in particular 
(10) P=eatue-t+---+(utp—1jy-!=2-1. 


Artin-Schreier did not consider the question of the equivalence of the fields 
defined by Theorem 3. We therefore add to their theory the following simple 
discussion. 

Let P(x) amd P(y) be cyclic of degree p? over P. If P(x) = P(y) then they 
must evidently have the same cyclic C = P(u) of degree p in common. Hence, 
by Theorem 3, 


(11) x —z= a, y?—y=b, 


where, since a = g + \x, b = g + do, and g satisfies (7), we have 


(12) b=atu, nin P. 











m 


~ 


Po 
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The field P(x) is cyclic of degree p over C. If y is in P(x) then, by Theorem 2, 


(13) y=kxr+e, cin C. 
But then y? — y = koa? +c? — kx — c = k(x + a) — kr + c” — € since 
ke =k 

for any integer k of P. Then 
(14) cP —c=tatu (t= 1—h), 


since y? —-yYy=a+u. 
Suppose first that ¢ ~ 0. Then ¢? — 


1 = 1(mod p), so that, in P, #?-' = 1, 
Also (t? — 2)? = t ~ and hence if yo = i? ~ 


*u, d = t? ~— °C, we have 
(15) d? —d = t? —*(c? —c) = at wo. 
The quantity a@ + yo differs from g by a quantity of P. By Theorem 3 if d 
is a root of (15) the field P(d) is cyclic of degree p*? over P contrary to our hy- 
pothesis that c, and hence d = ¢? ~ °c, are in P(u). 

Hence t= 0, kK =1,y=2+6¢,c?-—c=yin P. Butcis in P(u). By 
Theorem 2 

c=hut+y (y in P), 
where h is an integer. Then 
c? —c = hru? + y? — (hu t+ y) =hat+y—vy=4h, 

and hence 
(16) wp—-ha=y-—¥ 


is a p-difference of P. 
Conversely let a = b + yw and let an integer h exist such that » — ha is a 
p-difference of P. Then yo = x + hu + 7 satisfies 


Y6 — Yo = 2? +hurt+y—2et—hu-y=athatu-—ha= 
atyu=b 


if h is an existing solution of (16). But then P(y) and P(x) = P(yo) are equiva- 
lent. We have proved 

THEorEeM 4. Let P(x) and P(y) be cyclic of degree p* over P with a common 
sub-field P(u) of degree p over P so that we may assume that 


(17) ue =urta, wv=rtf, y=ytfts, 
where f is as in Theorem 3 and yp isin P. Then P(x) and P(y) are equivalent if 


and only if there exists an integer h such that p — ha is a p-difference of P. 
Suppose now that y satisfies a normed equation 


(18) w —w—b=0, 
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where b is in C = P(u). Assume also that P(y) is cyclic of degree p? over P. 
Then P(y) = P(x) where x? = x + f and f satisfies the conditions of Theorem 
3. By Theorem 2, y = kx +c, cin C, 


b= y>—y=kxr+e—kxr—c=k(at+f) —kr+ec?—- ec, 


so that b — kf = c? —c. If k = 0 then (18) is reducible contrary to our 
hypothesis that P(y) has degree p?. Hence k ¥ 0,h = k? — ? is an integer with 
the property that hb = k? — 'f + (he)? — (hc) = f +d” —d and we have 
proved the existence of an integer h ~ 0 such that hb differs from f by a p- 
difference of C. 

Conversely if hb = f + c? — cthenz = hy — c satisfies 


x? — x = hry? — cP? —hyt+tec=h(yt db) -—hyt+e-c@ 
=fto—c+te—c=f, 


so that P(x) = P(y) is cyclic of degree p? over P. Since P(y) has degree at 
most p* over P we have P(y) = P(x) and have proved 

TuroreM 5. Let C = P(u) be cyclic of degree p over P, g be defined as in 
Theorem 3, and y satisfy 


(19) y? —y = b, 


where bisinC. Then P(y) ts cyclic of degree p* over P if and only if there exists 
an integer h ¥ 0 and a quantity d of P such that 


(20) hb-—g=X 
is a p-difference of C. 


3. On p-differences of P(u). Let C = P(u) be cyclic of degree p over P, 
u? =u+a. Wemay first prove 

TuHeoreM 6. Let a = c? — c where aandc are in P. Then the equation 
xz? — x = a has the unique solutions 


(21) c,etl---,c+p—1. 


For if x? — x = c? — cthen (x —c)? = 2? -—c?P =x—c,. Lety=u-—e 
so that y? — y = 0. By Theorem 1 this equation has the solutions 0, 1, 2, ---, 
p-il. 

Let now a = ain P. If a = c? — c where c is in P(u) then either c is in P 
or, by Theorem 1, the quantity c of P(u) satisfies a normed equation and has 
the form c = ku+y. But then c? —c = ka + yy so that ay — ka is a 
p-difference of P. Ifcisin P then a) — 0.a is a p-difference of P and we have 

THEOREM 7. A quantity ao of P is a p-difference of C = P(u) if and only if 
there exists an integer k = 0,1, --- , p — 1 such that ay — ka is a p-difference 
of P. 





IMPRIMITIVE FIELDS OF DEGREE p* 215 


TuEeorEM 8. The degree of c ts either zero of unity when a has degree zero. 
We suppose now that 


(22) a=agu'+-:---+a;40 (0<t < p, ain P) 
so that 

(23) a’ =a(tutl) -—a=ayut-'+-:-- +a, 

where 

(24) ay = tao. 

Then if we define a = [a* — ]’ we evidently have 

(25) a® = t(t — 1) -+- 2-1-ao ¥ 0. 


Conversely let a‘ = Bo be given. Then there exists a unique polynomial 
b‘«-) of the first degree and zero constant term such that b“ —!)(u + 1) — 
b&-) = a, In fact b“-—) = Bou. But then a -) = bf -D 4+ y,-,4, 
Then if a = c? — c we have a(u + 1) = c(u + 1)? — c(u + 1) so that a’ = 
(c’)?» — ce’ where c’ = c(u+1)—c. Evidently the degree of c’ ise — 1 
where o is the degree of c. 

Similarly a’’ = (c’’)? — ce’, ---, a = [ce]? — ce, But a® = (tao = 
sao Where s is an integer not divisible by p. There exists an integer r such that 
rs=1,r? =7, 


Tsao = ao = r[(c)? — c] = d? —d 


where d = rc“) has the same degree o — tasc. By Theorem 8 the degree of 
dis zeroorunity. Ift = p — 1theno ¥ t+ 1s0 that we have 

THEOREM 9. Let a have degree p-1 and leading coefficient ao. Then a necessary 
condition that a be a p-difference of C is that ao be a p-difference of P. 

THEoREM 10. Let a have degree t < p — 1, leading coefficient a. Then a 
necessary condition that a be a p-difference of C is that ao-ka shall be a p-difference 
of P. 

Suppose now that the necessary condition of the above theorems is satisfied. 
We shall then determine necessary and sufficient conditions involving only 
quantities in P by the following process. We assume that a given quantity 
a’ = a(u+ 1)—a is a p-difference of C. Then a’ = d? — d and d deter- 
mines a unique polynomial c such that c’ = d. But then a’ = (c’)? —c = 
a(u + 1) — a has a unique solution apart from an additive constant. It has 
the obvious solution a = c? — c. Hence, if ais given, we havea = c? ~-c +4 
and, if a is also a p-difference of C then c? — c + u = f? — f, vis a p-difference 
of C. We have proved 

THEOREM 11. Let ainC have the property that a(u + 1) -a = a’ = d? —d, 
wheredin C has degreet <p —1. Thend = c’ wherec is uniquely determined 
and has zero constant term, a = c? —c + 4, nin P. The quantity a ts then a p- 
difference of C if and only if u is a p-difference of P. 
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The method of application of the above criteria is as follows. If a has degree 
p — 1 then first (p — 1)/ao = 6? — 8,Bin P. Wethen compute d; = By and 
find that a - = dy — d; + mw. Necessarily then yu, — ka is a p-difference 
of P. This determines a polynomial c; of degree zero or unity such that a“ —)) = 
C)” — c,. We then determine dz such that a“ —® = do? — dz + we, and so 
forth. The case where a has degree ¢ < p — 2 is completed similarly except 
that 6 may this time be in P(u) and the final c such that a = c? — c may have 
degree ¢ + 1. 

The above process may of course be applied to determine the irreducibility 
of an equation z? — x — b = OinC containing b. We may also revise Theorem 
5 to be 

THEOREM 12. The field P(y) of Theorem 5 is cyclic of degree p* over P if and 
only if there exists an integer h ¥ 0 such that 


(hb — g)’ 
is a p-difference of C. 


For by Theorem 11 if (hb — g)’ = d? —d then hh -—g=c? ~-c+u,4 
in P as desired in Theorem 5. The converse is obvious. 


4. Non-cyclic normal fields of degree p* over P. It is well known that 
every non-cyclic normal field of degree p? over P is a direct product of two cyclic 
fields and conversely every such direct product is non-cyclic and normal. 
Hence let 


(26) ue =uta, vw =v+ 8, 
and consider the field P(u, v). If P(u) and P(v) are equivalent then P(u) con- 
tains a quantity vp satisfying v} = vp — 6. By Theorem 2 we have vp = —ku 


+ 7,7 in P,k = 1,2, ---,p — 1, so that vf — v9 = —k?u? + y? + ku — y 
= —ka + y? — y = 8. Conversely if p + ka is a p-difference of P then 
—ku + y = vo satisfies vf = vo + B and P(u) and P(v) are equivalent. Thus 
we have the corollary to Theorem 2. 

THEOREM 13. The two cyclic fields defined by (26) are equivalent if and only 
if there exists an integer k ¥ 0 such that B + kais a p-difference of P. 

If P(u, v) is normal of degree p? over P then evidently P(v) and P(u) cannot 
be equivalent. Conversely if v is not in P(u) then P(u, v) is cyclic of degree p 
over P(u) by Theorem 1, so that P(u, v) has degree p? over P and is evidently 
normal. We have proved 

TuHeorEeM 14, Let N = P(u, v) where (26) holds. Then N is a non-cyclic 
normal field of degree p? over P if and only if none of the quantities 


(27) a,B,B+a,-++,B+(p— la 


are p-dtfferences of P. 
Let N be defined as in Theorem 13. Ifv, = v+ku,k =0,1,---,p—1, 
then vf — 4%, = 0 —v+ ku? —-ku = 6+ k(ut+ a) — ku = B+ ka is in 
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P, »% generates a cyclic field P(v;) of degree p over P by (27). Moreover the 
p + leyelic fields P(v,), P(u) are non-equivalent. 

For let P(vz) be equivalent to P(u). By Theorem 14 the field P(vx) = P(v + 
ku) is evidently cyclic of degree p over P(u). But this contradicts the hypothe- 
sis that P(u) and P(v,) are equivalent. Let then P(v;) be equivalent to P(v,), 
0<k<t< pso that, by Theorem 13, 


B + ta — s(6 + ka) 


is a p-difference of P. If s = 1 then ¢ — k ¥ 0, (¢ — k)a is equal to y? — 7, 
yin P, and (¢ — k)? —*[(¢ — k)a] = a = [(t — k)y]? — (t — k)y is a p-differ- 
ence of P contrary to (27). Hence 1 — s =r ¥ 0, r? - [rp + (t — sk)a] = 
8 + roa is a p-difference of P a contradiction of (27). 

Hence P(u), P(v;) are non-equivalent cyclic fields of degree p over P contained 
in P(u, v). Conversely P(u, v) has degree p* over P if and only if all the fields 
P(u), P(v.) have degree p over P, that is they are cyclic. We shall now show 
that P(u, v) has no further sub-fields besides P, P(u, v), P(u), P(vx) already 
determined. 

For let P(z) be a sub-field of P(u, v) distinct from P, P(u,v). It is well known? 
that necessarily P(z) is cyclic of degree p over P. Hence z? = z + y, y in P. 
But if P(z) # P(u) then P(z, u) = P(v, wu), that is z is a primitive quantity of 
P(v, u) of degree p over P(u). By Theorem 2 


z=tw+a (¢=1,2,---,p—1) 


where aisinC = P(u). Then z? — z = tv? + a? — tv —- u = tv + B) — tv 
+a?—az=vyinP. Thus a? —a=y -— its. By Theorem 2 we have a = 
mu + e where ce isin Pandr=0,1,-:--,p—1. Let a= (— 6)? -?= 
(w+ rujt?-?=v+ku. Evidently P(zo) = P(z) = P(vx). 

THEOREM 15. The field N of Theorem 13 has precisely p + 1 non-equivalent 
proper sub-fields distinct from P and they are the cyclic fields ' 


(28) P(u), P(vx) (k = 0,1, ---,p—1) 
of degree p over P where 
(29) vv. =v + ku, vi —v,. = B+ ka, uP — uU =a. 


Conversely N has degree p? over P if and only if the fields P(u), P(vx) defined by 
(29) are all cyclic of degree p over P. 

5. Non-normal fields. Let 
(30) P(x) > P(u) > P 


where P(x) is cyclic of degree p over P(u) which is cyclic of degree p over P. 
Then if C = P(u) we have P(x) = C(z2), 


(31) u=urta, w2=axt+a 





* ef. the fundamental theorem on the galois theory in Hasse, Héhere Algebra IT. 
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with a in P and a in P(u). We now wish conversely to define P(x) by (31), 
assume that a is not a p-difference of P and determine necessary and sufficient 
conditions on a that P(x) shall be a non-normal field of degree p? over P. By 
Theorem 1 we have 

TuHeorEM 16. Equations (31) define P(x, u) of degree p* over P if and only ifa 
is not a p-difference of P(u) 

Next suppose that P(z, u) = P(v,u),v? =v+6,BinP. Thenz = kv+¢ 
where k = 1,2, ---,p —1landcisin P(u). Then 2? — x = kv? + c? — ky 
—c=kB+c?—c=a. Thusa — kis a p-difference of C. But 5 = kf is 
in P and hence a — 4 is a p-difference of C if and only if a’ = a(u + 1) — aisa 
p-difference of C by the proof of Theorem 11. We have. 

THEOREM 17. Let C = P(u) be cyclic of degree p over P, x? = x + awherea 
is in C, a is not a p-difference of C. Then P(x, u) is a non-cyclic normal field of 
degree p* over P if and only tf a’ is a p-difference of C. 

We now apply Theorems 12, 17 to obtain. 

THEOREM 18. Let C = P(u) be cyclic of degree p over P, x? = x + a, ainC. 
Then P(x) is a non-normal field of degree p* over P if and only if 


(a — hg)’ (h = 0,1, ---,p-—1) 


is not a p-difference of C where g is the uniquely defined polynomial of Theorem 3. 
For evidently if a’ is not a p-difference of C then a is also not a p-difference of 
C so that P(x, u) has degree p?. By Theorem 17 P(x, u) is not a non-cyclic 
normal field so that P(x, u) = P(x). By Theorem 12 P(x) is non-cyclic and 
hence non-normal, The converse is obvious. 
We pass now to the case P = 2. 


6. On quartic fields. The only quartic separable fields with quadratic 
sub-fields are of course fields P(x) > P(u) > P where P(u) is cyclic of degree 
2 over P, P(x) is cyclic of degree 2 over P(u). Hence let 
(32) w=urta, v=2x+a, a= put+y, 


where in particular a is not a 2-difference of P. 

We first compute g. We wish g = you, g(u +1) — g(u) = yo(u+d) - 
you = yo = (uta)—u=a. Hence 
(33) g = au. 
As an immediate application of Theorem 3 we have 

THEOREM 19. Every cyclic quartic field over P of characteristic 2 is generated by 
(34) Y=xrx+auty, w=uta, a, y in P, 


such thata ¥ & — 6 for any 6 of P. 
We also have immediately 
THEOREM 20. Every non-cyclic normal quartic field over P is a field P(u, v), 


(35) w=urta, rv=v+B 
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where 
(36) Qa, B, a+f8B 


have not the form & — 6 for any 6 of P. The only proper sub-fields of P(u, v) 
distinct from P are the fields 


P(u), P(v), P(w), 


where 
w=urty, w=wtat 8. 


We finally wish to determine a sc that P(x) shall be non-normal. We thus wish 
(a — hg)’ = (Gu +7 — hau)’ = (8 — ha)(u + 1) + y — [(8 — ha)u + Y] 
= 6 — ha not a 2-difference of P. Since h = 0, 1 and —1 = 1 in P we have 

THEOREM 21. Let u? = u+a,2?= 2+ But y with a, B, yin P. Then 
P(x) is a non-normal quartic field over P if and only if 


(37) a,Bpat+B 
are not 2-differences of P. 
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CONCERNING POWERS OF CERTAIN CLASSES OF IDEALS IN A 
CYCLOTOMIC REALM WHICH GIVE THE PRINCIPAL CLASS 
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1. Introduction 


It is a familiar theorem that, if g = 1, mod p, where gq and p are rational 
primes, and f is the smallest exponent for which this congruence holds, then, in 
the cyclotomic number-realm k(¢ = e?**/), 


l=[[@F@l p-1=¢. 


j=1 


The ideals [g,F;(¢)] remain unchanged by the substitutions: S**, k = 0, 1, 
-++ ,f — 1, where S‘ is (¢/¢7'), and are prime ideals of the first degree in the 
sub-realm of k(¢) generated by the e periods: 


fut 
ni = >) Siests ¢=0,1,---,e-—1, 


=v 


9 


+ being a primitive root of p, and ¢, = ¢”2 If, in particular, f = 1, we have 


[q] saa ll qi, 


where q = % = [q, g* — ¢], g being a primitive root of g, q — 1 = kp, and 
Sq = qi 


Concerning the ideals q; mentioned above it is known that: 


p-2 
[(c, »)?] = I] q{-ite-v/2, 
t=0 





1D. Hilbert, Gesammelie Abhandlungen, V. 1, Berlin, 1932. Compare articles 93, 96, 
97, and99. R. Fricke, Lehrbuch der Algebra, V. 3, 1928, p. 193. Compare also pp. 196, 198. 

* For a generalization of the ‘“Kreistheilungsperioden’”’ in the composite case, see L. 
Fuchs, Journal fiir Mathematik, V. 61, 1862, H. Weber, Lehrbuch der Algebra, Ed. 2, V. 2, 
1899, Article 22. 

* E. Landau, Vorlesungen tiber Zahlentheorie, V. 3, 1927, Theorem 1019, pp. 289-90. For 
a more general theorem compare R. Fricke, loc. cit., p. 210. 


220 








al 
in 





IDEALS IN A CYCLOTOMIC REALM 221 


where 7; is the least positive residue of 7’, mod p, n = e?**/2, and (¢, ») is the 


Lagrange Resolvent function: 
q-l1 
> find n', 
Ep t=1 


ind ¢ being taken with respect tog. Another result is: 


p—2 
| | qi ~ 0, 


where 0 is the unit ideal, the symbol denotes equivalence in the broader sense, 
and the exponents m; are given by: 


Mi = (Y-i+inda + Y-i+ ina’ — Y—é+ ind (a+0))/P, 


the index being taken with respect to 7, a and b being any rational integers such 
that: ab(a + b) # 0, mod p.6 A theorem somewhat similar to the two given 
above is the following: If C is an arbitrary ideal-class of k(¢) and J an ideal in C, 
and SC, S?C, --- , S®-?C denote the ideal classes of SJ, S2J, --- , S’-2J, then 

p-2 

2 g.iSé 

| Haag = 1, 

where g-; = (yy-i — Y-i4:)/p, and (C)*** = (S‘C)*, following the “sym- 
bolic powers” of Hilbert.6 H. H. Mitchell’ has obtained a result which may be 
regarded as a further extension of the results already mentioned. It may be 
stated as follows: If g?-”% = 1, mod p, where (p — 1)/2e is an odd integer 
other than unity, then it is known that, in the realm of degree 2e determined by 
the 2e periods formed from pth roots of unity, [q] is the product of 2e conjugate 
prime ideals, which form e conjugate imaginary pairs. Selecting one ideal from 
each of the e conjugate imaginary pairs, the product of these raised to the power 
h, where h denotes the “‘first-factor’’ of the class number of the realm,’ is a prin- 
cipal ideal. The main purpose of this paper is to extend this theorem to the 
Cyclotomic Realm generated by a primitive p*th root of unity, p any rational 





‘ E. Landau, loc. cit., Theorem 1020, p. 292. Compare also E. Kummer, Theorie der idealen 
Primfaktoren der komplexen Zahlen u.s.w., Abhandlungen der Berliner Akad. von 1856. 

°H. H. Mitchell: Transactions of the American Mathematical Society, 1916, V. 17, 2, p. 
173 (replacing i by y~*). Compare also E. Kummer, Journal fiir Mathematik, V. 44, 1851, 
pp. 106-121. A. Lévy and Th. Got: Théorie des Corps de Nombres Algebriques, 1913, Note 
VI by Got. Here the author discusses researches made by Kummer and others on Fermat’s 
last Theorem. 

* D. Hilbert, loc. cit., Article 109. See also E. Kummer, Journal fiir Mathematik, V. 35, 
1847; Journal de Mathématiques, V. 16, 1851. These results are also given in the Bullesin 
of the National Research Council, Number 62, Algebraic Numbers-11, 1928. 

’H. H. Mitchell, Transactions of the American Mathematical Society, 1918, V. 19, 2, 
pp. 119-126. 

*E. Kummer: Journal fiir Mathematik, V. 40, 1850, p. 112. For a more general result, 
compare L. Fuchs, Jbid, V.65, 1866. 
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prime. In so doing, sets of exponents are obtained for the general cyclotomic 
realm, k(e?*‘/"), n composite, from which the above theorem is deduced for n = 
p’. In concluding this introduction, I would like to express my deep apprecia- 
tion to Professor H. H. Mitchell, without whose valuable suggestions and kindly 
advice this paper would certainly never have been written. 


2. The W-Function. Derived Sets of Exponents 
We introduce the Jacobi-Kummer Cyclotomic ¥-function, as generalized by 


Mitchell: 


V_., -3(a) = a ay? ind r+(a+4) ind (+1) 
where a = e27/", 1 = Qpiind:--- p*™ a and b are rational integers such 
that: a 4 0,b 4 0, (a + b) ¥ 0, mod n, r ranges over all the marks of a Galois 
field of order q‘ except 0 and —1 if q is odd, and 0 and 1 if q is 2, ind 7 being taken 
with respect to a primitive root in the Galois field, and ¢ is any exponent for 
which q‘ = 1,modn. This function has two characteristic properties, viz: 


(a) V(a)¥(a-") = q' (b) ¥(a?) = W(a). 


Taking ¢ = 1, we have: 


q—2 
i = —b ind r+(a+s) ind (r+1) | 
_ (a) 2 a ; 

Further: 

¢g(n) 
(1) [W_., _v(a) | = I] Wort : 

k=1 
where 4}, a2, -** , Ag(n) are the y(n) totitives of n, q(a) is a prime ideal factor of 


9; I, = ((a%), ind ris taken with respect to a primitive root g of q éhosen so 
that: g?-/" = a, mod q(a), and the exponents 


Ma, = (|aax| + | bax | — | (a + b)ax |)/n, 


| x | denoting the least positive residue of z, mod n. The ideals q., are prime 
ideals of the first degree in the cyclotomic realm k(a), and we have: 


¢(n) 


[gq] = I] Ga, .'° 


k=1 





°H. H. Mitchell, loc. cit. (1916), pp. 165-177. For the Jacobi function, compare H. 
Weber, loc. cit., V. 1, Articles 177, 178; V. 2, Article 203. P. Bachmann, Die Lehre von der 
Kreisteilung, Achte Vorlesung. 

10H. H. Mitchell, loc. cit., p. 173. 
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By combining these exponents m,, in various ways it is possible to obtain new 
sets of exponents that may be of interest. For example, holding a fixed and 
letting b take all possible values between 0 and n, we have from relation (1): 


1 
n=l e(n) en) 5 may 
| Gone [W_o, +(a)] = [ | oa I ae = I ‘;" ’ 
b=1 


where the super-script in the product and summation signs denotes what values 
are to be omitted, and we have written m., for ma, above. But, making use of 
the fact that | aa,| + | —aa,| = n, we have: 


n—1 


n—1 n—1 
oo Mas +1 = >) mar = (} | aax | + D>) (| bar | 
b=0 b=0 


-1+¥)a)) /n = | aax |, 


¢e(n) 


where |x| = Oifn|z. Remembering that I] qi, ~ 0, where r is any integer, 
k=1 
we are thus led to the result: 
¢(n) 
(1.1) [] ae ~ o, 
k=1 


where Na, = | aa, | + K, K being any integer. 

Another interesting way of combining the exponents in (1) is to consider b = 
1, mod n, and let a take the values 1, 2, --- ,s — 1, where l <s<n. We 
then have: 


-1 
s—-1 g(n) s=1 ¢(n) > mee 


I] I] a ‘= I] [W_., -1(a)] al I] Ga, wr ’ 


a=1 k= a=1 


where, as above, we have written ma,afor m.,. But: 


>) mae = (8| ax | — | sax |)/n = tay 


a=i 


say. Wenow have: 
¢(n) 


I] qite ~ 


and we can replace s in the formula for ta, by s + xn = M, where «x is any 
integer. For, if To, = (M |a,| — | Max |)/n, then: 


e(n) g(n) e(n) e(n) 


[] azz i [] aie**'<#! = [Tass [[an!~s, 


k=1 k=1 k=1 
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¢(n) 


since II q\ct! ~ o by virtue of (1.1) if we take K = 0 and a = 1, mod n,. 
k=1 


We have then: 
g(n) 

(1.2) [| oi ~», 
k=1 


where Sa, = (M | a. | — | Ma, | + nr)/n, r being any integer, and M is of the 
form: t + xn, 1<t<_n, « being any integer. It is interesting to note that, 
for n = p, an odd prime, taking a, = y~‘, and choosing K = 0 anda = —1, 
mod n in (1.1) and s = y in the exponents ¢,,, we obtain results mentioned in 
the introduction to this paper." 


3. The Group of y(n) Totitives and Their “Characters’’!” 


We consider the Abelian group formed by the ¢(n) totitives of n, a1, ao, ---, 
Aen), the rule of combination being multiplication. Taking the elements a; as 
positive and arranged so that a; > a; if 7 > 7, we have: 


(2) Agin)—k = Ag(n) Ae41, Mod n. 


A basis of this Abelian group is C_1, Co, --- , Cm defined as follows for n = 
2\pi'pa’ *** Dm”: 

(a). X = Oorl. C_1 = Co = 1, and C; satisfies the m simultaneous con- 
gruences: 


C; = gi, mod p;'; C; = 1, mod p§!, i ¥ j; t,j = 1,2, --:,m, 
where g; is a primitive root of p; such that: g?*' # 1, mod p?, whenk; > 1. 
(b). X = 2. Cy = 1; Co = —1, mod 2’; Cy = 1, mod p*‘, i = 1,2, -:-, 
m; the C; satisfy the (m + 1) simultaneous congruences: 


C; = 1, mod 2); C; = 1, mod p§!; C; = gi, mod p*. 


—1, mod 2); C_i 
5, mod 2°; Co 
1, mod 2°; C; 


(c). ‘A> 2. C_i 
Co 
C; 


1, mod p**. 
1, mod p**. 
1, mod p}/; 


Wil i 
i i 


C; = gi, mod p*'. 
We remark that if, under (a), 


m 
a, = | | C,*, mod n, 


t=1 





11 For more general results compare R. Fricke, loc. cit., p.215. L. Stickelberger: Mathe- 
matische Annalen, V. 37, 1890, pp. 321-367; Encyclopédie des Sciences Mathématiques, t.l, 
V. 3, pp. 440-2. 

12H. Weber, loc. cit., V. 2, Articles 16, 17, 18, pp. 60-68. 
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then 7; = ind?* “ax, the super-script'* denoting the modulus, so that, for all 
elements of the group, yi = 0, 1, --- , g(pi*) — 1. Under (b), if 


a, = | | Cx, mod », 
t=0 
then a, = (—1)”, mod 2”, sothat yo = 0,1. Finally, under (c), if: 
a = (C4) [] CY, mod n, 
t=0 

then: a, = (—1)”* (5)”, mod 2%, so that: y.1 = 0, 1; yo = 0, 1, --- , 2’-? — 1. 

Preserving the same set of indices for a; as given above under each of the three 
cases, the y(n) “‘characters”’ of a, are given by: 


m 


(a’) x(a) = I] e;7***, where €; = e2ti/e(v'”. 
t=1 
(b’) x(a) = (—1) [] e*. 
t=1 
(c’) xx(a,) = (—1)7**"(@)"™ I] e:7**', where €9 = e27#/?"*, 
t=1 


In each case the 6’s represent the indices of b, and the g(n) ‘‘characters’”’ are 
obtained by allowing B_1, Bo, Bi, --* , Bm to take the set of values given for y_1, 
Y0) 1) *** » Ym in the last paragraph, depending on the case considered." 


4. The “‘First-Factor” of the Class Number" 


In order to preserve the continuity of this paper, it seems advisable at this 
point to introduce the finite expression for the “‘first-factor’’ of the Class Number 





13 This will be omitted hereafter. 

4H. Weber, loc. cit., V. 2, p. 68. 

*M. Gut: Commentarii Math. Helvetici, V. 1, 1929, pp. 160-226. In particular, the 
reader is advised to refer to Articles 1, 2, 3, 5, and 11 before proceeding with this section. 
N.G.W. H. Beeger: Akad. v. Wetenschappen te Amsterdam, 6 papers, V. XXI, XXII, 
XXIII, 1919-1922. D. Hilbert, loc. cit., Articles 116, 117. E. Kummer: Ber. der K. Akad. 
der Wiss. zu Berlin, 1861; ibid, 1863. In the first of these papers, Kummer lists the ‘‘first- 
factors” forn = 1 — 100. L. Kronecker: Oeuvres, V. 1, p. 123, 1863. In this paper the 
author proves that twice the “first” or “second” factors is always a rational integer. For 
the case of an odd prime and the power of a prime compare H. Weber, loc. cit., V. 2, Articles 
214-223. Here, forn = 2%, Weber proves that the class number is an odd integer. A. Lévy 
and Th. Got, loc. cit., Note V by Got. See the correction in Beeger, loc. cit., p. 414, and 
also in the Bulletin of the National Research Council, V. 5, Part 3, February, 1923, Alge- 
braic Numbers. P. Dirichlet and R. Dedekind: Vorlesungen tiber Zahlentheorie, Ed. 4, 
1894, Supplement XI. Article 185. R. Fueter: Synthetische Zahlentheorie, Ed. 2, 1925, p. 
223. Absolute values are used here to make the factors of the class number positive. 
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in the general Cyclotomic number-realm as given by Hilbert. For brevity, we 
will confine our discussion to the case \ = 0, it being immediately extensible to 
the general case. Writing g(n) = 2» and using Hilbert’s notation, the ‘‘first- 
factor” is an expression of the form: 


aon eee ree B2,° 2|K + Gay, 


(f1, II 


the product being taken for S B;odd. Now: 


i=1 
Lea] = [K | pi']* [K | pi*]* ---, 


where [K | p¥'] = e; indof or 0 (see section 3) according as p; \ K or p,;| K. 
Further, in all cases, [K | p‘]? = 1. Suppose we consider the 2” — 1 sets of 
factors in the numerator of H Asia? by letting first none of the #’s be 0, then 
letting them be 0 one at a time, two at a time, ---., (m — 1) at a time. For 
clarity, let us consider a factor of H when, say, 6: = f2 = --: = B, = 0, but 
8; ~ Ofori > s. The factors atten in H then assume the form: 


p> Career Bes, —qz|K = z 2 [— ~|(4 + ksi), 


kes+1 ks+2 


where r; = pi' ph? --- pk, s; = pktip 3 --- pk™, and A goes over the 
positive numbers less than and prime to s;. Since, however, A + ks; = A, 
mod p*', where p, is any prime dividing s;, we may write the above factor: 


ri 1 


2 2 car z «eden, Oe z 7 II qsanet) (A. + ks) = 


j=stl 
v1 
D> Dy x8 (A) [A + sil, 
k=0 A 


where x;'(A) denotes a “group character’ of A, the elements of the group being 
the numbers prime to s;, and the set of indices for b being B.11, Bs+2, °** » Bm 
(compare section 3). 

We observe that: 


2 ri-1 


2 ¥ x3'(A) [A + ks;] = he > x3'(A)-A + ks; Dx] "3 
ri oe x3‘ (A)-A, 


since >} x3' (A) = 0,b £1, mod s;.°_ If we understand by (z, y) the greatest 
A 


common divisor of x, y, we may sum up the above observations in the following 





16H. Weber, loc. cit., V. 2, p. 53. 
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ki ,,ke 


TueoreM: If n = pj’ po -°- pi”, Dr, Poy *** » Dm being distinct odd primes, 
then in the cyclotomic realm k(e?**!") the “‘first-factor”’ of the class number is given by 


the expression: 
#=TII] [r » xi (A)-A] + (Qn), 
8; b A 


where the outer product 1s taken over the 2" — 1 divisors s; > 1 of n such that rjs; = 
n, (ri, 8i:) = 1, the inner product is taken over the elements b of the group of ¢(s:) 
totitives for which =P; 1s odd, By ~ 0, B; being the set of indices for b, and the sum- 
mation goes over all positive numbers A less than and prime to s;. The expression 
given for H is unaltered if n = 2pi' ps" --- ph”, but if n = 2pi' ph? --- pk, 
\ > 1, although we obtain an analogous expression in the numerator, the denomi- 
nator must be multiplied by 2. 


5. A Generality Due to a Common Property of the Exponents 
In order to make the purpose of this section a little clearer to the reader, we 
remark that if Q4Q? ~ o, where Q and Q are relatively prime, conjugate imagi- 


nary ideal factors of [q] such that [gq] = QQ, then (Q)4—#(QQ)? ~ 0, whence 
(Q)4-8 ~ o. With this in mind, we now return to the series of exponents 


given in section 2, and remark that for those in (1) we have: 
Ma, + Ma, = 1; 
for those in (1.1), 
Na + Ny = n+ 2K; 
and for those in (1.2): 
Sa, + Sa = M — 1+ 2r. 
Suppose, now, 


¢(n) 

(3) [] aie = F@)1, 
k=1 

the qq, being defined as heretofore, and the La, being such that: 
La + L-y, = R, 


where F is independent of the left-hand subscripts, and L, = L, if x = y, mod n. 
F(a) is an integer of k(e?*#/"), so that: 
g(n) 


Applying the substitution: S‘(a | a7) in (3) we obtain: 


y(n) 


(3.1) I] gaz ~ 0, 
k=1 


and, therefore: 


¢(n) lj 
(3.2) (I 7) ion 
k=1 
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where 1; is any rational integer. From (3.2), forming the product for 7 = 1, 2, 
- , v, we obtain: 


y ¢(n) lj e(n) EU Lopez 
ey TY (ffuer)"= TT ~e 
k=1 


j=1 k=1 
If we equate the exponents of qa, in (3.3) fork = 1, 2, --+ , v, we obtain the 
v — 1 equations: 


v 


(4) SD) li(Lae — Laat) = 0, Dell sien 


j=1 
Equating the exponents of q., fork = »v + 1, --- , o(n), we obtain the » — 1 
equations: 


(4.1) 2; 1; (L—aya;' iad L~aa;') = 0, k= 2,3, °°: Y, 
j=1 
in virtue of: 
Less Less 
from (2). Since: 
La, + L-a = R; La, — L-a = 2La — R = da, 


say, then equations (4) and (4.1) are equivalent to: 


(5) >) 1 dae! — dae) = 0, yt 


j=1 


We remark that 2 | (da, — d.,) for any a;,,a;. We now have: 


: = Lj+ Layo; e(n) 2; *Leaya;' 
[]aa)? {TT aa)" ~~, 


k=1 k=v+1 
whence: 
v 
Zljda}' 
j= 
| Qa, ‘ me'D; 
k=1 
since a; = 1, mod nand 
¢(n) 


I] qa, = [ql. 


Equations (5) will be satisfied if we take for 1; the values D;/2’-', where D; 
is the co-factor of d,; in the first row of: 


da,az! daaz* See aaah a SiR cae da,az' 


dayaz aa dasaz* dag" — dea aa daaz' a dees" 








. . 
dayaz! — dayaz ES eee een oo dayaz! — daaz 
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Then: 
>) bidet = >) dap D/2-* = D/2- 
j=1 j=1 
By adding the first row to each of the others, we can write D as follows: 
D = |daja;'|, 7,j =1,2,---,». 


6. The Regular Group-Determinant'’ 


The determinant D of the last section leads to a consideration of the regular 
group-determinant: 
| Za:ai' |, t,j = 1, 2, --- , o(n) 
in the y(n) independent variables z.,, k = 1, 2, --- ,¢(n), in which z,, = 
La,a, if a) = Ana;, mod n. The substitutions by means of which each row may 
be obtained from the first row, including identity, constitute a regular substitu- 
tion group on ¢(n) letters simply isomorphic with G = a, a2, «++ , dyn). This 
determinant has some remarkable properties, one of which we will make use of 
in this paper. Since: 
Ak+1 Den) i = Ag(n)—k Gj 41) mod n 
from (2), this group-determinant is centro-symmetric,'* and therefore equals: 
| La;07! + Lag(n)—i+1 47" | : | Pa;az' — Layg(n)—i+107' I, t, j - 1, 2, owes 
Again, from (2), we have: 
| Pozaz  Laginy—igra7 | = | Loja; + Tag¢nya,aj' | = 
F(a, + Lagnya;) OF F’ (La; — Laycnya;)> i,j =1,2,-°-,», 
where F and F’ are rational, integral, homogeneous functions of degree v. 


On the other hand, we have: 
e(n) 


| Lea7? | = I] p> Xp (Qt) Xa, » ,J = mR 2, see , 9(n)," 
b 


t=1 
the product being taken over the ¢(n) ‘‘characters”’ of the group of g(n) totitives. 
We consider three cases as heretofore, remarking that, in all cases, x,(a,) = 1: 





17 The pioneer work in this field was done by G. Frobenius, Sitzungsberichte der K. 
Preuss. Akad. der Wiss. zu Berlin, 1896-1903; Oeuvres, pp. 1363, 1368, 1375. L. E. Dickson 
has given an elementary exposition of Frobenius’ theory in the Annals of Mathematics, 4, 
1902, pp. 25-49. For further developments in the theory compare W. Burnside, Proceedings 
of the London Mathematical Society, V. 29, 1898, pp. 207-224, 546-565; Theory of Groups, 
Ed. 2, 1911, pp. 243-371, 464-84, 499; L. E. Dickson, Transactions of the American Mathe- 
matical Society, V. 3, 1902, pp. 285-301; Bulletin of the American Mathematical Society, 
V. 9, 1902, pp. 394-401; Modern Algebraic Theories, 1926, Chapter XIV; H. Weber, loc. cit., V. 
2, Ed. 2, pp. 193-218; F. Schur, Berlin. Berichte, 1905, pp. 406-32; H. F. Blichfeldt, Finite 
Collineation Groups, 1917, pp. 116-38. 

'S T. Muir: Theory of Determinants, 1882, Article 137. 

'® See, for example, Dickson’s elementary exposition of Frobenius’ theory or Weber’s 
treatment referred to in foot-note (17). 
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(A). » = Oor1: In this case 


>» Bi 
Xo(Aeiny) = (—1)" , 
8; being the set of indices for the element b. Therefore, 


¢(n) 


I] pa Xp(Q1)%a, = F or F’, 
b 


t=1 


above, according as bP 8; is even or odd. 
i=1 
(B). \ = 2: Here 


2 B; 
Xb(Ae(n)) = (—)", 


and, therefore, under this case: 
¢(n) 


[] > «2. = F or F’ 
6b t=1 


m 
according as > 8; is even or odd. 


k=0 
(C). » > 2: Here, we have: 
B-1 +3 Bi 
X(Geny)) = (-1) ™ , 
so that: 


g(n) 


I] >, Xp(@1)%a, = F or F’ 
b t=1 


according as B_; + > 8; is even or odd. 
i=1 


Now, with the conditions noted under A, B, and C above, let 


g(n) 


Il pS Xs (41) q, => = | Ta;07! — Lag(nyajaz" ; t,j = 1,2, +++, 
b t=1 
Then, substituting La, for 7,,, we have: 
e(n) 
Il Be Xp(@1)La, nm | Dasa re Lrag(nyasa;' | se | daa; | v D, 7,j = 1,2, -°°,”. 
b t=1 


) 


Taking account of the condition on the 6’s and the definition of the ‘characters,’ 
we conclude: 
(A’). If nm = pi'p2’ +++ pm”, or 2pi'p3* --- pk”, 


Dm I] s (T] « mint) Bay, 


Bk s=1 


k=1 
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the outer product extending over the » sets of values of 8, for which + 3 8, is 
k=1 


odd. 
(B’). If mn = 2?pi'ps* +++ pn™, 


D= I] >> [peo Bo Il €& nese he. 


Bk s=1 k=1 


the other product extending over the v sets of values of 8k for which b> By is 


k=0 
odd. 
(C’). If nm = 2*pi'pe*-:- pn”, A 23, 
a (as—1)/2° 8 ind,ag’ 8 "Tina 8 
mi _ 4) @e—1)/2 8-1 7, \indyag: Bo indgpag: Bk 
>= Td [ 1) («) IT « . |e. 
the outer product extending over the v sets of values of & (k = —1, 0, 1, 2, 


--» ,m) for which B_; + > 8; is odd, and a, = + 5'™***, mod 2. 
i=1 
We remark that if we had equated the exponents of q,, in (3.3) for any » 
ideals, say qa;,7 = 1, 2, --- , v, where a1, a2, --- , a, represent v of the num- 
bers a1, G2, -** , Ggcn) Chosen so that a; # —a;, mod n (i ¥ j), we would have 
obtained the equations: 


v 


= U ;(da,aj! _ da,a;') = 0, k = 2, 3, cee, V. 


7=1 
D would become: 
D’ = | da;a;'|, 1,j3=1,2,-°-,», 


which would have the same numerical value as before since the numbers ai, 
t= 1,2,--- , v, are congruent to + a;, mod n, k = 1, 2, --- , vin some order, 
so that, disregarding the order of the rows, the only difference between D and D’ 
is that the signs of all the elements in some of the rows might be changed by 
virtue of: d_g, = —d,,. Since the exponents ma,, Na,, and S,, possess the 
characteristic properties of L4, we may state the following 

Lemma: If a prime q = 1, mod n, then in whatever way q?!*’~ be represented as 
the product of two conjugate imaginary ideal factors in k(e?*/") that are relatively 
prime, these factors are principal ideals, D being given by the expressions in A’, 
B’, C’, above in which La, is replaced by either Ma, Na,, OT Sa, defined in connection 
with (1), (1.1), and (1.2), respectively. 





‘\ 
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7. The Case n = p*, p an Odd Prime” 


In the light of the above lemma, we first consider in this case the quantities 
Na, taking K = Oanda = 1,modn."! Then: 
e(n) 
D/a-t = T] SS eter? ay |! = we = ped, 
Bodd s=1 
where » = k/2[p*-(p — 1) — 2], and AH is the ‘“‘first-factor” of the class 
number for k(e?*/"). Now we consider the quantities S.,, taking r = 0 and 
(M,n) = 1. We have: 


e(n) 
D/2- = TT >) ee ( | a,| — | May |)/n-(2n)r-* = 
Bodd s=1 
_ cindy mp H. 
(II (M )/*) 


If now (ind M, ¢(n)) = d, the numbers ind M -8, B odd, fall into g(n)/d incon- 
gruent classes, mod ¢(n), consisting of d/2 numbers each, or ¢(n)/2d incon- 
gruent classes consisting of d numbers each according as g(n)/d is odd or 
even. Hence: 

D/2’-} = ((Me (ia = 1)4/2/n) H, or, ((Me(r 24 +4 1)4/n)H 


according as ¢(n)/d is odd or even, M appertaining to the exponent ¢(n)/d, 
mod n.?? 
We now choose M = G, where G is a primitive root of p for which p?} 
(Ge-1 — 1). 
Then the factor multiplying H above becomes: 
(G@-DI2-P* 4. 1) /pk, 
But: G?-)/2 = —1 + Lp, p } L, whence our factor becomes: 


((—1 + Lp)" + 1)/p*. 


But: 

(—1 + Lpy)? = —1 + mp, p hm, y 21; 
so that, by successive application: 

(—1 + Lpy)?* = -1 + Np’te, p )N. 
Whence: 


k-1 
((—1 + Lp)? + 1)/p* = (—1 + Np* + 1)/p* = N. 
Since (N, p“) = 1, we have the 
THEOREM: If a prime q = 1, mod p*, p an odd prime, then, in the cyclotomic 
realm generated by w = e?*'/”*, no matter how g# be represented as the product of 





2°'To be consistent with my former notation I should write p,"1. However, I have 
thought it best to omit the subscripts. 

21 Taking (a, n) = 1 would do just as well. 

22 By letting M = n — 1 we obtain n’“-H as above. 

*8 Compare H. Weber, loc. cit., V. 1, p. 686. The form of M justifies our choice. 
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two conjugate imaginary ideal factors that are relatively prime, these factors are 
principal ideals, H being the “‘first-factor’’ of the class number of the realm. 


8. The Case n = 2,4 23 


Referring again to the Lemma of Section 6, we have, in this case: 


e(n) 


D/2’4 = I] 7 (—1)%*-/2(e) ind; a: Bo Sa,/2’— = 
Bo k=1 


¢(n) 
TI S) (-1)-1%(@)imeree (M | ax| — | Max | J nany, 


Bo k=1 


letting = 0. Let uschoose M of the form 4m + 1; then we have: 
D/2-* = (II (M + oan a)/2-+) vi 
Bo 


If now (ind, M, 2*-*) = d, the numbers ind, M -, fall into 2\-?/d incongruent 
classes, mod 2*—?, consisting of d numbers each, so that: 


D/2°-! = ([(4 M)®*/4 — 1]4/2>-1) H, 
Choosing M as 2* — 1, we have ind; M = 0, whence d = 2>-?, and, therefore: 
D/2’—) = ((—M — 1)”"*/2—)H = 24H, 


where » = A(2*-? — 1) + 1.% Since the class number in this case is odd (H. 
Weber, foot-note 15), we may state the 

THEOREM: If a prime q = 1, mod 2%, then, in the cyclotomic realm generated by 
a primitive (2*)th root of unity, no matter how q¥ be represented as the product of 
two conjugate imaginary ideal factors that are relatively prime, these factors are 
principal ideals, H being the “‘first-factor’’ of the class number of the realm. 

Letting M = 5, above, we have: 


D/2°-! = (5°? — 1/2—)H = 2K-H, 


where K is odd. We will now show how this result may be obtained using the 
exponents ™a,. We have: 





¢(n) 


D/2°-+ = I] p> (—1) YF gids Be (| ad; | + | ba, | ee | (a + b)ax 1)/ 
Bo k=1 
n-(2n)’-}, 
Let us choose: a = 4s, + 1, b = 4s. + 1, so that s; + %& is odd. Then 
a+b = 2N, where N is of the form 4s; — 1. The numerator on the right- 
hand side above then becomes: 





** This result can be obtained by using the exponents n,, as in the last section. 
** See, for example, H. Weber, loc. cit., V. 2, p. 65. 
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¢(n) 
| | o> + Oe ter a (—1)6-PF gas ak 
Bo k=1 
e(n) 
—ind.N: . ind.az- 
+ € ind,N- Bo (—1)°",,* sak Bo | 2a; | , 
k=1 


N - a, being of the form 4m, + 1 when a; is of the form 4m, + 1. But: 
¢(n) 
PO a als > (-1)e" eq'B tea bo | 2a | = 
k=1 


v 


PO a alts 9 > (— 1)? ggintee™. g, 
k=1 
g(n) 


£2 >) (-1)A Painter (ay — 29-1) | 


k=yv+l1 
Now a, — 2%-! = a,(1 — 2>~'), mod 2’, since a; is odd, whence: 
ind;(a, — 2*-') = indsa, + ind;(2*-! — 1) = indsa, + 2. 


Therefore, for 8) odd, we have: 


y(n) v 
- b> (- nee €y in dae Bo (ay a 2)-1) ded ces 2 2, (— 1) (ak—1) /2 €y indine Bo : ay. 
t=yt+l1 k=1 


For Bo even, we have: 


g(n) 
—1)/2 _ indag- a 
2 >) (- 1? ainda, — 2-1) = 
k=yr+1 
g(n) ” 
1)/2 _ ind,ag- 1)/2 _ ind.ag- 
2 > (—1)%* o* stk Boa, + Qn > (—1)% / a stk - 
k=vp+1 hark 
by virtue of: 
g(n) 
> (=) 0" Eq in tte “Bo = § 
k=1 
Now: 
v g\-1l_y 
> (—1)% 0? gw i > (—1)¢" € inde Bo = 
b= odd s=1 
gr-2_) 
> (—1)* 1? [eginss! Fo Pi a h-1—t)-Boy in 
odd t=1 
gh-2_4 


a (=1)¢-P? («inde _ guindst-o) _ 


odd t=1 
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8) being even. We therefore conclude: 


D/2 = I] (eq india -Bo 4 5 —ind,b Boy , 
odd 


[Terie + exit. egrinsen ty >) *, 


Boeven 


aand b being chosen as above and N = (a + b)/2. 
We now let a = 1, b = 2® — 3, mod 2’, so that: 


N = (a + b)/2 = 2)—! — 1, mod 2?. 
The factor multiplying H above becomes: 
[[a+o%"® TT @+ amo. 
Bo odd Bo even 
Taking \ > 3, and observing that ind; 3 is odd, our factor becomes: 


[J (-1- [] -3- 4 = 


Bo odd Bo even 


[(—1)”* + 1] [((—3)”* — 1/21 = [2] [(8)?* — 1]/2-, 
¢ being a primitive root of 2” — 1 = 0. Since: 
32° — 1 = K’.2)-1 
where K’ is odd, the factor reduces to 2K’. 


9. Two Consequences and an Upper Bound for the Numerical Value 
of the “First-Factor’”’ of the Class Number 


From Section 2 and the subsequent development in Section 5, we may con- 
sider the principal ideals mentioned in the Lemma of Section 6 as being gener- 
ated by a product of powers of ¥-functions. This remark would also hold true 
for the principal ideals mentioned in the theorems of Sections 7 and 8, remem- 
bering that, if a and b are relatively prime, there exist two integers x and y such 
that az + by = 1. If then, in the cyclotomic realm k(a = e?*'/*), p an odd 
prime, 

[9"] = [F(a)] [F(e™)], 


where q is a prime = 1, mod p*, and F(a) is a product of powers of Y-functions, 
we must have: 

q® = F(a)F(a™), 
since V(a)W(a-!) = g. (Section 2, property (a).) Any other factorization of 
q” into two conjugate imaginary factors that are relatively prime, in which one 
of the factors is associated with F(a) the other with F(a—'), must be of the form 


e(a)F (a)e(a~) F(a’), 
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e(a) being a unit. Whence: 
e(aJe(a~") = 1, 


and ¢(a) is a root of unity. But the only roots of unity in k(a) are + a’, 
0 <1 < p*. Since there are 2’-! ways of representing [q¥] as the product 
of two conjugate imaginary ideal factors that are relatively prime (2v = ¢(p*)), 
we have the 

TueoreM: If a prime q = 1, mod p’, then, in the cyclotomic realm k(a = 
e2ri/p*) gH will admit 2”—!-p* factorizations into two conjugate imaginary factors 
that are relatively prime, allowing that two factors differing merely in sign are the 
same, H being the “‘first-factor’’ of the class number of the realm. 

Since the only roots of unity in k(a = e?*/”) are a! (0 <1 < 2%), a similar 
theorem holds in this realm. 

Considering now k(¢ = e?**/”*), p any prime, suppose 


TI w = [F(S)], 


i=1 


the q’s being defined as heretofore, and a1, a2, --- , a, are vy numbers chosen 
from the ¢(p*) totitives so that a; # —a;,mod p*(t ~ 7). If we replace one of 
the ideals q., on the left by q_.,; and form the quotient, we have: 


Gai/Ia; = [F(S))/[F'(S)), 
and therefore we may state the 
TuHeEorem: If a prime q = 1, mod p*, and, ink(a = e?™/?*), 


¢(p*) 


[q] = I] Ga; 


t=1 


then qi. and q”,, belong to the same ideal class,i = 1, 2, --- , o(p?). 

In the light of the Lemma of Section 6, by using the exponents ma, we can 
find an upper bound for | H | in case n = p*, pany prime. Thus, in this case, 
we have: 

da, = Ma — Mg, = +1 


according as | aa, | + | ba, | 2 n. Hence: 
| D| = || doaz' || S v!, Tt. ew 


Now, for n = p*, p an odd prime, using the exponents m,, we obtain the result: 


D/2’-1 a. (II a sencstial + e indod-B a e inda(e+) *\/n) H, 


Bodd 





°° D. Hilbert, loc. cit., Theorem 48, Article 21. Compare also L. Kronecker, Oewvres, V. 
1, p. 103, 1857. H. Minkowski, Geometrie der Zahlen. Leipzig, 1896. 
27 R. Fricke, loc. cit., p. 200. 
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after choosing a, b, (a + 6) prime to p. By making a certain choice for a, b we 
can obtain an upper bound for | H |. For example, choosing a = b = 1, mod 


n, we obtain: 
D/2-1 = ((2°!4 — 1)4!2/n)H, or, ((2%!24 + 1)4/n)H 
according as y(n)/d is odd or even, where (ind ,2, ¢(n)) = d. Therefore: 
|H| S$ n-v!/2°-'(Qe(mid — J) 4/2, or, < n-v!/2°-1(Qe(wi2d 4 1)4 
according as y(n)/d is odd or even. For n = 2%, \ > 3, we can, for example, 
make use of a result of Section 8, viz: 
D/2’-* = ([2] [(8)”* — 1]/2-)H. 
We then have: 
| H | S v!/2—+1[(3)?* — 1). 
10. A Remark Involving the Exponents m,, When (a, n) = (b, n) = 


From relations (3.2) replacing Lo, by ma,, we have: 


¢(n) 
(Ii a if rt Dy 


where ma, = (| aa | + | ba, | — | (a + b)a, |)/n. Suppose, now, n = ris, 
(r;, 8;) = 1. Further, let a and b be chosen so that: (a,n) = (b,n) =r;. Let 
a;; = ax, mod s;, where a; is the least positive residue of a;,, mod s;._ If, now, 
a; = a;, mod s,(k #¥ j), then: 


Ma, = Ma; = (| aay | + | bax, | gs | (a+ b) ax |)/n = Magy 
say. Suppose now that the v numbers ai, de, --- , a, have the s distinct num- 
bers 61, Bo, --- , Be among a;, 7 = 1, 2, --- , v, as their least positive residues, 


mod s,;, where a; = a = 6; = 1. Let 6; = a;, mod s;, so that, Bj’ =a;', 
mod s;, the Greek letters denoting least positive residues, mod s;, and, we have: 


e(n) e(n) 
(fi=)'-(fley'~ 


k=1 


Forming the product forj = 1, 2, --- , s, we obtain: 





g(n) S peysi* L; 


j=1 


k=1 
Equating the exponents for k = 1, 2, --- , v, we obtain the (s — 1) equations: 
> Lj(u5,8;' — Mas;') = 9, k = 2,3, ---,8. 


72 





*S A similar remark applies to the exponents Na,- 
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Equating them fork = v + 1, --- , y(n), we obtain the (s — 1) equations: 


» 1;(u—p, 67 = bp, 63') = 0, k= 2, 3, er ees 


swt 


Setting uz — uz = 6, and, remembering that uz + u—-z = 1, we find that both 
sets of equations above are equivalent to: 


(5) b> 1;(5 6,6; = 5 6,67') = 0, k= 2, 3, 2? a 


aaah 


The power to which I] Ga, must be raised to give the principal class is now: 


k=1 
a 136 5;'. 
j=l 
- Equations (5’) always have common solutions other than 0. If they are 
linearly independent the solutions /; are proportional to the co-factors of 6,7 
in the first row of 








6 8,8; 5,87 ce cccccces 6 8,85" 
Sag — Sag? +t oe+ees Sp.pe' — Se,60" 
D' = ‘ 
Opg;* — Spy? e++ss* 86,831 — 98,83" 
Therefore: 
>) lide = K-D’. 
j=1 
Now 
D' = | 65,67 |; i,j = 1,2,-°-,8, 
so that, if among the numbers fy, 62, --- , 8s we have: 6; = —Bx, mod s,(1 ¥ k), 
then D’ = 0, since 6_, = —6;. We therefore conclude that a necessary condi- 
tion that 


> L667) ~ 0 


j=1 
is that either equations (5’) be linearly dependent, or, among the numbers fi, 
Bo, «+ , Bs, there exist no congruence: 


6: = —Bfx, mod s,(l ¥ k). 


New Brunswick, N. J. 
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ON THE NEVANLINNA AND BOSANQUET-LINFOOT SUMMATION 
METHODS 


By A. F. Moursunp 
(Received April 17, 1933) 


1. Introduction. In part I of this paper we give theorems concerning the 
inclusion of the Bosanquet-Linfoot summation method (the B.,3 method)! in our 
Nevanlinna summation method (the N~, method).? We show, incidentally, 
that the specialized N,, method which Nevanlinna states (without proof) to be 
weaker than the Cesaro method (C, a), a > 0,’ is, as a consequence of properties 
of the Bz,3 method, weaker than any (C,'a),a > 0. 

In part II we modify somewhat the defining conditions of an N,, kernel and 
thus obtain a summation method (the N., method) which is more general and 
inclusive than the Na, method. We give, also, theorems concerning the effec- 
tiveness of the N,, method for the summation of Fourier series. 


I. On Inclusion of the B.,; Method by the N., Method 


2. The N., and B.,, methods. For the convenience of the reader we define 
here the B.,s method and give some of the properties of the No, and Bas 
methods which we later refer to. 

Let F(n) be a function of n defined for all values of n > 0 and let it be desired 
to consider a “generalized limit’? of F(n) asn— ©. The function F(n) may 
represent the n‘* partial sums of a series which have been defined for non- 
integral values of n by some method such as linear interpolation. 

The B.,s method is given by 

DEFINITION 2.1. The Bag limit of F(n) asn — @ is said to be S if, for every 
sufficiently large C, 


1 
lim Bag F(n) = lim [ Bas (t) F(nt) dt = 8S, 
0 


ne ne 


where 





G(1 — t)*-1 (log C/1 — t)-8 (a > 0) 


Bz a(t) a - 
G(1 — t)-! (log C/1 — t)-* ' (a = 0,8 > 0), 





‘L. 8. Bosanquet and E. H. Linfoot, Generalized Means and the Summability of 
Fourier Series, Quarterly Journal of Mathematics (Oxford Series), Vol. 2 (1931), pp. 207-229. 

? A. F. Moursund, On a Method of Summation of Fourier Series (Second Paper), Annals 
of Mathematics (2), Vol. 34 (1933), pp. 778-798. 
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the functionG = G(a, B, C) being so chosen that 


1 
| Bap (t) dt = 14 
0 


It follows from the definition of G(a, 8, C) that 
(2.1) G(0, B, C) = Blog C)?. 

The following lemmas give general properties of the B.,, method.® 

Lemma 2.1. To each Bag (t) with a > 0 or a = 0, B > 0 corresponds a C, 
(a, 8B) = 1 such that the existence of lim Bag F(n) as n — & for some C > C, 
implies its existence for every C > 1. 

It follows from Lemma 2.1 that in Definition 2.1 the phrase “for every suffi- 
ciently large C’”’ may be replaced by either of the phrases ‘for an arbitrarily 
large C”’ or “for every C > 1.” 

LemMa 2.2. Jf Bag F(n) ~S as n— ©, where either a > 0, or a = 0, 
B = 0, then B,:,g: F(n) ~ Sasn — © provided either a’ > a or a’ = a, 8’ > 8B. 

Since the N,, method, p = 0, 1, 2, --- , is defined in these Annals,® we do not 
repeat the definition here. The essential difference between the N<, and B,5 
methods lies in the fact that the kernel ¢,(t) of the Na, method permits of further 
specialization, while the kernel B, (¢) of the Ba, method is a completely 
defined function. 

Nevanlinna states without proof that the choice of the function 


go (t) = (1 + €) (log a)! + «(1 — #)~ 1 (log a/1 — t)-? 5, 
with « > 0 and a = e? + *, as kernel for the Ng method gives a method of 


summation weaker than any (C, a), a > 0.’ Setting 1 +¢ = Banda =(C, 
we have 


(2.2) qo (t) = B (log C)* (1 — t)~* (log C/1 — #)- 8-4, 

3. Preliminary lemmas. We will use the lemmas of this section in our 
proofs of the theorems of Part I. 

Lemma 3.1. ForC 2 eandi 21, 


di 
a — #\-8 
fi (log C/1 — t) 


= -B (i — 1)! (1— t)- ‘(log C/1 — )-* -1 {1 + O [(log C/1 — t)- "JI. 





‘ Bosanquet and Linfoot, loc. cit.1 set up two equivalent summation methods. We 
define here and use throughout the paper their second method. 

’ Bosanquet and Linfoot, loc. cit.1_ In proving the regularity part of Lemma 2.2 they 
assume that F(n) is bounded. 

6 Moursund, loc. cit.?, § 2. 

7 Loc. cit.* This kernel gives a regular, but not an N,,, method of summation when 
—l1<e«30. For details of and theorems concerning the N,, method see our paper, On a 


Method of Summation of Fourier Series, These Annals, Vol. 33 (1932), pp. 773-784. The 
method is there called the N, method. 
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Proof. Since, forj 2 1, 
G.— pio (log C/1 — t)™ = O[(log C/1 — t)™ - 4], 


we have, using Leibniz’s formula for the n** derivative of a product, 


ge (her) “= a= [ 00 ~ 9° (we SS) 
« «6 ~ BN 0 {(tog -¢ )* i +> (I Ca O14 (log oy} 
= — (i — 1)!(1 — d-? (toe — i +0 | (108 oy} 


Making use of Lemma 3.1, we see that 
Lemma 3.2. ForC 2e,a > 0,andr 21, 


d’ = om ae-l=- Ff C es 
5 Ba, s(t) = G(1 — 2) (toe — :) 











{(-Dr@ = as ge ++ Ge 9) 





u(r — zi)! 


+0| (le =) "]} 


where when 1 = r the factor (a — 1) (a — 2) --- (a — r + 7) must be replaced 
by 1. 


Then: 


+(-8)(-1)" (log © J Dy PF = l@=2) (a= 


Lemma 3.3. If p =land0O <r <p, Be. a(t) = 0 when t = 1, provided 


C is sufficiently large and either a = p,B > Oora > p. 


Lemma 3.4. If p => Oand0 < t < 1, then (—1)° 2 Ba, g(t) = 0, provided C 


ts sufficiently large and either a = p,B > Nora > p. 
Proof. We see that the lemma si for p = 0 by inspection of Ba, a(t) 


[Definition 2.1]. For p = 1, (— 1p — qm a(t) is non-negative for we see using 
Lemma 3.2 that when a = p,B > 0 be sign is determined by 


(— 1)?}- a(- 1)" >) yn bo ul = B(p — 1)! > 0: 
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and, when a > p, by 
(—Ip ((-—1 @ - Ie - 8 s+: @ te > 0. 


Lemma 3.5. Jf p 20 and 0 < t < 1, then (— 1)? Ba, a(t) = 0, pro- 


p+ 
an 
vided C is sufficiently large and 

Casel. a=p,8B>1; 

Case2. p<a<prtl; 

Case3. a=p+1,6 $0. 

Proof. When a = 0 we have 


£ By, B(t) = G(1 — t)-*(log C/1 — t)—* -1 [1 — (8 + 1) (log C/1 — t)-'] > 0. 


When a > 0, (--1)? Ba, a(t) is non-negative, for we see using Lemma 3.2 


+1 
aa p+ it 
that its sign is determined by: 





1)' (p +1)! (p— 0 


SC 
Case l. (— {= B(— 1)?* > ip+1—i)! (— 2)! 


pt+l 


= Bp — DD) get (— 1) = B@— 1)! > 0; 





Case 2. (—1)? {(—1)? + (a — 1) (a — 2) --- (@— p) (2 -— p-—1)} > 
0, the factor (a — p — 1) being negative; 


Case 3. (— | A(— 1)? +" > Serra (i at — Ppl = 0. 





Lemma 3.6 If p 2 0and0 < t < 1, then (—1)? 


C is sufficiently large anda = p+ 1,8 > 0. 
Proof. Follows from inspection of the proof of Lemma 3.4 Case 3. 
Lemma 3.7. The limit 


vit 
am 73 Ba, a(t) = 0, provided 





i—% 
lim af Ba, a(t) log 1/1 — tdt 
6-0 J0 dt? 
exists for Cases 1, 2, and 3 of Lemma 3.5. 
Proof. It follows from the definition of B., a(t) that the limit exists when 
p=0. The limit also exists when p > 0 for we see using Lemma 3.2 that its 
existence depends upon the existence of: 


1-6 
Case 1. lim (1 — #)“! (log C/1 — t)—*-! log 1/1 — tdt, where B > 1; 


6-0 J0 
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1-6 
Case 2. lim (1 — #)*—1~—? (log C/1 — t)-* log 1/1 — ¢ dt, 


6-0 J0 


wherea -1—p>-l; 


<3 
Case 3. lim | (log C/1 — t)-* log 1/1 — ¢ dt; all of which limits exist. 
0 


6-0 


Lemma 3.8. The limit 
1-8 dp+l 
dt? +1 


lim Ba, a(t) log 1/1 — ¢ dt 
6-0 J0 
does not exist whena = p+1,68 S1. 


Proof. We see using Lemma 3.2 that the limit depends upon the existence of 


1-6 
lim (1 — t)—! (log C/1 — t)-*-1 log 1/1 —¢ dt, 


6-0 J0 


which does not exist for 8 S 1. © 


4, Theorems concerning B,,, and N,, kernels. The following theorems 
show when a Bg, gs kernel is an N,, kernel.* 


THEOREM 4.1. A Ba, g kernel is an N,, kernel for each of the three cases. 


Casel. a=p,8B>1; 
Case2,. p< a<pt+l1; 
Case3. a=pt+1,6 $0; 
provided C is sufficiently large. 
Proof. In all three cases it follows from the definition of B., s(t) and Lemmas 


3.3, 3.4, 3.5, and 3.7 that, for every specified p = 0, the function Ba, s(t) satis- 
fies the conditions which define an N,, kernel.® 

THEOREM 4.2. A Bo, g kernel, B <1, is notan Na kernel; and a By+1,8 
kernel,O < B S 1, ts neither an N ap kernel nor an Na, +, kernel. 

Proof. The first part of the theorem follows from the fact that 


1-38 
lim i G(1 — #)-! (log C/1 —t)—*—! log 1/1 — tdt 
6-0 J0 
does not exist for 8 <1. We obtain the second part by using Lemmas 3.6 and 
3.8 and referring to Conditions (6) and (7) in the definition of the N«, kernel.® 
THEOREM 4.3. Fore > —l anda = e? + ¢, the function qo (t) [Nevanlinna’s 
weak kernel] is a Bo, g kernel, B > 0. 
Proof. Follows from the definition of Bo, g(t), (2.1), and (2.2). 





® Moursund, loc. cit.2, §2. 
* Moursund, loc. cit.2, §2. 
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5. Final theorems of Part I. As a consequence of Theorem 4.1 (we need 
really only Case I) and Lemma 2.2, we have 

THEoREM 5.1. Whenever the Na, limit of F(n) as n—> © evxists, the Ba, , 
limit of F(n) asn — © also exists, provided eithera = p,B > lora > p. 

The above theorem enables us to state 

THEOREM 5.2. By replacing N, by Ba, s,a = 0,8 > lora > 0 in the state- 
ments of Theorems 6.1, 6.2, 6.3, 6.4, and 7.1 of our first paper” and by replacing, for 
every specified p, Ng, by Ba, s,a = p,B > Lora > pin the statements of Theo- 
rems 9.1, 9.2, 9.3, and 9.4 of our second paper," theorems are obtained concerning 
the effectiveness of the Ba, g method for summing Fourier series, conjugate Fourier 
series, and the derived series of such series. 

Among the theorems thus obtained for the Bz, g method are theorems equiva- 
lent to Theorems 3.1 and 3.2 given by Bosanquet and Linfoot for the Bo, , 
method,!? and theorems equivalent to all of the theorems of Smith.” Our 
proofs of these theorems are simpler than those given by Bosanquet and Linfoot 
and Smith, who use asymptotic expansions obtained by contour integration in 
their proofs. 

THEOREM 5.3. For «¢ > 0 and a 2 e?**, kernels of the type qa (t) give an 
Na, method of summation which is weaker than any (C, a) a > 0." 


Proof. Follows from Theorem 4.3 and Lemma 2.2. 


II. On the N,, Method 


6. The N., Method. We define here the N,, method mentioned in the intro- 
duction, and give some of its general properties. The N,, method while essen- 
tially like the N,, method has the advantage of admitting a larger class of 
functions as kernel. 

Derinition 6.1. The Nz, limit of F(n) asn — & is said to be S af the limit 


1 
lim N.,F(n) = lim / z,(t) F(nt)dt = S, 
n> 0 0 


n> 2 


where, forp = 1,2,--:, 





(1) z,(t) >Ofor0 St S1; 
1 
(2) / z,(t)dt = 1; 
0 
10 Loc. cit.? 
il Loc. cit.? 


2. 8. Bosanquet and E. H. Linfoot, On the Zero Order Summability of Fourier Series, 
London Mathematical Society Journal, Vol. 6 (1931), pp. 117-126. 

13 A. H. Smith, On the Summability of Derived Series of the Fourier Lebesgue Type, 
Quarterly Journal of Mathematics (Oxford Series), Vol. 4 (1933), pp. 93-106. 

14 See footnote 7. Bosanquet and Linfoot, loc. cit.“ give an example of a continuous 
function f(z) whose Fourier series diverges Bo, ; at the point z = 0. It follows that when 
—1 <« <0, kernels of the type q*(t), being Bo,g kernels, 0 < 6 < 1, give a method of 


summation weaker than any (C, a), a > 0. 
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(3) £ zp(t) exists and 1s continuous for 0 St £1, (ry = 1,2, ---,p—1); 
d’ 
(4) ap welt) = Ofori = 1, (ry = 0,1,2,---,p— 1); 
(5) ae z,(t) exists for 0 < t < 1 and is integrable over (0, 1); 
1 Pp s 
(6) | [ 1 5 z>(t) wn vt a < Z,(v) forv = Vo 
(Vo some constant), where 
(a) Z,(v) is an absolutely continuous monotone decreasing function of v for 
v 2 Vo, 
(b) [ Z,(v)/v dv exists. 
Vo 


From assumptions (a) and (b) it follows that 
(c) Z,(v) ~0asv— ~, 


If p = 0, we assume that zo(t) is non-negative for 0 < ¢ < 1 and satisfies (2) 
and (6). 

There is no loss of generality if it is assumed that in (6) the constant V> = 7. 

The following lemmas give properties of the Nz, method. 

Lemma 6.1. The Nz, method is regular.” 

Lemma 6.2. Every Nz, kernel is an Nz, kernel forr = 0,1, 2,---,p — 1. 

Proof. For r < p we have 


ee sin . 
ace, < 
[ t > z,(t) a vt dt| < K/v. 





The function K/v may be taken as Z, (v). The lemma follows. 


7. Inclusion theorems for the N:, method. In this section we show that the 
B., s and Nz, methods can be obtained from the Nz, method by specialization 
of the kernel z,(¢) of that method. 

THEOREM 7.1. Every Ng, kernel isan Nz, kernel forr = 0,1, 2, ++: , p. 

Proof. Every Ng, kernel, p = 1, obviously satisfies Conditions (1) to (5) of 
Definition 6.1; and every N«, kernel is non-negative for 0 < ¢ < 1 and satisfies 
Condition 2, for p = 0. For the Ng, method, the function 


Qn(a/e) = f° , (—19 F anldat 





*® Nevanlinna, loc. cit. 
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which is a bounded monotone decreasing function of v for v = 7, approaches 0 
asv — o;and is such that 


lim [ews dt 
so J3 


exists; and may be taken as Z,(v).'° Then 


[zat dv = Fr Z»(r/v)/v dv 


f [ * Q,(0)/v do. 


Hence every Nz, kernel is an Nz, kernel. We complete the proof by using 
Lemma 6.2. 

THEorEM 7.2. For C sufficiently large and either a = p, 8B > 1 ora>p, 
every Ba, g kernel is an Nz, kernel, r = 0,1, 2, +--+ , p. 

Proof. Whena=p,8 >1;p<a<pt+ljora=p+l1, B <0; the 
theorem follows from Theorems 4.1 and 7.1. When a = p + 1, 6 > 0, it fol- 
lows from the definition of B,, 3(t) and Lemmas 3.2, 3.3, 3.4, and 3.6 that B,., a(t) 
satisfies Conditions (1) to (5) of Definition 6.1, and that 


1 ap sin 
P cnn << q y. 
[eg p+1,8 (#) cos Ut at s K/t 





The function K/v may be taken as Z,(v) for this case. Hence B, +1, a(é) is an 
N:, kernel. We complete the proof by using Lemma 6.2. 


8. The effectiveness of the N-, method for summing Fourier series. The 
following theorem establishes for the Nz, method all of the theorems concerning 
the summation of Fourier series which we give in our first and second papers.” 

THEOREM 8.1. Theorems concerning the effectiveness of the Nz, method for the 
summation of Fourier series, conjugate Fourier series, and the derived series of such 
series, are obtained by replacing in the statements of Theorems 6.1, 6.2, 6.3, 6.4, 
and 7.1 of our first paper N, by N:,, p = 0, and by replacing in the statements of 
Theorems 9.1, 9.2, 9.3, and 9.4 of our second paper Na by Nz,, p = 0; Na by 
Nz,,p 2 1; and Ng, by Nz. 

Proof. The theorem can be established by replacing in Sections 4, and 6 of 
our first paper and in Sections 4, 6, 7, 8, and 9 of our second paper, for every 
specified p, q(t) by zp(t), Na, by Nz,, Qp(/ns) by Z,(ns), and 


1 C) 
[ Rwiew wy / Z,(s)/s ds; 


changing references to Lemmas 5.1, 5.2, and 5.3 to references to Condition (6) 
[Definition 6.1] of this paper; making minor changes in the notation and refer- 





16 Moursund, loc. cit.?, §5. 
17 Loc. cit.? and loc. cit.*. 
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0 ences suggested by the above changes; and then using Lemma 6.2. Some of the 
proofs can be shortened and simplified by the use of Lemma 6.2. The proof in 
Section 8 (second paper) that L; = O(1) as 6 — 0 must be replaced by 


| Ls | [o(1) as 6 > 0] [ 1/s ds f: Zo(nts) dt 


r 
ns 


1 1 
[o(1) as 6 > 0] / dt [ Zo(nts)/s ds 
8 cg 
nt 


1 = [o(1) asso] fa iia Zo(v)/v dv 
5 © 


S [o(1) asi > 0] iz Zo(v)/v dv = o(1) asi > 0. 


From theorems concerning the Nz, method we obtain, as a consequence of 
Theorem 7.2, theorems for the B,, s method in an even more simple manner than 
we did in §5. Wedo not even have to use the regularity-consistency property 
of the Bz, 3 method given by Lemma 2.2. 


UNIVERSITY OF OREGON, 
EUGENE, OREGON. 
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ON THE APPROXIMATION OF LEBESGUE INTEGRALS BY 
RIEMANN SUMS 


By B. JESSEN 
(Received October 20, 1933) 


1. By an investigation of the properties of the integral in a certain space of an 
infinite number of dimensions! I was incidentally led to the following theorem 
on ordinary Lebesgue integrals which does not seem to be known. 

THEorEM A. Let f(x) be periodic with the period 1 and integrable in the Lebesgue 


sense. Then if we write 
1S k 
fla) == >) sz + *) 


k=1 


the sequence of functions fon(x) converges for almost all x to the limit 


A = | f(e) de: 


The point is that the sequence 2” is independent of f(x); from the well known 
fact that the sequence f,(x) converges strongly to A in the sense that 


[ine - Alarso 


follows in the direction of our theorem only the existence of sequences m, such 
that fn,(x) tends to A almost everywhere, but the sequences m, found in this way 
will depend on f(z). 

The proof given below would prove more generally that fn,(xz) tends to A 
almost everywhere for any sequence m, where m,_; divides m,. I could not 
decide whether the sequence f,(x) itself converges to A almost everywhere. 

The approximation of Lebesgue integrals by Riemann sums has been studied 
by Hahn’ but his results do not seem to have any connection with the above 
theorem. 





1 An exposition of this theory and of some of its applications will appear in Acta mathe- 
matica. 


2 If we write x = [x] + . + = + zs + --- the function f(z) becomes a function of the 


sequence of variables 2, £2, 3, --- each of which takes only the two values 0 and1. The 
function f(x) may be said to be the integral of f(x) with respect to the variables x1, 22, -**; 
Zn; it is a function depending only on the variables 2n41, 2n42, --: . Theorem A may thus 
be looked upon as a natural extension of the theorem of Fubini to this special case of func- 
tions of an infinite number of variables. 

*H. Hahn, Uber Annaherung an Lebesguesche Integrale durch Riemannsche Summen. 
Wiener Sitzungsberichte 123 II a 1 (1914), 713-743. 
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2. In the proof of Theorem A we may clearly suppose that f(z) is real. 
Let us consider the function 


(x) = lim fon(z). 
If we can prove that ®(x) S A for almost all x the proof will be completed; for 
then replacing f(x) by —f(x) we obtain a corresponding result for the lower limit 


and both relations together give the theorem. 

Now the function fon(x) is periodic with the period 1/2”. This implies that the 
function (x) is periodic with the period 1/2” for any n, and since a measurable 
function with arbitrarily small periods is always a constant almost everywhere we 
conclude that (x) = C, where C is some constant, for almost all z. In order 
to prove that C < A we first prove the following lemma. 

Lemma 1. Let N and B be given and let E denote the set of points where 


bound = {fon(x)} = B; 


n=0,1,°"", 


then 
[5 dx = B-mE4 
E 


Let E, denote the set of points where fen(x) = B. Then we have clearly 
E = Ey + Ex Ey, + Ey Ex_, Eve +--+ E,-°:: ELE, 
denoting for the moment by E* the complementary set of Z,. Let us write for 
shortness 
A, = Ey -+> EysiEs. 
For any n the set E, and therefore also the set E* is periodic with period 1/2"; 


it follows that also the set A, is periodic with this period. This implies that for 
any n 


[ 1 dx - | Son(zx) és > B-mA,. 


Adding these relations for n = 0, 1, --- , N and using that the sets A, have no 
common points we obtain the desired inequality. 
Making N — o in Lemma 1 we obtain the following lemma. 
Lemma 2. Let B be given and let E denote the set of points where 
bound {fon(x)} 2 B; 


n=0,1,2,°°° 





rs The set E is periodic with the period 1; by mE is meant the measure of a period of Z; 
similarly the integral over E means the integral over a period. The same remark applies 
to the following considerations, all sets being periodic with the period 1. 
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then 
[5 dx = B-mE. 
E 


The proof of Theorem A is now immediate. In fact if we take B < C the set 
E in Lemma 2 is the whole z-axes with the exception of a null-set. Consequently 
we get 


1 
- | f(x)dx 2B-1=B8B 
0 
and since this is true for any B < C it followsthat C < A 


3. We allow again f(x) to be complex valued. 

Let us consider the smallest majorant of the sequence fen(x), that is the 
function 

M(x) = bound {| fon(x) |}. 

This function has again the period 1. It is easy to construct an integrable 
function f(x) with period 1 for which M(z) is not integrable. A theorem of 
Hardy and Littlewood® suggests the problem what can be said about the integ- 
rability of M(x) when f(x) is known to belong to the class L? where p > 1; 
the answer is as we should expect that in this case M(x) also belongs to L?. We 
have the following precise theorem. 

THEOREM B. Let f(x) belong to L” where p > 1; then the same is true for M(z) 


and we have 
[ Mwy de < (2 ZY [ | f(x) |? dx 


except when f(x) is null. 

I could not decide whether the constant in this theorem is the best possible 
constant. 

We may suppose in the proof that f(x) is real and non-negative; for if not we 
may replace f(x) by | f(x) | and this change does not decrease M(x). We know 
from Lemma 2 that if B is given and E denotes the set where M(x) = B, then 


[5 dx = B-mE; 


thus Theorem B will follow from the following lemma. 

Lemma 3. Let f(x) and M(x) be non-negative functions such that the last men- 
tioned inequality is true for any B when E denotes the set where M(x) = B. Then 
if f(x) belongs to L? where p > 1 the same is true for M(x) and we have 





’G. H. Hardy and J. E. Littlewood, A maximal theorem with function-theoretic appli- 
cations. Acta mathematica 54 (1930), 81-116. 





fe] 
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[ M(z)r de < (Py i) ls f(x)? dx 


except when f(x) 1s null. 

There is no need for giving the proof of this last lemma here. It is obtained 
from the last part of the proof by F. Riesz® for the main theorem of the paper of 
Hardy and Littlewood referred to above by combination with an earlier in- 


equality of Hardy. 





‘ F. Riesz, Sur un théoréme de maximum de MM, Hardy et Littlewood. Journal of the 
London mathematical society 7 (1932), 10-13. 


PrincETON, N. J. 
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DISTRIBUTION FUNCTIONS AND POSITIVE-DEFINITE FUNCTIONS 
By S. Bocuner anp B. JESSEN 
(Received, January 5, 1934) 
Introduction 


The distribution of the values of a real almost periodic function or more 
generally of an almost periodic curve in several dimensions has been investigated 
lately by Wintner, Haviland and others. One of the methods applied by 
Wintner depends on the use of Fourier transforms and is as such a standard 
method in the theory of probability. The object of the present paper is to 
point out that the established results can be deduced simply, and in a general 
form, from general theorems concerning Fourier transforms without introducing 
moment arguments. 


1. Positive-Definite Functions? 


We shall consider distribution functions in a Euclidean space 9 of k dimen- 
sions. As the number of dimensions is of no avail it is convenient to have a 
notation independent of it. A point x, a, --- or a vector function f(t) will 
always be understood to consist of k components. Naturally sum or difference 
of two points is to be taken in the vector sense; the formal products xa, 2f(t), --- 
chiefly occurring in the exponentials e***, e*/(, --- will be the scalar inner 
product. An inequality between any two points means the corresponding 
inequality in all components; for instance f(t) < a means that each component 
of f(t) is smaller than the corresponding component of a. 

A distribution function will be an additive, non-negative interval function 
V(&) defined for all bounded and unbounded intervals in 8%. Its total varia- 
tion is the value V(R). It may be derived in the usual way as a k-fold differ- 
ence from a monotone point function V(a), which is defined for any point a by 


Via) = Va) 


where 3. denotes the interval 8 < a. V(3%) and V(qa) will denote the same 
function. 

Two interval functions are called essentially equal if they are equal in their 
(bounded) intervals of continuity. A sequence of functions V,(3) is essentially 
convergent to an interval function V(%) if the relation 





1 See A. Wintner, Upon a statistical method in the theory of diophantine approxima- 
tions. Amer. J. Math. 56 (1933), 309-331, where references are given. 

2S. Bochner, Monotone Funktionen, Stieltjessche Integrale und harmonische Analyse. 
Math. Ann. 108 (1933), 378-410. 
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(1) V(3) = lim V,(3) 


no 


holds for all (bounded) intervals in which V(3) is continuous. The sequence 
is called strictly convergent if the limit relation (1) also holds for ¥ = MR. 

A complex-valued function f(x) in ® is called positive definite if it is continuous® 
and if for any points 2, 22, +++ , Xm(m = 2, 3,4, ---) and any complex num- 
bers 1, £2, -** » {m we have 


ye > fen — z).F, & 0. 


p=1 yp=1 
We shall denote the class of these functions by %. They have the following 
properties :* 
I. In order that a function f(x) belong to $ it is necessary and sufficient that 
there exists a distribution function V(a) such that 


(2) f(x) = J e**dV(a). 


The integral is a Stieltjes integral over the whole R. The function V(a) in (2) 
is essentially unique; we shall call it the transform of f(z). 

II. If a sequence V,(a) is strictly convergent to a function V(a) then the 
corresponding functions f,(z) C $ are convergent, uniformly in ®, to the 
corresponding function f(x) C ¥. 

III. Conversely, if a sequence of functions f,(x) C $ converge almost every- 
where and for x = 0 to a function fo(x), then there exists a function f(x) C $ 
which coincides with fo(x) almost everywhere. And the transform of f,(z) 
converges essentially towards the transform of f(z). 

IV. In particular, if f,(z) C $ converge almost everywhere and for x = 0 to 
a function fo(z) which is continuous in the point x = 0, then the transforms 
V,(a) are strictly convergent towards the transform V(a) of a function f(z) CB 
which in x = 0 and almost everywhere coincides with fo(z). 

V. The product f(x) g(x) of two positive-definite functions f(x) and g(z) is 
again positive-definite and the transforms U(a), V(a) and W(a) of f(x) g(z), 
f(x) and g(x) are connected by the relations 


U(a) = J Va — B) dW(8) = Jf W(a@ — 8B) dV(8). 
In other words, U(a) is the convolution of V(a) and W(a). 
2. Distribution Functions 


Let D be a set of finite measure in an appropriate space; the variable point in 
this space shall be denoted by ¢. Let f(t) be a vector function whose components 





* Compare also F. Riesz, Uber Sitze von Stone und Bochner. Acta Szeged 6 (1933), 
184-198. 

‘loc. cit.2. Some of the results are here enunciated in a slightly more general form than 
originally. We shall not use property I; for the following it would be sufficient to define 
the functions of the class f by the integral (2). 
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are defined and are measurable on D. We consider the distribution function 


m(f(t) < @)p 
mD : 


where (f(t) < @)p denotes the set of points belonging to D for which f(t) < a, 
By the definition of the Lebesgue integral we have 


(3) a | ew dt = [ dV (a); 
D 


thus Vp(a) is the transform of the positive definite function to the left. 

Now let {D} denote a system of sets D, each of which has a finite measure; we 
suppose that there exist sequences {D,} in {D} such that mD, — ©; each such 
sequence shall be called an admissible sequence. If our vector function f(t) is 
defined on the system {D} we shall say that it has a distribution on {D} if there 
exists a distribution function V(a) such that for each admissible sequence {D,,} 
the sequence Vp,(a) is strictly convergent towards V(a). Of course the total 
variation of V(a) is then also 1. 

In order to extend the formula (3) we have to introduce the notion of a mean 
value for a complex valued function g(¢) defined on {D}; we say that g(t) has a 
mean value on {D} if g(é) is integrable over each D and if there exists a number 
M {g(t)} such that for any admissible sequence {D,} we have 


Vo(a) = 


Mio(} = lim | g\t)dt. 


Dn 





With these definitions the formula (3) will generalize into the formula 
(4) Mie} = f e#* dV(a); 


with regard to its validity we have in consequence of §1 the following theorem. 

THEOREM 1. [If the vector function f(t) has a distribution V(a) on {D} then 
for each x the mean value M {e*/} exists and we have formula (4). Moreover for 
each admissible sequence {D,} the limit 


(5) — —. | ith dt 
no "- 


n 





exists uniformly in x. 

Conversely, if for each admissible sequence {D,} the limit (5) exists for almost 
all x and for x = 0 and is continuous in the point x = 0 then f(t) has a distribution, 
and consequently we have the formula (4). 

It will be useful also to have a theorem asserting the existence of a distribu- 
tion of a vector function f(t) which in a certain generalized sense is the limit of 
functions f,,(¢) each of which has a distribution on {D}. We have immediately 
the following theorem. 
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TueoREM 2. Let f(t) be a sequence of vector functions each of which has a dis- 
tribution Vm(a) on {D} and let f(t) be a measurable function on {D} such that for 
each admissible sequence {D,} the upper limit 





(ef) — e%fm(t)) dt 





g(m, x) = lim 


no 


mD,, J Dn 





converges to zero for almost all x and for x = 0 and continuously in t:e point x = 0° 
asm— ©. Then the function f(t) has also a distribution V(a), and V(a) is the 
strict limit of Vm(a). 

The condition regarding ¢(m, x) is satisfied if for each admissible sequence 
{D,.} the number 


Lf — Jn(t) |? dt (p > 0) 





v(m) = 
nc ML, Dn 
where | f(t) — fm(t) | denotes the length of the vector f(t) — f,(t) tends to zero 
asm-—> ©. In this case we shall say that the sequence f,,(¢) converges strongly 
to f(t) on {D} with exponent p. 


3. Application 


Let ¢ denote a real variable, — ~ < it < o, and let {D} denote either the 
system of all finite intervals a < ¢ < b or the system of all symmetric intervals 
-—-7T<t<T. A distribution with respect to the second system if it exists will 
be called a distribution over — « < t < o; if it exists with respect to the first 
system it will be called a uniform distribution over — ~ <t < o. 

Let f(t) be a vector function whose components are almost periodic in the 
sense of Bohr. Since the functions e‘*/“ form in every bounded z-interval a 
majorisable class of almost periodic functions the limit 


im 3 [ewe 
Tc T 

exists uniformly in a and uniformly in every bounded z-interval. From Theo- 

rem 1 we therefore conclude. 

THEOREM 3a. Any vector function f(t) whose components are almost periodic 
in the sense of Bohr possesses a uniform distribution over — ~ <t < @ defined 
by (4). 

A vector function f(¢) is almost periodic in the sense of Weyl (with exponent 
1)° if there exists a sequence of ordinary almost periodic vector functions f,,(t) 
such that the number 


x(m) = lim bound 7 ef rig | f(t) — Sm(t) | dt 


iia —-w<a<w 


tends to zero asm — «©. From Theorem 2 we therefore conclude 





° That is o(m, tm) — 0 whenever x, — 0. 
* We refer to the book of Besicovitch, Almost periodic functions. Cambridge 1932. 
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THEOREM 3B. Any vector function f(t) whose components are almost periodic 
in the sense of Weyl possesses also a uniform distribution over — ~ <t < 
defined by (4). 

A vector function f(t) is almost periodic in the sense of Besicovitch (with 
exponent 1) if there exists a sequence of ordinary almost periodic vector func- 
tions f(t) such that the number 

—— 1 T 
(6) x(m) = lim 5 J |S) — Sm(Z) | at 
To =? 


tends to zero asm — ©. We therefore have: 
THEOREM 3c. Any vector function f(t) whose components are almost periodic 
in the sense of Besicovitch possesses a distribution over — ~ <t < © defined 


by (4). 
4. Independent Distributions 


In this section every vector function f(t) will be almost periodic in the sense 
of Besicovitch (with exponent 1) and f(t) will be approximated to by the se- 
quence f,,(¢) if the number (6) tends to zero. 

We define the modulus M; of f(t) as the smallest modulus containing the 
Fourier exponents of the components of f(t). We call a system of vector func- 
tions f(t) independent if the moduli of any two of them have only the number 0 
in common. 

THEOREM 4. Let f(t) and g(t) be independent vector functions. Then we have 


(7) M {eit + o))} = M {eixfO} M { eizo(s)} 


and consequently the distribution U(a) of f(t) + g(t) is the convolution of the dis- 
tributions V(a) and W(a) of f(t) and g(t). 

The relation (7) is obvious if the vector functions f(é) and g(t) are almost 
periodic in the sense of Bohr. In the general case we approximate to f(t) and 
g(t) by ordinary almost periodic vector functions f,,(é) and gm(t) without intro- 
ducing new exponents. 

A simple oscillation f(#) = ae®* = | a | e*04 + » is the two dimensional curve 
with the components (| a | cos (At + p),| a] sin (At + p)). The corresponding 
mean value M {e*/}, where z is (| x | cos a, | x | sin a), is 


M {ez J} _ M { ¢#] 2a] cos Ot+e— 4} _ Jo(| za l) 
where Jo(y) denotes the Bessel function of order zero. Combining this with 


Theorems 2 and 4 we obtain 


THEOREM 5a. [f f(t) ~ Zz, aye ts an ordinary almost periodic function with 
r 


linearly independent exponents (and consequently ab | ay | as finite) then its dis- 
A 


tribution V(a) is determined by 








“I 
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(8) [eo dV(a) = Il J0(| ay |). 
d 


If f(t) ~ > a,e™ is almost periodic in the Besicovitch sense then there exists a 


oN 
system of coefficients r™ defined for the given \’s and for m = 1, 2, 3, --- 


with the following properties: 1) For a given value of m only a finite number of 
the r{"”’s differ from zero. 2)0 Sr” <1 and lim r%” = 1 forall X. 3) The 


m2 


exponential polynomials S,,(¢) = Ys raye® approximate f(t). If the ex- 
ry 
ponents \ are independent we have by Theorem 5a for the distribution function 


Vin(a) of Sm(a) 
) [ cee avate) = [] Jul 226 ap. 


By Theorem 3c the distribution V,,(a) converges strictly to the distribution 
V(a) of f(t). Therefore the right-hand side of the relation (9) must converge 
uniformly for all x. Since the power series of the Bessel function J(y) begins 


2 
with 1 — “and since | Jo(y) | < ko < 1if|y| > yo > 0 this is only possible 
when the sum >. | ay |? is finite (for otherwise the product to the right in (9) 
r 


would converge to 1 forz = Oandto0forz ~ 0). We therefore conclude: 
THEOREM 5B. If f(t) ~ » aye™ is an almost periodic function in the Besico- 
N 
vitch sense with linearly independent exponents the sum » | a, |* ts finite and the 
r 


distribution function V (a) of f(t) satisfies the relation (8). 

Theorem 5a is due to Wintner.’? His further results concerning the smooth- 
ness of the function V(a) are deducible from the relation (8) and apply also to 
Besicovitch functions. 





7 Loc. cit. 


PRINCETON UNIVERSITY AND THE INSTITUTE FOR ADVANCED StupyY. 
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EXPONENTIAL POLYNOMIALS 
By E. T. Brun 
(Received November 20, 1933) 


The exponential numbers considered in another paper! suggested the extensive 
generalizations to the polynomials of the present paper. The term ‘exponential 
polynomial” here refers to polynomials generated by operating on exponential 
functions exp (f(x)) by differentiation, or by expanding the exponential into a 
power series in z. 

The polynomials £(§§1-3) are one of the many possible generalizations of 
Hermite’s polynomials. From the é are constructed functions ¢(¢) which are 
orthogonal in the interval —-»o < tS +0. With respect to linear differen- 
tial equations the Hermite polynomials are a sort of singular case of the &, 
see §2. 

The polynomials ¢ generalize the £, and are a generalization of Appell poly- 
nomials; see §§4—6, 10. Closely connected with the ¢ are the polynomials Y 
(§§7-9) which generalize the é and (in a sense which will be clear from (7.16)), 
also the ¢. They are introduced in connection with a certain determinant in 
(6.5) on which the arithmetical properties of the ¢ depend. The Y also give 
rise to a set of orthogonal functions. Neither ¢, nor Y, satisfies any differential 
equation whose order is independent of nm. The number of terms in ¢, is the 
total number of partitions of »; the sum of all the coefficients is the positive 
integer e,, and the e’s are one of the sequences whose congruence properties were 
discussed in the paper mentioned. 

The polynomials y (§§11, 12) are a generalization, in another direction, of 
Appell polynomials. The possible types of differential equations which, under 
suitable hypotheses, the y can satisfy, are determined, and the degeneration in a 
special case to Appell’s equations is noted. 

All of the polynomials have interesting arithmetical properties, some of which 
are discussed. 

I. The polynomials ¢ 

1. Let r denote a constant integer > 0, n an arbitrary integer = 0, and z, f 
independent variables; write D, = d/dt. The polynomials & = &,(z, ¢; r) are 
defined by ¢_,—, = 0, and 


(1.1) £, = exp (—2t’)D7 (exp (z#’)). 





1 To be published in 1934; see the abstract in the Bulletin of the American Mathematical 
Society, vol. 39, 1933, p. 667. 
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For r = 2, the , are Hermite polynomials; for r > 2 the —, do not seem to have 
been discussed, although Hoppe? gave the equivalent of the explicit form (1.6) 
as an illustration of his method of obtaining higher derivatives without, how- 
ever, investigating any of the properties of the polynomials. 

Operation with D; on both sides of (1.1) gives 


(1.2) Enya = rat’ + Dien, 


from which it follows by mathematical induction that 


n 


(1.3) tt, = >Jei(n) (at")", 


i=0 
where c,(n) is a polynomial of degree n in r with integer coefficients, and 
(1.4) co(0) = 1, co(nm + 1) = reo(n), 
ex(n + 1) = ren) — [n-—r(n-Gt)]eum) O<j<n+1). 


The c’s can be calculated successively from (1.4); thus 


Co(n) =F, ei(n) = (3) y= ye, «+: 5 


but it is shorter to obtain the explicit forms otherwise, asin (1.6). For numerical 
checks we write down the following from é) = 1 and (1.2). 


&, = rat, 
& = reztt*r—-* + r(r — 1)2t"-, 
f = r3z3{3r-3 4+ B3r2(r — 1)x2t??-3 + r(r — 1)(r — 2)at™—. 





From (1.3), 
(1.5) En = dyeiln) gn-t frees, 

i=0 
where the sum continues so long as n — i 20, (n — i)r — n 2 0. Hence, 
if [y] denotes the greatest integer in y, the upper limit of the summation is 
[n (r — 1)/r]. 


To obtain the explicit form, multiply 


o 


1 
D", exp (xt) = n! bp = z7trn—* 


: n 
m2[n/r] 





*R. Hoppe, Journal fiir Mathematik, vol. 33, 1846, pp. 76-79. I owe this reference to 
Professor Bateman, who has given an alternative expression for the £, involving Stirling 
polynomials, which follows readily from (1.6) here. Professor Bateman has also discussed 
the polynomials exp (— xt")D” [x*" exp (zt’)], where s is an interger > 0. 
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by the power series for exp (— zt”); thus 


n>? a ragy oi oe 


h=0 





The last binomial coefficient is zero unless r(h — s) 2 n, and by (1.5) the degree 
inzisn. Hence finally, 


wo eeaSeersen(\O%9} 


h=a 





a =n — [n(r — 1)/r], b = [(rh — n)/r]. 
It follows incidentally that 


re (2) ”) =o, h>n, 


which is a property of the Stirling polynomials. 
The generating function for é, follows from (1.1) by Taylor’s theorem, 


(1.7) exp [x((h + t)" — t")] = exp (hé), 


where the exponential on the right is exp (hE) = &o + hé& + h*&/2! + ---, as 
usual in the symbolic or umbral calculus of Blissard.* 
Operating on (1.7) with D,, D,, Dz respectively, we get 


r=3 
r—1 En—rtott 
4 = ! 8 
Sn+1 nN) 7x > ( 8 i (n —r . DY 








s=0 
r—2 
oe f—] ‘ En—ree+l 
Dé, = n! re ("; t a) hae o>, 


r—1 
= 7 : r . En—rts 
D,En => "a () (n—r+s)! 


in which (by the notation explained) ; = é;(z, ¢;r), and the sums either continue 





’ The account in Lucas’ Théorie des Nombres, Chap. 13, may be supplemented by my 
own extensions in Algebraic Arithmetic, 1927. Umbral derivatives, as in 


D; exp (ht) = & exp (hé) 


satisfy the formal laws of differentiation; all indicated operations upon umbrae are to be 
performed as in common algebra before exponents are lowered, and if a,b are ordimaries 
such that ab = 0, and a,@ umbrae, the value of 


(aa + bB)° is a%xb9B°, = apfp. 
The last avoids exceptions in the manipulations and results. The formal use of infinite 
processes in this connection is justified in the work cited. 
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to the upper limits shown, or terminate with the largest s which makes the 
suffix of £ non-negative. These may be written 


r—l1 
: a r—1 n . 
(1.8) En41 => Tx 2» (r & i . ) Bo Car 4044, 


s=0 
r—2 
—1 
(1.9) Dé = re 2) a ny" - | a an ‘ee 
r=1 
(1.10) Dats = 2 (r — 1(7) Le. 


We may write (1.7) more symmetrically as 
(1.11) exp [x(h" — t”)] = exp [(h — 0], 


from which (1.6) follows by equating coefficients of h". We may take (1.11) 
as the definition of the polynomials &, = &,(a, t; r), since (1.8), (1.9), which 
follow from (1.7), and hence from (1.11), imply (1.2). Replacing x by x + y 
in (1.11) we have the addition theorem 


(1.12) En(x + y, t;r) = [E(a, t; r) + &y, t; r)]", 
and hence 
(1.13) 2 — (x, t; r) & (—z, t; r) _ Bon, 


where 600 = 1, don = 0 (n > 0). Im (1.7) replace h, ¢ by ch, ct, where c is 
independent of h. Then 


(1.14) &,(c’x, t; r) = c"En(a, ct; r). 
Substitution of ¢—! for ¢ in (1.7) gives 
(1.15) £,(x, (1; r) = t§,(at-", 1; r). 
Similarly we have 
(1.16) é,(z, 0; r) = wo x*;t,(z,0;r) = 0, n 4 0 modr. 


From (1.14), 
(1.17) — &, (etx, t3 r) + ayn —i(c"x, t3 r) + +++ + anéo(c'2, t; r) = 0, 
identically in x, t, where c is any root of c? + a,c? ~1+ --- +a, = 
is equivalent, by (1.6), to a set of identities in Stirling polynomials. 
2. From (1.6), (1.8), (1.9) we readily find that 
D ,én(x, t; 1) = 0, 
Dién(x, t; 2) + 2xtD.é,(z, t; 2) — Bnzé, (x, t; 2) = 0. 
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the second of which is Hermite’s equation when 2x = —1. Using (1.10) we get 
rD£,(2, t; 1) lone nén(2, t; 1) = 0. 


It will now be shown that if r > 2, the polynomials &,(x, t; r) = &, satisfy no 
linear equation of constant order m > 0 of the form 


(2.1) PoD'tén + PiDt ~ fn + +++ + Pmr&e = Pm, 


where the P’s are polynomials in r, n, x, t alone (the case where some or all P’s are 
constants included), and if r > 1, the &, satisfy no equation of the form 


(2.2) PoDren + P,D™",, + sah i + Pula = m+. 


Thus, with respect to the property (2.1), 2" and the Hermite polynomials (with 
the parameter x) are unique among the é, (2, ¢; 7), and x" is unique with respect to 


(2.2). 
Let rbe > 1,m > 0. By repeated application of (1.9) it follows that D’é,, 
considered as a function of é’s, is linear in é, — (7 = m,m +1, --: , m(r — 1)) 


alone, where account is taken of £., = 0,s > 0, say Dvn = Am(En — my En — m — 1, 
- , En —m (ry —1), and that the coefficients of the é’s in X,, are polynomials in 
r,n,x,talone. Similarly, from (1.8), 


D3 En =f, = No(En—, Ena) °°° » En—r)s 


where Xp is a linear function of the same kind as X,,. Hence 


(2.3) Den —_ No(En-1, En—2, ‘ot ae En—r), 
Dién = Ai(En—1, En—2y pris » En—(—-1)s 


DrtEn = Am(En—1; En—2, ss ns? 


Since m, r are constant integers > 0, we can choose nso that n — m(r — 1) 2 0. 
If (2.1) holds, it must be possible to eliminate &, — 1, &n —2, ++ » &n —m@ —0 
from the (m + 1) equations (2.3). But these m(r — 1) é’saredistinct. Hence, 
in order that the elimination be always possible, it is necessary that m(r — 1) = 
or m(r — 2) = 0. But m > 0;hencer = 2. Similarly for (2.2). 


3. In this section we show that if 
(3.1) on = £2(2, t; 2r) = e-**” £,(—2, t; 2r), x>Q0, 
tS+o 


- 


then the ¢, form an orthogonal set in the interval — « 


i] 


(3.2) Emfn dt = 0, mM Fn. 


—o 


For the moment let x, the integer r > 0, and f(t) = f be unrestricted beyond 
the conditions 


(3.3) [e~*"D if) Jimawe = 0 (s = 0, --- ,n — 1). 
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Then 
[(e~*" Di f)én(—2, tr) rms = 0, 
and hence, by repeated partial integration of the left of (3.4), 


(3.4) [10 (Die-*"") dt = (—1)” f. e~ "(Di f) dt. 


Thus if we choose f(t) = P(t), where P is a polynomial of degree < n in ¢, we 
have 


(3.5) [ vP (t)§n(—2, t; r) dt = 0. 


i] 


The conditions (3.3) with f = P are satisfied when x > 0 and r is an even 
integer > 0. Hence (3.2) follows from (3.5) when we take m < n. 


II. The Polynomials ¢, Y 


4. The ¢, are a generalization of the £,; see (4.51). Let ao, a, ++ , an, °*° 
be an infinite sequence of independent variables. The case when some or all of 
the a are absolute constants is included; in particular, a, may be zero for all n > 
m, where m is a constant integer. The polynomials 


Gn = Gn(a) = Gn(ar, -** , On) (n = 0, 1, °°: ) 
are defined by 
(4.1) g=1, @ari=0, #@H=alota), n2Z0. 


In ordinary notation the last is 


n 


(4.2) batt = >) (") 0410 nv 


s=0 
For verifications of formulas we give the first 6 ¢’s 


do = 1, oi = Q, do: = ay + a, o3 = ay + dajaz + as, 
ds = at + Bazar + 4aia3 + 3a + a4, 
o5 = a> + 10azar + 10a?a3 + I5ajaz + Saas + 10a2a3 + a;. 


Let t be a parameter. Then, writing 
f(t) = exp (ta) = ao + ait + apf?/2!+---, 
we have the generating identity of the ¢, 
(4.3) exp [f(t) — ao] = exp (9) 
For, operation with D, on (4.3) gives 


a exp [(a + ¢)t] = ¢ exp (9), 











Et 


Sy Sacha ae 
Taniiitee- 
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and hence (4.1) by comparing coefficients of t. Conversely, (4.1) implies (4.3), 
By (4.1) the coefficients in ¢, are positive integers, and it follows by mathe- 
matical induction from (4.1) that 


(4.4) on = at + an + Play, +++ , an-r), > 5, 
where P(a,, «++ , @n —1) isa polynomial in a, --- , a» — ; alone and is of degree 
<n. 

From (4.3), 


(4.41) exp (ta; + ta/2! + --- ) = do + thi + to/2! + ---, 
and hence we have the explicit form 


0r1"atg" +++ ay” 


(45) dn = mt D) G)"Qn*--- (n)™. sal --- at > % 


where the sum refers to all integers s,;, --- , s. 2 0 such that n = s, + 2s, + 
--+ + ns,. Hence the number zx, of terms in on is equal to the total number of 
partitions of n. Thus the complexity increases rapidly with n; for example, 
ne = 11, we = 1002. 

Comparing (1.7), (4.41), we see that for the particular sequence a indicated in 
(4.51) we have 


(4.51) (a) = &(2, t; 7), a; = 7! (“)ae 4 =1,---,r);a,=0, n>r. 





Another interesting sequence of positive integers connected with ¢ are the e«, 
defined by 


(4.6) én = $,(1, --- , 1), n> 0; é = 1; 


e, is the sum of the coefficients of ¢,. The recurrence for the e, is, from (4.1) 
with all a’s replaced by 1, 


(4.7) i Gn44 = (é + 1)", €éo = a 
and it is readily shown‘ that 


A A? A” 
w= (RR t or, 


n! 





the notation being that of finite differences, so that 


ea. 3 we (-(°>") or no n> 0. 


s=1 





‘ By Herschel’s theorem in finite differences. The ¢ were given as an example in the 
paper mentioned in the introduction; the table up to ¢ here was computed by J. L. Bell 
by machine from Cayley’s table of A"0"/n! (Collected Papers, vol. 11, pp. 145-6.) The 
congruences for the 0’s incidentally check Cayley’s table. For the combinatorial meaning 
of the «see Whitworth, Choice and Chance, p. 95. 
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As the « are among the simplest ¢ for constant values of the variables, they are 
valuable for checking the general ¢ congruences. Accordingly we list the first 
20, which will be sufficient. 


n En n En 

1 1 20 51724158235372 
2 2 19 5832742205057 
3 5 18 682076806159 
4 15 17 82864869804 

5 52 16 10480142147 

6 203 15 1382958545 

7 877 14 190899322 

8 4140 13 27644437 

9 21147 12 4213597 
10 115975 11 678570 


In passing, the connection of the e with certain other polynomials n, G, the 
second of which were introduced by Steffensen® in connection with Makeham’s 
formula, may be noted. 

The polynomials n(x) are defined by 


mz) =1, nz) = DAT (> 0) 
so that n(1) = «. The generating identity is 
exp [x(e' — 1)] = exp [tm(z)]; 
whence, as a definition of G, 
exp[zt — x(e' — 1)] = exp [#G(z, z)] = exp [¢(z + »(—2))]. 
Thus G,,(a, z) is the Appell polynomial (z + »(—2))" in z; 


n(x) = G(—2,0); « = G(-1,0); 
G(x, z) 7 $n(B), Bb, =z-— 2, B, = —2z(s > 0). 


If in (4.3) t be replaced by ct, where c is constant, we see that 





(4.8) on(Cay, Cae, + es C"an) = c"pn (a1, — * Qn), 

so that ¢, is isobaric in aj, --- , an of weight n. From (4.3) we get immediately 
the addition theorem 

(4.9) Gn(ar + Bi, ae + Bo, *** 5 Qn + Bn) _ [o(a) + $(8) |”. 





* J. F. Steffensen, Some recent researches in the theory of statistics and actuarial science, 
Cambridge Press, 1930, p. 24. 
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5. Write D., = D;. Then, from (4.3), we have at once 
(5.1) Don = 0, Dida = (") on —;(j > 0). 


Thus ¢,(ai, a2, -+* , @n) is an Appell polynomial in a, and hence the ¢,(a,, - - 
an) may be considered as a generalization of the Appell polynomials. 


6. The derivatives of the ¢,, are of importance in the arithmetical properties. 
By repetitions of (5.1) we get 
n! 
Gir (n — rj)" 
Dion = Vif r > [n/j]. 





(6.1) Dion = iJ >0, O<rs [n/jl, 


From the way in which (6.1) is obtained it follows that the coefficient of ¢,, _ ,; 
is a positive integer which is divisible by (7). By (6.1) the degree of ¢, in a; is 

When, as in the general definition, the a are independent variables, a con- 
gruence involving them (or polynomials ¢(a)) is interpreted to mean that the 
coefficients of the several power products of a’s on both sides of the congruence 
are congruent with respect to the modulus. In particular, if all the coefficients 
are integers, the congruences hold for all sets of integer values of the a’s. 

As always henceforth, let p denote a rational prime. Then (5.1), (6.1) and the 
elementary congruence properties of binomial coefficients imply 


(6.2) Dj¢, = 0 mod p, 0 <7, 0<j<p. 
Hence, by (4.4), for the same r, j, 
(6.3) Dj P(a, we © 6 i) = 0 mod DP; 


where P is of degree < p. Consider a particular term of P, say 


ap~i e 


Keay M+ >> ey +++ Oe : 


k is an integer > 0. Since the a’s are independent variables, it follows from 
(6.3) that 


ka;(a; — 1) --- (a; ~r + 1) = 0 mod p, 


which holds for all integers r > 0. Take r = 1. Then ka; = 0 mod p, and 
therefore, since p is prime, at least one of k = 0 mod p, a; = 0 mod p holds. 
But a; = 0 mod p is impossible, since the degree of P is < p. Hence k = 0 
mod p. Or, since a;, a; — 1, --- ,a; — r+ 1 are all < p, and p is prime, it 
follows at once that k = Omod p. This proves 


(6.4) op = a? + a, mod p. 
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Again, from (4.1) we have 
getrti = a(@ + a)? + r 
and hence, by a general theorem established in a previous paper on anharmonic 
polynomials,® 


ge t+rt+! = a(p? + a?) (6 + a)’ mod p, Oxsr<p, 


which gives 


r 
Print — 2 (") As4iPpirts — a?t'(p + a)” = 0 mod p. 
In the last take r successively equal to r — 1, r — 2, --- , 0, and solve the 
resulting system of congruences (the system is obviously solvable) for ¢, +, + 1. 
Then 


(6.5) (—1)" + op 4-41 

is congruent mod p to 
a’t(p + a)’ ar = (j) ae (3)as (3)aa ++ (f)ary1 
aPl(o + a)? wf ay "Tas "yas -++ (Foi )ar 
aPtt(d + a)'? 0 af ay (7? )ae +++ (Foz )er—-1 
aPtl(d + a)" 0 0 —1 ay +++ (773)a,y-2 
altl(h + a)’4 0 0 0 —1-++ (7rh)a,-s 
a’tl(@ + a)°® 0 0 0 O-++ a 
a? + ap 0 0 0 Q0--- —l 








which holds for 0 < r < p. The binomial coefficient (¢) in this is by convention 
1. For example, taking r = 0, 1, 2 we get 


(6.6) pay = ay?! + ayay + ap4i mod p, 
boi = (al + ar)ayp + 2araps1 + apy2 + a*? + cgay” mod p, 
opis = 38(a? + ar)apsr + 3aiapy2 + apys + (a} + 3era2 + as)a, 
tay?t3 + Zaca;?t! + asa)? mod p, p > 2, 


i Il 


and these may be verified for the « by setting each a = 1. With (6.4) we have 
thus, mod p, 


= 2, €pyi = 3, €nse = 7; Enis = 20 (p > 2). 


Ep 
The condition p > 2 in the last happens to be superfluous for the e, but this does 


not follow from the proof of the general congruence. These congruences are 
checked by the values in the table in §4. 





° Trans. American Math. Soc., vol. 34, 1922, p. 109. 











Pim 
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The congruence (6.5) can be considerably generalized by applying theorems 
proved in a previous paper’ on residues of certain types of binomial coefficients, 
For example, it has shown that 


2p\ _ o(P 2 . 
(7?) = 2?) moa p* 0<h <p; 


2p\ _ of P 2 
(7?) = 2f,,?,,) mod p<h< 2p. 


Hence, proceeding as above, we get 


(6.6) dopt1 = Apu + (7? Jantib> + aide 


p-l 
+ 2 b> (?) (ansib2p—h + Ap+ntiGp—n) Mod p*. 


h=1 


Similar results may be found for moduli p*, p* q’, p* q’ r*, --- , where p, q, r, --- 
are distinct primes, and a, b, c, --- are any integers > 0, by means of the 
theorems cited. 

Having derived any congruence of the type (6.5) for a particular r, we can 
obtain from it congruences for r — s(s > 0) by differentiating the given con- 
gruence and applying (6.1). For this it is more convenient to rewrite (6.1) as 


Die (MF MT) Ga 


For, (6.5) is equivalent to an identity in the a of the form 
botrtt = Plapsrtiy Apter) °° * » Hp) By Oey *** y Br41) 
+ pQ(a, G2, °*"" Qptr+i)s 


where P, Q are polynomials, with integer coefficients; P is (—1)*+! times the 
determinant in (6.5). Hence 


(6.7) Dj On+r41 = D§P mod p. 


The coefficients on both sides of (6.7) are integers; the left of (6.7) is $p+r+1-s; 
times the integer 


ey ‘ea Prats a fe 
j j j j 


If the left of (6.7) is not to vanish identically, s, 7 must be chosen such that 
p+r+1-— sj 2 0; the maximum value of jis p +7r+ 1. Subject to these 





7 Journal of the London Math. Soc., vol. 5, 1930, pp. 253-258. 
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restrictions the above product of binomial coefficients is reduced modulo p by 


(=) =(e) Gt 


m>0,n > 0,m = mp +a, n= mp t+ b, 


means of 


Osa, b<p, (§) =oito >a 


The result of this reduction is an integer, say c. Finally then, from (6.7) we 


have 
(6.8) Chpirti-sij = DP mod p, 
j>0, ptr+l2y, #20. 


7. The polynomials Y, next considered are a generalization of the ~,. Write 
(see (4.3)) 
(7.1) y = e* — ao = ant + al?/2! + +--+ + ant*/n! + ---, 
and define the Y, by 
(7.2) ev Die = Y,, n=0,1,-:-; Y, = 1. 
Obviously, with Y, = Déy we have 
(7.3) Yn = Yay, ++ 5 Yn) 


and ifa, = r!2,a, = 0,n ¥ 1, then Ya = €.(z, ¢;1). 
Operating on (7.2) with D, we get 
(7.4) Yuu = (yi + Di) Yn, 
which corresponds to (1.2). For checks on subsequent formulas we write down 
from (7.4) 
N=", Yo=yity, Ys=yi + 3yyet ys, 
Ys = yt + 6yiye + 4yrye + 3y2 + 


which may be compared with the corresponding ¢, in §4. In fact we have 
generally 


(7.5) Y,= on(Y; °** 5 Ya). 
To prove (7.5) we observe from (4.2), (6.1) that 
. a 
(7.6) Panui = (a + 2 Qs41 5a) 
Let ky: +--+ y,°» be a particular term of Y,. Then, since Diys = Yeu 
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we have 


0 0 
pS os pee + eng) (ky; % eee ysr), 


Dilky: p ising Yn”) = (0 ays 


and therefore by (7.4), 


. a 
(7.7) Yau = (u: + 2 Ys+i =) Y.. 


These functions are connected with the determinant in (6.5). For, by the 
definition of y, we have 


Y. = ate = 7 an+st"/n! (s > 0), 
n=0 


and if we define a‘*) by the MacLaurin expansion of Y, in powers of ¢ thus, 


fe) 


(7.8) Y, = exp (ta) = >) als"/nl, 


n=0 


we see from (7.1), (4.3), (7.8) that 
Ye” = g*e = exp [t(a + 9)], 


and hence 

(7.9) gn+s = (6 $a)” 

In (7.9) take n = p, s = r + 1, asin (6.5). Then, referring to (6.4), we have 
(7.10) (—1)"bp4r41 = a? + ap + apt mod p. 


The symbolic recurrence for Y, 
(7.11) yr = y(Y a y)"; Yo= 1, y" = Yn, 
follows from (7.6), (7.7) compared with (4.1). From the last we deduce the 


recurrence for the a“, For, 


n 


n 
Yau = b> (* 7dr Ynie = exp(ta—), Yori = attieta: 


s=0 


hence, on substituting in the first for Y, — ., ys + 1 and comparing coefficients of 
i™, we have 


n 


(7.12) —"" = 2 (?) Z (* Janrvensolt", 


s=0 r=0 
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which may be written 
(7.13) aint) = 2 ("ara + a (n—2))m, 


In the congruences for the ¢ we are interested only in the residues mod p of the 
a, asin (7.10). From (7.13) we have 


(7.14) al? t)) = afa + a)™ + ams ps1 mod DP, 


or, in non-symbolic form, 


m 


(7.15) ale th) => > ("am esse!” oe Am+p+l mod DP. 


s=0 


Considering Y, as a function Y,(¢) of t we have 


ee) i” 
aw >» a [D7 (e”) ]i-0; 


n=0 


hence 


(7.16) on = n(a) = Y,(0) = af”; Y.(0) = [Yn (t)].m0. 


8. By the remark after (7.3) and §2 it follows that the Y, satisfy no differential 
equation of the type 


RoD7Yn + R,D"~"'Y, + mm Pee + Rn oF Rings 


of constant order m, where the R’s are polynomials in a’s and t. Otherwise we 
should have a contradiction with §2 for suitably chosen a’s. 


9. For properly restricted a, the Y, give rise to an orthogonal set in — © S 
t+ 0. The restrictions are am > 0, an—1 = O(n = 1, 2,---). For 
these a, write Y, = Y+, and let y = y(é), for the same a, have a radius of con- 
vergence > 0. Write Z, = e-”? Y!. Then, as in §3, it may be shown that 


[ ZmZn dt = 0, mF Nn. 


10. Returning to the ¢, we shall give some miscellaneous properties which 
follow readily from what has been given. Let 0, denote the sequence 0, --- , 
Oofszeros. Then 





! 2m)! (km)! 
(10.1) k! Pim (00-1, ee Om—1, em a2, Om—1; adds O.~4, k! as) 


. 


> (km)! i (a1, aT. 9 ax), 








ee 
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where 0» indicates that the symbol 0,, s = 0, is to be suppressed. This follows 
from (y as in §7) 


t* exp y(t") = > Gn(ay, *** » ani™t*/n!. 


n=0 


The integrals are found from (5.1). Let ¢,“ denote the result of putting a; = 
Oing,. Then 





(10.2) oi) = >) <I ‘ at Dion, 


s=0 


as we see on multiplying exp y by exp (—a;t’/j7 !). From (5.1), 


("?) [4 ‘ da; = Pn+i — o) 5, 


which may be written, by (10.2), (6.1), 


[n/i] 
aj (— 1)? +1 
az; = ! a; waist sis 
(10.3) [ a=s 2 GetDia—-gir * 


The differences of the ¢ are found by applying (6.1) to the following formula 
from finite differences, 





A’0Q"+1 r+2 A’0"t2 
eT + Gay 
where A; indicates the rth difference with respect to a;. Thus 


[((n—rj)/s] 
(10.4) Afda = 





Ai = D5 + Dit? 4 ..., 


A’0Qrts n! 
(r+ s)!(j! \rte(n — (r+ spi ener 





s=0 


the coefficients are positive integers. 

Combined with previous results the last shows that, in an obvious sense, the 
set of all is closed under operations of differentiation, integration, and finite 
differencing. 

Any polynomial (or power series, if convergent) in a, --- , a, can be ex- 
pressed as a polynomial (or power series) in suitably chosen ¢’s. For we have 


. . (=) esl... 
(10.5) as; = (sn)! $' “ (kear — , Q2, a3, °° ’ Qen); 





where k; = 1,k, = 0,s > 1. The proof is from the identity exp y = exp (/¢), 
which gives an exponential expression for exp (a,t*/r!). By the formula pre- 
ceding (10.3), the last gives the curious result 


n (—1)" (s!)"n! Qs 
a; = (sn)! E al () [ Pen—s(K sary = g, Qe, °**, cn) das | 
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When y(as in §7) satisfies a differential equation of the type 
(Dt + AiDt~* + +++ + AmaDi + Am)y = Amt 
or, what is the same, 
(10.6) Ym + ArYm—a + -** + Amy: + Any = Am4i; 


where the A’s are functions of ¢, some or all of which may be constants, possessing 
derivatives of all orders, the ¢, will be connected by relations of the form 


(10.7) R(di, +++ » Om4s+i) = 0, s 2m + 2, 


where FR is a polynomial of degree m + 2. The ¢, Y are connected by (7.16). 
Hence we find a relation for the Y from which (10.7) follows by setting ¢ = 0. 
From (7.11) we have 


(10.8) Yascis —_ YY mon + eo + oe + Ym4n+4+1 Yo, 


and Y» = 1; from (10.6), by successive operations with D, and reductions 
after each by means of (10.6), ¥m+s is expressed in a linear function of y, y:1, --- , 
Ym-1. Thus (10.8) is equivalent to 


(10.9) Yminsi = Ao(m)y + Ar(n)yr + +++ + Am—1(2)Ym—r, 


where the \’s do not contain y, y1, --+ , Ym—1, and are linear functions of Yj, Ys, 

-,;Y¥Ym4n. Give to n in (10.9) m + 2 distinct integer values > 0, of which 
the greatest is s, and eliminate y, y1, --- , Ym—1. Setting ¢ = 0 in the result 
gives (10.7). 

It is obvious that ¢,, in the general case of unrestricted a or y, can satisfy no 
differential or difference equation of constant finite order, for all n, whose 
coefficients involve only a finite number of the a, since ¢, = ¢n(ai, --* , an). 

The general discussion has included the case when certain of the a’s are 
replaced by zeros; in particular (10.7) holds when y = y(¢) is a polynomial of 
degree m. 


III. The Polynomials x. 
11. The Appell polynomial in x (ordinary variable) to the base 8 (umbra) of 


n 


rank nis (x + 6)"(n = 0,1, --- ), namely y (”)p.e~ and this polynomial 


is generated by exp (hx) Xexp (hf), where h is a parameter, since 
exp (hx) exp (h8) = exp [h(x + 8)]. 


The obvious property D(z + 8)" = n(x + 6)"~' is that which makes possible 
the discussion of the differential equation satisfied by (x + 6)" when it is given 
that exp (h8) satisfies a differential equation of prescribed type (with respect 
to h). 
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In line with the polynomials £, ¢, we now generalize the Appell polynomials 
to the polynomials y, defined by 


(11.1) vn = ¥x(2, B; r), yn = 0,n = 0,1,--:: ; 
exp (h"x) X exp (h8) = exp (hy), 


where r is a constant integer > 0. Hence y,(x, 8; 1) is the general Appell 
polynomial of rank n to the base 8. Obviously if r > 1, and @ is an arbitrary 
sequence, DW, ~ nn — 1, SO that the differential equation satisfied by y, when 
the equation satisfied by exp (h@) is given, cannot be found by the same process 
as for Appell’s polynomials. We shall see in fact that the equation for exp (hg) 
must be of a certain restricted type if the equation for y, is to be of constant 
order (independent of n). The restriction degenerates to no restriction when 
r= 1, 
From (11.1), by D:, D we have 
m! rx 


(11.2) Wm41 = By” + (m nash 4 pin (m = 0), Yo = Bo; 





im — rains 0 S 8 < [m/r)), 


(11.3) Dibm 7 


Divm = 0 (s > [m/r]), 


and by D3, 
(11.4) Djvm = m(m — 1) --+ (m — 8 + 1)Wm-s. 
Directly from (11.1) the explicit form is 
[m/r] 
Buoy? 
= m! ae 
(11.5) lina 2 (m — sr)! 8s!’ 


the coefficient of 8,,_;,x* is a non-negative integer, and there is the addition 
theorem 


(11.6) ¥m(x + y, B37) = (W(x, Bsr) + oy, B; r)]”. 
Writing (11.5) in the form 


[m/r] 
Yn = 2 (sr — s) i(*7) (aes 


we see that (p prime) 


(11.7) ¥r(z, B;r) =Bpmodp, rp. 
The addition theorem may be written 
(11.8) Vm(x + y, B3 rT) = Ym(¥(x, B; Tr), y; 7), 


and z, y are interchangeable on the right. This follows by inspection from (11.1). 








l 
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12. We now examine the possible differential equations of order independent 
of n satisfied by ¥, when exp (8) satisfies a linear differential equation (with 
respect to h) with polynomial coefficients inh. For this we introduce the inter- 


mediary functions (not polynomials) 
VO =~, Br), vi. =0(n=0,1,--- ;s > 0), 
defined by 
(12.1) exp (rh")D; exp (h8) = exp (hy). 
Take Dj of (11.1) and refer to (1.1). Then 


yr exp (iv) = > (‘) exp (hy"-?), 


7=0 
& = Ea, hr), WE? = VPC, Bs 7), Un = Yala, BS 1). 
Hence, by (1.5), 


(12.2) exp (hy) = y* exp (hy) — >) (‘) exp (y+?) D) ei(j) ain, 


7=0 t=0 


from which y‘*? can be calculated. It will be sufficient to show that 


(12.3) © = DAPD ary AS = 1, 


a=0 
where the point to be noted is that only derivatives of the single y function 


¥m+e appear on the right. The precise form of the A’s is immaterial; actually 
we shall prove that 





e ba TX . ‘ Ss ys 
(124) AYTY = Ay) — =" DAY, AGH = — a, 
TX 





= = a ae (D,A‘” +7 At” ,) (a=1,---,8), 


m+l1 


whence the A’s can be found explicitly if desired. The proof will be from (12.3) 
by mathematical induction on s. 


Taking D, of (12.1), and comparing coefficients of h” in the result, we get 


(12.5) rt( ai ) £9) gr HVETY = VO; 


r—l 


and D, of (12.1) gives 
(12.6) Dy? =r! ("wie 


r 
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From (12.6), (12.5) we have 








forts) — 
In (12.3) replace m by m + 1 and apply (12.7); then 
(12.8) vet + eg DV), = >> AWD Wdasite 
a=0 


Now (merely to simplify the writing) define 





A‘), 





Pp) = Aw) — D Av) pan Q = = 


ey mgr 


To the second term of (12.8) apply (12.3) with m replaced by m + 1 in (12.3), 
Then 


(12.9) HET DY) [POD m size + WDE Yasrvels 


a=0 


and therefore, with the A“ + » defined in (12.4) we have completed the induc- 
tion on s (the case s = 1 obviously is true). 

From the foregoing we can construct the required differential equations. Let 
c be independent of ¢, and let & be an arbitrary non-negative integer. Then, 
from (12.1), (12.3), 


(12.10) ch* exp (at")D; (exp (hB)) = c pa ah A) D2Wnssy 


the second member of which is equal to 


m=k 


For our purpose, as stated at the oitsaan of this section, it is now required to 
choose s, k in the last so that all derivatives D? are taken with respect to the 
same function y. From (11.3) we have 


(12.11) dD: Yn+s—k _ (ra)! ew 


ra 


the restriction on a need not be included, since y_ ; = 0, 7 > 0. Hence we 
choose s — k = qmodr; say s — k = q — ur. Application of (11.3) to (12.11) 
now gives 


Dt Vn+s—- = KD3*"bn+es 
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and therefore, from (12.10), 
exp (xt") [ch*Dj (exp (h8))] = fom BID AP KDI ate 


where s = g — k — ur. 
It follows that if exp (h8) satisfies the differential equation 


>) ch*D§-*-** (exp (h8)) = 


c,k,u 


then the polynomials Wm+q satisfy the differential equation 
q—-k-ur 
(q-k—ur) atu a8 

Dt Ae KD hee =o 

c,k,u a=0 
whose order is independent of m, where the constants K are as in (12.12), and the 
A’s are given by (12.4). 

The derivatives in the given equation for exp (h8) are of orders in arithmeti- 

cal progression with common difference r; when the y’s are Appell polynomials 
(r = 1), the implied restriction disappears. 
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SUR LES FONCTIONS JOUISSANT DE LA PROPRIETE DE BAIRE 
’ DE FONCTIONS CONTINUES 


Par WacLaw SIERPINSKI 


(Received January 19, 1934) 


On dit qu’une fonction d’une variable réelle jowzt de la propriété de Baire, si elle 
est continue sur tout ensemble parfait P quand on néglige les ensembles de 
premiére catégorie de Baire par rapport 4 l’ensemble P. 

En 1905 M. H. Lebesgue, aprés avoir démontré le théoréme de Baire, d’aprés 
lequel toute fonction représentable analytiquement jouit de la propriété de 
Baire, posa la question si le théoréme inverse a encore lieu.! Cette question a 
été résolue négativement par M. N. Lusin en 1914 a l’aide de l’hypothése du 
continu? et en 1917 sans utiliser cette hypothése.* 

Il existe une analogie, et méme une certaine dualité, entre les fonctions jouis- 
sant de la propriété de Baire et les fonctions mesurables. P. e. la somme et le 
produit d’un nombre fini de fonctions jouissant de la propriété de Baire (resp 
mesurables) est une fonction jouissant de la propriété de Baire (resp. mesurable); 
la propriété de Baire (comme la propriété d’étre une fonction mesurable) sub- 
siste au passage 4 la limite (d’une suite convergente de fonctions qui jouissent de 
cette propriété) .* 

Cependant les démonstrations pour les fonctions mesurables et pour les fonc- 
tions jouissant de la propriété de Baire sont différentes, et pour les fonctions 
jouissant de la propriété de Baire souvent beaucoup plus difficiles que pour les 
fonctions mesurables. On démontre p. e. sans peine qu’il existe une fonction 
mesurable qui ne jouit pas de la propriété de Baire, mais les démonstrations 
connues d’existence de fonctions jouissant de la propriété de Baire et non 
mesurables utilisent l’hypothése du continu.® 

Pareillement, on démontre sans peine qu’une fonction mesurable d’une fonc- 
tion continue peut étre non mesurable. Le probléme si une fonction jouissant 
de la propriété de Baire d’une fonction continue jouit de la propriété de Baire 
restait ouvert.’ Le but de cette Note est de prouver, en admettant l’hypothése 
du continu, que la solution de ce probléme est négative. Nous démontrerons 
notamment ce 

THtorrME.’ Si la puissance du continu est aleph-un, il existe une fonction 





1 Journal de Mathématiques 1905, p. 188. 

2 C. R. Paris, t. 158, p. 1259. 

3’ Fundamenta Mathematicae t. II, p. 157. 

4 Fundamenta Mathematicae t. I, p. 163. 

§ Voir N. Lusin, Fund. Math. t. [X, p. 116 et S. Saks, Fund. Math. t. XI, p. 217. 
6 Cf. Fund. Math. t. XX, p. 286 (Probléme 59). 

7 J’ai signalé ce théoréme dans les C. R. Paris, t. 197, p. 1716-1717. 


278 











le 


S 


PROPRIETE DE BAIRE DE FONCTIONS 279 


d'une variable réelle qui ne jouit pas de la propriété de Baire et qui est une fonction 
jouissant de la propriété de Batre d’une fonction continue. 

Démonstration. M.N.Lusin a démontré que si 2° = yj, il existe un ensemble 
non dénombrable de nombres irrationnels de ]’intervalle (0, 1), Z, qui est au plus 
dénombrable sur tout ensemble linéa‘re non dense® et qu’il existe une fonction 
g(x) définie et continue sur l’ensemble N de tous les nombres irrationnels de 
l'intervalle (0, 1) & valeurs distinctes sur N et appartenant A l’intervalle (0, 1), 
et qui transforme l’ensemble Z en un ensemble G = g(L) qui est toujours de 
premiére catégorie (c’est-d-dire de l'* catégorie sur tout ensemble parfait).? On 
voit sans peine qu’on peut encore supposer que G C N. 

Soit 


(1) r=ot) y=v¥i) (0<t<1) 


une courbe continue remplissant le carré Q(0< x < 1,0 < y <1). On peut, 
comme on sait, définir cette courbe de telle fagon que les points du carré Q, dont 
toutes les deux coordonnées sont irrationnelles, soient points simples de la courbe 
(1), e’est-A-dire qu’il existe pour tout systéme (xo, yo) de deux nombres irra- 
tionnels xo et yo de l’intervalle (0,1) un seul nombre réel ¢ de l’intervalle (0, 1), 
tel que 2 = g(t) et yo = W(t) (Telles sont p. e. les courbes continues remplis- 
sants le carré définies par G. Peano ou par M. D. Hilbert). 

Posons encore ¥(x) = ¥(0) pour x < 0 et ¥(x) = ¥(1) pour x > 1: la fone- 
tion y(x) sera ainsi définie et continue pour tous les x réels. 

Désignons maintenant par E l’ensemble de tous les nombres réels ¢ de |’inter- 
valle (0, 1), tels que 


(2) gtjeL et y(t) = g(v(d)). 


Je dis que l’ensemble E est homéomorphe 4 l’ensemble L, et que la fonction 
g(t) établit une homéomorphie entre les points ¢ de E et les points z = ¢(t) 
de L. 

Soit, en effet, un nombre de E: d’aprés la définition de l’ensemble E on a 
done les formules (2): x = g(t) est donc un élément de l’ensemble L. Ona 
ainsi g(Z) CL. D’autre part, soit x un élément de l’ensemble L. D’aprés 
L CN ona done ze N et g(x) est un nombre bien déterminé de ]’intervalle (0, 1). 
La courbe (1) remplissant le carré Q, il existe donc un nombre réel ¢ (de |’inter- 
valle (0, 1)), tel que 


g(t) =x et v(t) = g(z): 


d’aprés x e L, nous concluons done (vu la définition de l’ensemble EZ) que t « E. 
On a done zx = g(t) eg(E). Nous avons ainsi démontré que L C ¢(E) et, 
comme nous avons trouvé plus haut ¢(£) C L, nous avons: L = g({E). Or, 





°C. R. Paris t. 158, p. 1259. 
* Fundamenta Mathematicae t. XXI, p. 119-122. 
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je dis que la fonction g(t) est 4 valeurs distinctes sur HZ. Soient t, et t, ¥ ¢, 
deux nombres de E et supposons que 


(3) g(ti) = o(te). 

D’aprés t, ¢ E, tz ¢ E et d’aprés la définition de l’ensemble £, on a 
(4) g(t) €L, p(te) eL 

et 

(5) ¥(ti) = g(o(t)) et W(te) = g(y()). 


De (4) et de L CN résulte que o(t,) « N et o(te) « N et de (4), (5) etdeG CN 
résulte que ¥(t:) = g(¢(t)) eg(L) = G CN, donc Y(t.) e N et pareillement y(t.) «N 
Or, d’aprés (3) et (5) ona 


(6) y(t) = o(te) et WL) = v(t), 


les nombres ¢(t;), o(tz), Y(t) et Y(te) étant tous les quatre irrationnels (comme 
appartenant a NV), il résulte de (6) et de la propriété de la courbe(1) que ¢, = t,, 
contrairement 4 l’hypothése. 

Nous avons ainsi démontré que les formules 


te E, tneH ett A te 
entrainent |’inégalité 
e(ti) ~ (te). 


La fonction x = ¢(t) établit done une correspondance biunivoque et continue 
entre les points de EF et les points de Z. Désignons pour tout nombre x de L 
par d(x) le nombre (unique) ¢ de # tel que x = g(t). Pour prouver que la 
fonction g(t) établit une homéomorphie entre les ensembles E et L il nous reste 
donc a démontrer que la fonction 3(x) est continue dans l’ensemble L. 

Soit done x» un point de l’ensemble LZ et soit z,(n = 1, 2, 3,---) une suite 
infinie de points de L, telle que 


(7) lim 2%, = Xo. 
Admettons que la formule 
(8) lim #(2,) = 8(2xo) 


ne soit pas vraie. I] existe dans ce cas un nombre positif 6 et une suite infinie 
croissante d’indices K,(n = 1, 2, 3. ---), telle que 


(9) | H(arx,) — (xo) | > 6 pourn = 1, 2,3,---. 


La suite infinie 0(xx,) (n = 1, 2,3, ---), en tant que formée de nombres de 
Vintervalle (0, 1), étant bornée, il existe une suite infinie d’indices croissants 
jrn(n = 1, 2, 3, ---), telle que la limite 

(10) Up = lim O(rx;,) 


n=20 
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existe et, d’aprés (9) on a | wo — P(x) | > 5 donc 


(11) - Uy X O(20). 

De la définition de la fonction 3 et de z, ¢ LZ pour n = 1, 2, 3, --- , résulte que 
(12) o(0(z,)) = x pour n = 1, 2,3, ---, 

done, d’aprés (7): 

(13) lim e(8(Xn)) = Xo. 

Or, posons, pour abréger: 

(14) a, = tx; pourn = 1, 2,3,---. 


La fonction ¢ étant continue dans I’intervalle (0, 1) on a, d’aprés (10) et (14): 


lim 9(8(x,)) = ¢(uo), 


n=0 
done, d’aprés (13) et (14): 
(15) g(uo) = Xo. 
Or, de roe L résulte que y(#(xo)) = xo: la formule (15) donne donc 
(16) y(Uo) = o(8(x0)). 
Or, la fonction y étant continue dans (0, 1), on a, d’aprés (10) et (14): 
(17) ¥(uo) = lim ¥(0(@,)). 
D’aprés z, ¢L pour n = 1, 2, --- et (14), ona z,¢eL pour n = 1, 2, 3,---, 
done, d’aprés (7) et r9¢ L C N, la fonction g étant continue dans N: 
(18) lim g(x.) = g(2o). 


Or, d’aprés x, eZ pour n = 1, 2,3, --- , ona &(x,) €E pour n = 1, 2,3,---, 
done, d’aprés le définition de l’ensemble E: 


V(A(z,)) = g(O(z,))) = g(z,) pour n = 1, 2,3, ---, 
ce qui donne, d’aprés (17) et (18): 
(19) ¥(Uo) = g(zo). 
Or, d’aprés xo ¢ L on a 8(x9) € E done, d’aprés la définition de l’ensemble £: 


V(P(x0)) = g(y(P(x0))) = g(xo) 
done, d’aprés (19): 
(20) ¥(uo) = ¥(8(z0)). 


Or, d’aprés (15) et 2 ¢L CN on conclut que ¢(uo) « N et d’aprés (19) on trouve 
V(u) eg(L) = G CN, done ¥(u) « N. Les nombres ¢(uo) et ¥(uo) sont done 








“ae 
aE 


we 


ae “ 








282 WACLAW SIERPINSKI 
Hy ; irrationnels et on a les formules (16) et (20): il résulte done de la propriété 
| 2 de la courbe (1) 
4 i | Uo = 0(2) 


contrairement 4 (11). 

L’hypothése que la formule (8) n’est pas vraie implique donc une contradic- 
tion. La formule (8) est done vraie. Nous avons ainsi démontré que la fone- 
tion 3(x) est continue dans LZ. II est ainsi établi que les ensembles E et L sont 
homéomorphes. Or, comme j’ai démontré,!° un ensemble homéomorphe A un 

aT a ensemble jouissant de la propriété de Baire" jouit de cette propriété. D’autre 
part, comme on sait, l’ensemble Z ne jouit pas de la propriété de Baire: son 
4 homéomorphe £ ne jouit non plus de la propriété de Baire et il existe un en- 
bey Be: semble parfait P et un intervalle A dans lequel E est partout de deuxiéme caté- 
gorie par rapport 4 P, et par suite H est aussi une somme de deux ensembles dis- 
joints EH = E, + E,; telle que les ensembles EZ, et EZ, sont chacun partout de 
deuxiéme catégorie sur A par rapport a P. 

Définissons maintenant la fonction d’une variable réelle y(x) comme il suit: 


ee 


(21) v(x) = 1 pour re g(y(F;)) 
a ‘i 3 et 
1 } :] (22) y(x) = 0 pour z non € g(y(E))). 


On a évidemment (d’aprés EF; C E): 
Ely(z) ¥ 0) = g(y(F:)) Cg((Z)) = g(L) = G 


et, l’ensemble G étant toujours de premiére catégorie, on voit sans peine que la 
fonction g(x) jouit de la propriété de Baire. 
Posons, pour z réels 


(23) f(x) = va), 


e’est donc une fonction jouissant de la propriété de Baire d’une fonction con- 
tinue (d’une variable réelle). 
Si ze LE, ona, d’aprés EZ, C E, xe E, done, d’aprés la définition de l’ensemble E: 





(24) g(x) eLet (2) = g(y(z)) 
i done 
(25) vW(z)) = y(g(¢(z))) 


et, d’aprés xe E, et (21), y(g(y(x))) = 1, done, d’aprés (25) et (23): f(x) = 1. 





10 Fundamenta Mathematicae t. IV, p. 319. 

11 On dit qu’un ensemble linéaire M jouit de la propriété de Baire, si pour tout en- 
semble parfait P il existe un intervalle d contenant A son intérieur des points de P et tel 
qu’au moins un des ensembles dPM et dP — M est de 1" catégorie de Baire par rapport 
a P. 
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Si x e Eo, on a, d’aprés E, C E, encore les formules (24) et (25), d’od, d’aprés 
reE, CE et x non e£; (puisque £,F; = 0), la fonction ¢ étant a valeurs dis- 
tinetes dans E et la fonction g étant 4 valeurs distinctes dans L = ¢(E), done 
la fonction g(g(x)) étant 4 valeurs distinctes dans FZ, on trouve que g(y(x)) est non 
eg(y(E:)), et, d’aprés (22): y(g(e(x))) = 0, d’ou, d’aprés (23) et (25): f(x) = 0. 

On a done 


f(x) = 1 pour ze E, et f(x) = 0 pour re EF, 


les ensembles E; et HE: étant partout de deuxiéme catégorie par rapport 4 P dans 
l'intervalle A, il en résulte que la fonction f(x) ne jouit pas de la propriété de Baire. 

Notre théoréme est ainsi démontré.'” 

Or, il est 4 remarquer qu’on démontre sans peine qu’une fonction continue 
d’une fonction jouissant de la propriété de Baire jouit toujours de cette pro- 

riété. 

: Or, d’aprés une remarque de M. Kuratowski® il résulte de l’hypothése du 
continu qu’il existe une fonction continue de deux variables réelles f(x, y) et 
une fonction d’une variable réelle g(x) jouissant de la propriété de Baire, teiles 
que la fonction f(g(x), y) ne jouit pas de la propriété de Baire. 

M. S. Ruziewicz a démontré,'* que toute fonction d’une variable réelle est 
une fonction mesurable d’une fonction mesurable (méme d’une fonction fixe de 
le classe de Baire). Or, un théoréme analogue n’a pas lieu pour les fonctions 
jouissant de la propriété de Baire: il existe des fonctions d’une variable réelle qui 
ne sont pas des superpositions (d’un nombre fini) de fonctions jouissant de la 
propriété de Baire. P. e. on démontre sans peine que telles sont les fonctions 
discontinues sur tout ensemble parfait. 





22 Une autre démonstration de ce théoréme paraitra dans mon livre Hypothése du continu 
(Monografje Matematycsue t. IV) Warszahwa 1934, p. 75. 

13 Voir Fund. Math. t. XXII p. 56. 

4 Communication au II* Congrés de Mathématiciens Roumains & Turnu Severin (Mai, 
1932). Cf. aussi Mathematica t. VII (1933), p. 89. 
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SEPARABLE SYSTEMS OF STACKEL 
By LuTrHer PFAHLER EISENHART 


(Received February 14, 1934) 


In 1891 Stickel! showed how to determine the quantities H; in the Hamilton- 
Jacobi equation 


1 (de \? 
(A) Dm (22)' + mE - Vie =o, 
so that the variables are separable, the solution being of the form 2X;, where 
X;is a function of z;alone. In 1893* he showed that when the quadratic differ- 
ential form 2H‘%dz*; so determined is taken as the Riemannian metric of a 
space V, the equations of the geodesics of V, admit » — 1 independent quadratic 
first integrals other than the fundamental form. In §§$1, 2 we show that when 
this condition is satisfied, the fundamental quadratic form is of the Stickel 


type. 
In 1927 Robertson’ showed that for an equation of the form 


a/(H a wR = Ls oo 
(B) Da (igs) + HE Vie = 0, H =H, H,, 
to admit by separation of the variables a solution of the form ILX;, where X; is 
a function of x; alone, the functions H* must be of the Stickel form and V = 

f(zi) 
. H?’ 
equation (A) as shown by Stickel. He found that in this case there is the addi- 
tional condition 


where f(z;) is an arbitrary function of x; alone, just as in the case of 





H; 
(C) ¢ = I—— 
Vi(ai)’ 
where ¢ is the determinant of the Stickel functions ¢;; and y; is a function of 2; 
at most. In §2 we show that this condition is equivalent to the equations 


Ri; = 0 (i ¥)j) 


in the given coordinate system, R;; being the components of the Ricci tensor used 
by Einstein. 





1 Habilitationsschrift, Halle. 

* Comptes Rendus, vol. 116, pp. 485-487; cf. also, Ricci et Levi-Civita, Méthodes de 
calcul différentiel absolu, Math. Annalen, vol. 54 (1901), pp. 183, 184. 

* Bemerkung iiber separierbare Systeme in der Wellenmechanik, Math. Annalen, vol. 98, 
pp. 749-752. 
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In §§3-7 we determine the various canonical forms for euclidean 3-space and 
find that in each case the coordinate surfaces are confocal quadries including the 


cases when one or more families consists of planes, and that every type of con- ee 
focal quadrics affords a solution; only the case of real surfaces has been con- if 
sidered. We have thus the only orthogonal systems of coordinates in which the a 
three dimensional Schrédinger equation can be solved by separation of the is 
variables. 


In §8 we show that similar results hold for euclidean spaces of higher order 


i and in §9 determine the Stickel forms for a V; of constant Riemannian curvature 
because of their bearing on the problem for euclidean 4-space. 
1. Quadratic first integrals. A necessary and sufficient condition that ! 
dx; dx; pat 
Te Pept seed | = ™ Nese : 
ie a const : hi : 
a _ bea quadratic first integral of the equation of geodesics of a Riemannian V, is aie 
ic that ee ih. 
> SH, f 
: (1.1) Qij,k + jx, i + ei, ; = 0, 
where a comma followed by an index indicates covariant differentiation; there is if a ue 
no loss in assuming that a,;; is symmetric in the indices.* ¥ fi 
If p; are the roots of the determinant equation ; w 
4 (1.2) t dire ates t 0, f 
the equations 
s ; 
(1.3) (ai; — prgii)Ar, = 9, 
determine an orthogonal ennuple of contravariant vectors of components j,, 
f where h indicates the vector and 7 the component.’ Ordinarily the vector-fields 


so defined are not normal in the sense that a vector field admits a family of 
hypersurfaces orthogonal to the vectors. 

We assume that a;; is such that these vector-fields are normal and that the 
hypersurfaces are taken as parametric; and we write the fundamental form thus 


(1.4) ds* = eH? (day)? + --- + enHs (dzn)?, 


where the e’s are plus or minus one as the case may be. In this case Aj, = 0 
for? ~ handa;; = Ofori ¥ 7. Then ‘equations (1.1) forj = k = iandj # 1, 














k = j respectively reduce to b ‘a 
"OS 
dlog Vai _ 9 log Hi; Pa 
ax; te * Ral be 
(1.5) ‘ a — , & 
004i ; 0H; bay 
Bs tag + ey pet = } 
02; 02; H* 02; ' i 
‘ Eisenhart, Riemannian Geometry, p. 129. Hereafter such a reference is of the form a 
R. G., p. 129. ae 
°R.G., p. 108. ee 
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and equations (1.1) for 2, 7, k different are satisfied identically. From the first 
set of (1.5) we have 





(1.6) bi = pil ; ’ 
where p;, thus defined, is independent of z;. The second set of (1.5) reduce to 
a Pi — Pj _ 


from which it follows that (p; — p;)/H? is independent of z;. Writing these 
results in the form 
8 log H* dpi 


Op: 
(1.8) <Pt = (ps — pi) , , 


02; 0x; 


ad 


and expressing the condition of integrability of this system of equations, we 
obtain 





2 2 2 2 
(o: - 0) (2 log H; oto Hy 2 bog Hi) 0 











02,02; 02; 02; 
and 
a? log H? dlog H? alog HH: , 4 log H? a log H; 
(p; — px) ( OXjOX, ™ 02; Ox; + 02; Ox: 
42 log H? 8 log Ht) part 
Ox, 02; 


In order that (1.8) may admit a solution with all the p’s different we must have 


a log Hi , dlog Hi alog Hi | 











1.9 
( 02,02; 02; Ox; 0, 
(1.10) a? log H; _ a log H? a log H . log H? a log H? 
OXjOXx Ox; Ox; 02; Oz; 
2 2 
4.2 log H; dlog Hy _ 0. 
Ox, Ox; 


Since these equations are consistent, it follows that, when they are satisfied, 
equations (1.8) are completely integrable. One solution is p; = p; = 4, a 
constant. We denote by p% (for a = 2, --- ,n) n — 1 other solutions such 
that the determinant of the n solutions is not zero. This may be indicated in 
the determinant form 


(1.11) | ef — p5 | ¥ 0, 


where 7 is fixed, and a = 2,---,n;j =1,---,n;j #7. In this case the 
equations of the geodesics admit n — 1 quadratic first integrals whose coeff- 
cients are 


(1.12) at; = piH?, at; = 0. 
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2. The Stackel Form. It is our purpose to show that the conditions of the 
preceding section determine the Stickel form of the fundamental form of the V,. 
To this end we denote by ¢;; n? functions such that their determinant ¢ is not 
zero, and we denote by ¢*’ the cofactor of g;;ing. We put 

2 a a gi 
(2.1) Hy = ov P; = ga? 
and understand that the y’s are such that p¢ are independent of z;. 
Also we put 





pe, — Pi PF _ pit — gilyi 
SEE 2 eT 1 
H; ey? 

and have from §1 that b{; are independent of z;. We have that 


(2.2) 


? 


gigs — piipit = OM ja, 
where Mj:;2 is the algebraic complement of ¢jivia — gigja in the determinant ¢.® 
Consequently we have 
(2.3) 9705; = Miia (i,j =1,--+,n;a = 2,-++,n). 
From the definition of M ji. we have 


git = b gaM jia, 


i (#7) 


= D>) ends 


i (#7) 


Differentiating with respect to x;, we have 


and consequently 


= 8 bs, (a = 2,--- ,n;j =1,°-+, 2). 
i(#i) “7? 
For a given j the determinant of bf; is not zero, in consequence of (1.11) and 
(2.2). Hence a function ¢;; is a function of z; at most. 
From (2.2) we have 








(2.4) 905 ; = —o'b§ ;. 
In consequence of this result and (2.3) we have 

Mn bf. bf. Cs; oe ") 
2.5 np = mee = abet i, = i323 = ii « . 4 : . 
ae Mire bi; 5; Sa aa t#Jj 


Since the second term is independent of x; and the third of z;, it follows that oj 
isindependent of z;andz;. From the identities 
Q2,7°°,n 
GkaM jria = 0 (i, ds k #), 





* Cf. Kowalewski, Einfithrung in die Determinantentheorie, p. 80. 











288 LUTHER PFAHLER EISENHART 


we have with the aid of (2.5) 
3,°°*4n 


(2.6) gi + >: Parijs = 0. 
3 


Differentiating with respect to z;, we have 


3,°°° nn 

Ogi2 dgK~s 

— + —— Gijs = 0. 
(2.7) 02x; . Ox; “a 


For a given 7 and k, there are n — 2 equations (2.6) satisfied by the n — 1 
quantities gi2, --- , in; and these same equations are satisfied by the derivatives 
of these quantities with respect to z;, hence we have 


OPka 
0x; 


0 Pka\ _ 

as 
fory ~ a. Such equations hold forz = 1, --- ,n;7i+# k. Hence we have 
(2.8) ‘Yia = e”? Wiay 


where yi. are functions of x; at most and »; are to be determined. 
From (2.3) we have 


651 Miia = boy Mj (t, 7 o. 2, iia n). 
Substituting from (2.8) we obtain 
e105 | Nu = e” be Nii, 


where N; is independent of x; and z;. Differentiating with respect to 21, we 
have 





= MikPkay 


or 


) 
021 


Again from (2.3) and (2.4) we have 


(v; — vj) = 0 (i,j = 2,-++,n). 


b§.M ass + 054M jaa = 0 4 B=2,---,njaxr | 


J=l, +++ ,njjA#a 
Substituting from (2.8) we have 

eb Nas + €8b§.Na; = 0. 
Differentiating with respect to 12, we have 


0 
i a va) = 0. 





TQ 


— ~*~ —., £5 «= 


P= a Gee seer ~ 
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Combining these results, we have 


a(vi — v3) - id 
Tae = 0 wr Pee 
Ox (i,j,k = 1, »n;t, j,k #). 


From the preceding equations we have 
vi-~ Wifi, vri- me =fa, vi- me =firy 
where f;; is at most a function of z;andz;. From these equations we have 
fii — Su +h = 9. 
Differentiating with respect to z;, we obtain 
afiy _ af 


az; Oa 
Since the first term does not involve zx; and the second z;, we have 
fii =oi— oj, fi = 0; — OK, 
where o; is a function of x; alone. Hence the above set of equations may be 
replaced by 


R= vt+a, 
where v is undetermined, and (2.8) becomes 
(2.9) Via = Cb ia 
where @;. are functions of z; alone. Since we have shown that ¢,: is a function of 
z; alone, it follows that when the above expressions are substituted in (2.1) the 
factor e” disappears, and consequently the general solution of the problem is 
obtained when each function ¢;; is a function of x; alone, which is the Stickel 
form for the separation of the variables. Hence we have: 

A necessary and sufficient condition that the fundamental quadratic form of V,, 
can be given the Stdckel form is that the equations of geodesics admit n — 1 inde- 
pendent quadratic first integrals, that the roots of the characteristic equations (1.2) 
for each of these integrals be simple, that (1.11) hold, and that the vector-fields 
determined by (1.3) be normal and be the same vector-fields for all the first integrals. 
Also we have: 

A necessary and sufficient condition that (1.4) is in the Stdckel form is that equa- 
tions (1.9) and (1.10) be satisfied.” 

We have yet to consider the condition (C) of the Introduction for the case of 
equation (B). To this end we observe that from the definition of ¢ and (2.1) 
we have 


(= 1, ++: ,m;a = 2, ---,M), 





a log ¢ 1 , , ~ ? 
ax; = x? i+ pj tier: + P75 Pin)s 





Cf . Dall’Acqua, Le equazioni di Hamilton-Jacobi che si integrano per separazione di 
variabili, Rend. di Palermo, vol. 33 (1912), pp. 341-351. 








. - 





Se ee he een 


ys Kew 


LEONE TAT 
~ 
Fe ee 
a vee bees 


age 
vice 


" Wak 
‘vogjllieataa lines 


Set Pia e 





in! tas re 
eee esta es eet 





Ste ee harper nes ne 





290 LUTHER PFAHLER EISENHART 


where the prime indicates differentiation. In — of (1.8) we have 


a? lo 1 dlo H+ 
(2.10) oe og = H2 ot et Hi (« Yj1 + 3 Pi cia) 





If we differentiate with respect to x; the identity 


gat -, Pi Gia = O, 


we have in consequence of (1.8) 


‘ rie «) lo Hi. 8 log H? 
Yj1 + ek PEPja = 2, 905 - et Ha (6, + 2%? ) a 
@ vj 











¢ dlog Hi ot Hy 8 log H? 
~ MS Sate ee 
Consequently we have from (2.10) 
@logeg _ __ a log Hj A log H; 
O02 ;02% the Or; Ox; : 


From this and (1.9) we have 


loge log H+ a? log Hi. 
02j02,  # O2j0%,  d2j0x, — 








(2.11) 


In order that (C) be satisfied it is necessary and sufficient that 
0? log 1H ; 

Ox;0X;, 
which because of (2.11) may be written 





= 0 (j,k =1,---,n;j #h), 


a? log 


2.12 
( ) 02;02X;, 


'H; = 0, 





where II’ indicates the product of the H’s except H; and Hy. 
In order to give an interpretation to (2.12) we consider the expression for the 
Riemannian symbol R jx for i, j, k different, namely* 














eH? |, @?log H? . alog H? a log H? 
Rua an i192 i i a 
(2.13) ca 4 | OX j;O2X;, + 02; OX, 
_ dlog H? alog H? a log H? a log A 
02; Ox), Ox; Ox; 
In consequence of (1.10) this may be written 
3 a? log H? 
2.14 R 54. = ;H? —_——, 
( ) aia 4 ; 02,02; 
®R.G., p. 119. 
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Since [ es 
me ej Ss , : 4 %) 

git a a” g" = 0 (7 x dD : 4 i 

. ee 

we have a he 
3 8? log Il’H? i: ee 

R; = ail R;; = - er” ok i 

ik g jilk 4 0202). 2 } 

and consequently (2.12) is equivalent to a 
(2.15) Riu, = 0 (j # k). } 


Consequently the condition (C) is satisfied by any Stickel form of a euclidean 
space and of a space of constant Riemannian curvature. Incidentally we remark 
that the Schwarzschild form® for an Einstein 4-space satisfies the conditions 
(1.9) and (1.10) and in this case (C) is satisfied. 


jg 
rere arn, 











3. Stickel systems in euclidean space. The components of the Riemannian ae 4 
tensor formed with respect to the quadratic form (1.4) are given by (2.13) and'® x) ie i 
(3.1) Rijn = 0 Pune 

pa eats 
log H; . dlog H; a 7) (2 log H; ea 
cs a @chT® Pan ® . PS if Pee, Ree +; RE a 
(3.2) Ryiij eH; ( ax” + ax; x; og H; + ej 7 ax® ' * 
d log H; a #) H* H? a log H; a log H; 4) oe 
ps. Se jp seat sokcal ‘ eis 
02; Ox; °8 H; nd Cay vam H? Oz: Ox; Rae © 
From (1.9) we have 
a? H? 
log — =0 
dndz;  H? 
from which it follows that 
(3.3) H;; a ij 9ii, H+ 7 ii 6:3, 
where ¢;; is independent of z; and ¢;; of z;. Substituting in (1.9), we find that 
(3.4) 63; se Wid a T ji; 


where 7;; is independent of x; and 7;; of zi. 
Equating to zero the right-hand member of (2.14), we have in consequence of 
(1.10) 


@ log Hi _ 

















3.5 eet ame O 
( ) 02;02; , 
(3.6) dlog H;dlog H; 4 log H; @ log H; % d log H; a log Hi; wey 
02; Oz): Ox; Or, OX; Ox; 
(i,j, k ¥). 
°R. G., p. 93. 
WR.G., p. 119. a 
if 
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Substituting in (3.5) from (3.3) and (3.4), we find that 





OF ii 
(3.7) ik = (rij + ridii(ts, 74), 
and similarly 

O7i; 
(3.8) as = (rij + ris)Wis(Cs, 2)). 


Differentiating these equations with respect to x; and x; respectively, we have 











Wi yy. = Wis Vy, = 
po + vidi; = 9, ax; + vib = 0. 
Accordingly we have 
a log a a log a 
Vii aaiad 2; ’ Vij saan ax; , 


and we find that a = a; + a;, where a; and a; are functions of x; and 2; respec- 
tively. Then from (3.7) and (3.8) it follows that 


Tig + Tis = (ai + wij, 


where w;; is independent of z; and z;. In consequence of this result and (3.3) 
it follows that 


(3.9) Hi = Xi I] (oi; + oj) (¢ =1,---,n), 
i (Ai) 

where o;; is a function of z; at most and o;; of x; at most. These expressions 

satisfy (1.9). In order that (3.6) be satisfied we must have 

(3.10) TjOKi(T ik + OK;) — ojOKj(oni + OR) — oEo;R(0%; + 03) = 0, 

where a prime indicates the derivative, and permuting the indices cyclically we 

have 

(3.11) 0 1j0;j(Oni + oun) — oj0a(0%; + oj) — ooze + on;) = O, 
On: + O41) — noo i + oxi) — opRoi(on + ox) = 0. 

Equating to zero the determinant of these equations, we have 


, , , , , , 
(3.12) Fis F ROK, + Fji0nj0% = 0. 


The same result follows, if we differentiate the above equations with respect 
to x;, x; and 2; respectively. 

On the assumption that none of the terms in (3.12) is zero it follows that 
o;;/o is a constant. Accordingly we put 


Cig = A504, 
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where a;; is a constant and o; involves z; at most. The constants must satisfy 
the relations 


(3.13) QijA Oni + Aj04j;0% = 0. 


Equations (3.10) and (3.11) are satisfied in consequence of (3.13). Hence in 
this case we have 


H* = xX; I] (ai;0% on Q;i0;). 


9 (# 1) 


If we put 
Oi, = AjRAKiGi, Tj; = AyjAunG;, 


in consequence of (3.13) we have ajjo; + ajo; = a:;0;,0,:(6; — &;) and the 
constant factor may be absorbed in X;. Then we have in all generality a;; = 
—a;; = 1, and (3.13) becomes 


jr — AjQ% = 0. 
If now we put axi0; = —aixd%, we have 


Anite + Anti = Au(Fi — Gx), 


so that in all generality we may take a,; = —1, ax = +1. Then age; + 
Ay jo, = Ap(6; — G), and thusa,x = —a,; = 1, and we have 
(3.14) Hi = X; I] (0; — aj). 

i (# i) ' 


We consider now the cases which can arise when some of the o’s are constant. 
Suppose that o;; = a;;, where a;; is a constant. From the first of (3.11) it 
follows that either oi. = @ix, OF ox; = x;, the a’s being constant; we use this 
notation for the present. If ox = aix, the second of (3.11) is satisfied and there 
remains (3.10). This is satisfied in the following cases 


(3.15) (io = Aj, on = Ayn; — (hi) oF = Aji, ORE = Ani} 
(iii) Chi = Aki, Ceg = Akj- 


The last follows from (i) when j and k are interchanged. If oj; and o;; are not 
constants, we write (3.10) in the form 


(3.16) ik + On; — thd (oni + ain) — “it (oi + aij) = 0. 
This ji 
From this we have 


, , 
Ock On; a 
Oijk — —— (oj + ai;) = ¢, Oki; — — (OK: + Aix) =—¢, 
ji CK: 
where c is a constant, and consequently 


1 + ai; = (oj, — ©), ori + On = Aon; + ¢), 
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where b and d are constants. Hence oj; = boj, o%; = doj;, 80 that we may 
put of; = Ajioj;, Oje = Ajeoj; Thi = AkiOk, Chi = AkjOr, and then from (3.16) 
we have (3.13). Thus we have three distinct types: 
(3.17) Cig = Aij, Oj = Aji, Cik = Dik, Tjk = Aje; 
(3.18) o4; = Giz, Oj: = Aji, Tie = Aik, Oei = Ani; 
(3.19) Cig = Aij, Cik = Aik, Oji = Aji j, jk = AjROj, Chi = AkiGk, Oki = Ax jor. 
In the first two cases the a’s are arbitrary, in the last case they must satisfy 
(3.13). 

When ox; = ax; and o;; = ai;, we have from (3.10) and (3.11) the case (3.15 
iii), or 

oji(o jx + nj) — on loi + aij) = 0. 
If oj; = Gji, oj = Aj, We have (3.18) on interchanging 7 and 7. Otherwise we 
have the type 
(3.20) Cig = ij, Onj = Aj, Of, = Ajj, Ope = Ajno;, 
AjiAej — AjrAiz = 0. 

For n = 3 andi = 3,j = 2,k = 1, we have from (3.9) and (3.17) that the 

coordinates can be chosen so that we have 


(3.21) H, = 1, A, = gi, A; = hh, 


where ¢; and y, are functions of x; at most. 
For the case (3.20) we may in all generality take a;; = a,; = 0 and then from 
(3.9) fori = 2,7 = 1,k = 3 by a suitable choice of coordinates we have 


(3.22) H} _" 1, H} = X201( 023 + O32), H3 = X301( 023 + 032), 


where o; is a function of x; at most. When a; is a constant, we have the case 
(3.18) fori = 1,7 = 2, k = 3. 

For the case (3.19) we may take ai; = ay, = O and fori = 2,7 =1,k =3 
we have in all generality 


(3.23) H? => H; = 01 + 03, Hi = 0163, 
where e = +1 or —1, it being understood that o; and o; are positive. 
Finally we have from (3.14) the case ° 
(3.24) H;; = X(x; — xj) (x; “a Lk) (i, ds; k= 1, 2, 3; t, d; k #). 


For the further determination of the functions appearing in (3.21), (3.22), 
(3.23), and (3.24) we have from (3.2) for all the e’s equal to 1 the conditions 


1 log Ht | dlog H? a zm) 8? log H* 
3.25 —|2 : >-— one aoaaeigenl 
sai H; ( ax* . Ox; Oa; log H* 4 ax’; 


i 





1 
+ Pp 
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2 2 , : 
4, dlog Hi Zi) + 2, tbe Hs ole Hi _ (i, j,k ¥). 


log — — 
O02; 02; & H’ Hi? OX, Ox; 


These determinations will be made in the following sections. 

When n = 3, equations (2.12) are (3.5). Consequently we have: 

A necessary and sufficient condition that equation (B) be solvable by separation 
of the variables forn = 3 is that the H’s be of one of the forms (3.21), (3.22), (3.23), 
(3.24). . 

4, Types I. From (3.21) and (3.25) fori = 1,7 = 2andj = 3, we find that 

g=amn+b wh=cxrn+d, 
where a, b, c, dare constants. Substituting in (3.25) fori = 2,7 = 3, we have 


“ wv =0. Wetakea = 0,b =1. Ifc = 0, we have the cartesian case 
iT, OX 


(Ii) Hi =1 (¢ = 1, 2, 3). 
If c ¥ 0, we have by a suitable choice of coordinates 

(Is) Hi=Hi=1, Hj = zi. 

In this case the transformations of coordinates is 

(4.1) xX = 2 COS 23, y = 2 SiN 23, 2 = 2, 


and the coordinate surfaces are the planes x/y = const., z = const. and the 
circular cylinders x? + y? = 2}. 
The Stackel matrices for these respective forms are 








1 

4A oe Philas APP od A Sad) ee 0 tee 
1 
i. oe eee 
oe eae | 


5. Types II. In discussing the types (3.22) we consider first the case where 
032 is a constant, which may be taken equal to zero in all generality and by suit- 
able choice of coordinates we have 


Hi =1, H; = 9°(11), H3 = ¢°(a1)¥7(22). 
For? = 1,7 = 2,3 in (3.25) wehavey = az, + b. Ford = 2,j = 3 we have 
a*y 


ax} 


+ ay = 0. 


If a = 0, we have Types I. If a ¥ 0, we may take a = 1, b = 0 and obtain 
the case of polar coordinates 


(Ih) Hi=1, Hi=zi, Aj = 2zj sin*® 2. 
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If neither o23 nor o32 is constant, we may choose the coordinates so as to have 
(5.1) H? = . H; = X201(X2 = Xs); Hj = X301(22 ~ 23). 


For i = 1,7 = 2, 3 in (3.25) we have o, = (az, + 6). Fori = 2,7 =3 we 
obtain 


Differentiating with respect to 22, we obtain 


Differentiating again with respect to z2, we have 


1 a? 
(z.) = — 24a?, 
2 
1 


(5.4) : a —4a?a2} + cri + dre +e = f(z,). 


and consequently 


Substituting this expression in (5.3) we have 


1 , 

(+) = 12a?x} — 2czr; — d, 

and then from (5.2) we have x = —f(x3). There are two cases to be considered 
3 

asa = 0 anda +0. In the former case, as is seen on substituting the above 

expressions in (1.4) for n = 3, there is no loss in taking b = 1 and in the second 

casea = 1,b = 0. Hence we have the two forms 





5.5 H? = 1, mn. 2 ;. &—-s 
( ) 1 2 (a2) ’ H; f (as) ; 
S(ai) = ext + day +e, 
2 2 
5.6 H? = 1, H? = 3 (2 — 2s) - 21(%3 — 22) 
(5.6) 1 2 a a H; ae ge ‘ 


S(zi) = —4z$ + cx? + dz: +6. 


If in (5.5) we assume that f(z) = 0 has two distinct roots, by a suitable 
choice of the coordinates, the form may be written f(x) = 4(x? — az), where 
a > 0,and 2, > a > x3 > 0; then the expressions for H} and H? are positive. 
If we put 


1 
(5.7) %2 — a/2 = 50 cosh 2é, x3 — a/2 = a cos 2n, 








we 
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we have, on replacing a by a? 


(ul) ds = dx} + 5a* (cosh 2 — cos 2n) (dg? + dx?), 


in which case the coordinate transformation is 
(5.8) r= %, y = acosh é cos 9, z = asinh é sin ». 


Hence the coordinate surfaces are the planes x = const. and the confocal 
cylinders 





y? 22 2 y? 22 


pe. ae — 
(5.9) cos? ~=— sin? 7 a cosh? & + sinh? £ ae 








No real case exists for which the two roots of f(x) = 0 in (5.5) are equal, 
nor when f(z) isa constant. Incase c = 0, we may take f(x) = 42, and 2, > 
0> a3. If we put rz, = &, 23 = —n?, we have 
(IIs) ds? = dxj + (€ + n°) (dé? + dn’), 
in which case the coordinate transformation is 

c=n,yY = 3(&? — ?), 2 = &n, 
so that the coordinate surfaces are the planes x = const., and the confocal 
parabolic cylinders 
(5.10) 2? = £9(€? — 2y), =. 2? = 9°(2y + 7°). 


If we write f(z) in (5.6) in the form 4(a — x) (b — x) (ec — x) witha >b > 
and put 

a—b b-—ec 

a-c a-c 








= k”, k? +k” =1, 
and 
te = a+ (b — a) sn? (, k), z3 = c + (b — c) sn°(n, k’), 
where sn @ is the elliptic function, the form (5.6) becomes 
(IIa) ds? = dx? + x? [k? en? (, k) + k” en? (n, k’)] (dt? + dn’). 
The coordinate transformation is 
(5.11) 2 =a, dn (é,k)sn(n,k’), y = 21 8n (&, k) dn (n, k’), 
2 = x, en (£, k) en (n, k’), 

so that the coordinate surfaces are the spheres and cones with the equations 

2 2 2 2 
as G k) sn? € mt mG h~* 

s* k/2y? 2? 
sn? (y,k’)  dn?(n,k’) en? (n, k’) 





(5.12) 2? + y? + 22 = a7, 


= 0. 











‘i 
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It is readily shown that if two of the roots of f(z) = 0 are equal, or all are 
equal, there are no real solutions of the problem. 
The Stickel matrices for the forms (Ij), (II), (IIs) and (IIs) are respectively 


1 
1 “2 0 1 —1 0 
1 2 ohias 
ee ee 
0 0 1 ’ 
0 —1 0 x? —1 0 
0 ¢ —1], 0 k? en? (é, k) —1 
0 n? 1 0 k’? en? (n, k’) 1 


6. Types III. We consider next 
(6.1) H; = dj + 03, H; = 0103, H? = 0j + 603, 


where ¢ is + 1 or —1, it being understood that o; and a; are positive. 
Substituting in (3.25) forz = 1,7 = 2, we have 


rp uv Pr n 
(6.2) 2(o; — 2") + ns(22 2") + 0 =o, 
01 O71 O71 03 


Differentiating with respect to x3, we have 
Hence we have 


where cis a constant. From the second we have 

(6.3) o;’ = —cox + dos, 

where disaconstant. Then from (6.2) we have 

(6.4) a," = co? + deo. 

These expressions satisfy (3.25) for 7 = 1, j = 3 and i = 2, j = 3, without 
imposing any conditions on ¢ and d. 


We consider first the case when c = 0, which is possible only when e = 1 and 
d positive, as we understand that the coordinates are real. Then we have 


Voi = 4Vdat fi. 


By a suitable choice of coordinates we have 


(I11,) Hi =H; = 2} +23, ; = af 23. 
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The transformation is 

(65) © = 2i3COS%, y= ruetssinr, 2 = } (xj — 25), 
so that the coordinate surfaces are the planes x/y = const. and 

(6.6) x? +y? =a} (zi — 22), 9x? + y® = 2} (x} + 22). 


When c ~ 0, there is no loss of generality in assuming it to be positive, and 
replacing it by 4c?. We consider first the case when e = 1, and replace o; and 
‘ d d 
01 03 


a3 by ia and rr noting from (6.3) that d is necessarily positive. Then the 
solution of (6.4) and (6.3) respectively is 
o, = sinh? (cz, + b), o3 = sin? (cx; +f ). 
By suitable choice of the coordinates we have’ 
(III,.) H? = H} = a%\(sinh? x, + sin?z;), HH? = a? sinh? x sin? 23. 
The transformation from cartesian coordinates is 
x = asinh 2 sin 23 cos 2, y = asinh x sin 23 sin 2, 
2 = a cosh 2 Cos 23. 
The coordinate surfacesare the planes y = x tan x2 and the quadrics of revolution 


2 2 2 2 2 2 
pale : = a’, = rch a | 
sinh? xz, cosh? 2; COS? 23 sin? 2x3 








When e = —1, we obtain in like manner 
(IIl;) Al = H} = a? (sinh? 2, + cos? 23), Hz = a? cosh? x; sin? 23. 
The coordinate transformation is 
x = acosh 2; sin 23 COS 22, y = acosh 2 sin 2 sin 2, 
z = a sinh 2; Cos 23, 
and the coordinate surfaces are the planes y = x tan x, and 
xr “+ y? 22 a a2 + y? 22 2 


cosh? xz, ' sinh?z,; }» ’ sin? 23 COs? 25 








The Stickel matrices for the above forms are respectively 





2 1 
4; = 1 
5 a? sinh? z, esch?z,; 1 a? cosh?z, sech?z; —1 
0 -1 Of, 0 —1 0 |, 0 1 0 
z? AT a 1 a’sin*z3 cse?z3; —1 —a’sin?z; —csce?z3 1 
2 
Z3 





7. TypesIV. We consider finally the type (3.24), that is 
CS). H? = Xia; — 2) (ai — 1) (i, j, k ), 
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and we assume that x; > 22 > 23. When these expressions are substituted in 
(3.25) forz = 1,7 = 2, we obtain 


1 1 P ae LY (2(@3 — 1) 1 
X, + to. a {(r — 22) | 23) (+) Pa a + 1) i 


+= aefes-wo({) -(R=2 +) 4 


Differentiating this equation with respect to z2, we obtain a polynomial of the 
third degree in x3. Each of its coefficients must vanish. Equating to zero the 
coefficient of x3, we have 


(7.2) 


4" 1\ 1 1\ 1 
(7.3) (1-2) +4(a~29(5) +89 t+ 2(x1 — 22) (t) —6y =0. 


Differentiating with respect to x2 twice we have 
IV 
X2 


(7.4) x = Ars + a, 23 + Gere + as = f(z2). 


and consequently 


Substituting in (7.3) we find + = f(z), and from (7.2) we have - = f(z3). 
1 £13 


These expressions satisfy the three conditions (3.25). 
When a + 0 in (7.4) and the roots of f(x) = 0 are distinct we write 


(7.5) f(x) = 4(a@ — 2) (B — x) (y — 2) 
where a > B > 7, and we have 


ty — 13) (21 — %) 
f(xi) 


This is the case of elliptic coordinates for which the transformation is 


(a — 21) (a — 22) (a — 25) gt ws (8 — 2x1) (B — 22) (B — 2s) 
(a — B) (a— 7) (8 — a) (6 — 7) 
ye — (Y — %1) (y — ) (y — 45) 
(y — a) (y — B) 


where a > 21 > B > 2 > y > 2s, the surfaces x; = const., being 


(IV;) Hi = ( (i,j, k #). 





z* = 











2 2 2 
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It is readily shown that there is no possibility of a double or triple root of 
f(x) = 0 giving a real set of orthogonal surfaces for (7.1). 
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We consider next the case where a. = 0 in (7.4), and write f(x) = 
4(a — x)(b — x). In this case we have 


(IV:) H? ee (1; — ae - Tr) f(a) = 4(a — x) (b— a), (i, j, k ¥), 





and assume 27; > b > a2 > a> 23. The transformation of coordinates is 








peututn—a-b y? = (2 — 21) (6 — m) (2 — 2) 








2 / ” b—a : 
(7.6) 
gt = (b — 2) (6 — t2) (b — 23) 
a—b : 
so that the coordinate surfaces are the confocal paraboloids 
(7.7) ose” phai” Aaaiee iam z. 


There is no real solution if the roots a, b are equal. Also there are no real 
solutions, when a9 = a, = 0, and when az = 0 also. 
The Stickel functions ¢;; are in these cases 


: x 


vi Beet. aie 
gui = fia)’ i, Wai las’ Piz (x) 

The orthogonal systems of coordinate surfaces which afford separation of 
variables constitute the set of all real systems of confocal quadrics including the 
cases where one or more families of the systems consists of planes. Hence we 
have: 

A necessary and sufficient condition that a triply orthogonal system of surfaces in 
euclidean 3-space be a coordinate system in terms of which the fundamental quad- 
ratic form of the space is such that the variables are separated in the corresponding 
Hamilton-Jacobi equation and the Laplace equation is that they be any system of 
confocal quadrics, including the cases when one or more families of the system con- 
sists of planes. 

Also as a result of the preceding investigation we have: 

Equations (1.9) and (1.10) constitute a necessary and sufficient condition that the 
coordinate surfaces of a triply orthogonal system in euclidean 3-space be confocal 
quadrics, including the cases when one or more families of the system consists of 
planes. 


8. Euclidean spaces of higher order. When n > 3, we may analyze the 
various types as in the former discussion. We consider first the case when by a 
choice of x; we have H; = 1. In this case as follows from (3.9) we have without 
loss of generality, ¢;, = O for 7 > 1. From (3.9) and (3.20) for? = 2,7 = 1, 
k > 2it follows that 


Hi = Xjou | | (on + on) (j,k = 2,---,n;j # k), 
: 
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where o; is a function of x; at most. From (3.25) for? = 1,7 > 1 it follows that 
oi; = (aj; + b;)?, where a; and b; are constants. For the case when all the a’s are 
equal and all the b’s, by a suitable choice of x; we have either 01; = xj or 04; = c’, 
where c is a constant. If we substitute the above expressions in (3.2) for 
i, 7 > 1, we find that the hypersurfaces are of constant curvature 1/z{ in the first 
case and euclidean in the second. Furthermore, since H, = 1, the spaces 
a, = const. are geodesically parallel. Consequently in the first case we have 
concentric hyperspheres and in the second case parallel hyperplanes. When 
21 = const. are concentric hyperspheres, any other system of hypersurfaces 
consists of a pencil of planes whose axis passes through the common center of 
the hyperspheres or of quadric hypercones with vertices at the common center. 
The character of these other hypersurfaces depends upon the possible forms 
of HZ dz; + --- + Hi dxz; in §9 we classify the Stickel types for a V; of 
constant positive curvature. When the hyperplanes x; = const. are parallel, 
any other system of hypersurfaces consists of hyperplanes orthogonal to the 
former or of coaxial quadric cylinders; the situation for n = 4 is readily ob- 
tained by giving to H} dr} + --- + Hj dz? the various forms in §§4-~7. 
These types for which H, = 1 are generalizations of those discussed in §§4, 5. 

Generalizations of type III arise when we take o;; = 0 (j > 1) and none of 
oj isconstant. In this case as follows from (3.19) 


2 2 
Hy = 02 °°° On; H; = | | (jx 0; + Ge; ox) 
k 


(j, k = 2, -++ ,n3j #k). 


From the equation obtained by equating to zero the right-hand member of (3.2) 
for i, 7 = 2, --- , n we obtain a result which shows by means of (5.2) that the 
hypersurfaces x; = const. are hyperplanes. Since x; does not appear in the H’s, 
the sections by all these hyperplanes of each hypersurface x; = const. are the 
same. Analogously to types III these hyperplanes form a pencil and the 
hypersurfaces x; = const. are generalized spaces of revolution. 
When j, 7 in (3.14) take the values 1, --- , n, oi = 2;, and 

1 

gs 4(a, — 2) --+ (a, — 2), 
we have the general elliptic coordinates in euclidean n-space discussed by 
Jacobi.!! If Z; are cartesian coordinates, the transformation is 

=2 


Ila — 2) 
ve I] (a; — a;) 


i(#i) 








41 Vorlesungen iiber Dynamik, Berlin 1866, pp. 198-205. 
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9, Stackel systems in 3-space of constant curvature 1/c*. If the curvature 
of V3 is 1/c?, we have in place of (3.25) 


2 log H? 2 2 
1 (22 log Hi , Alog Hi a |, it) 











@.1) H? ax* Ox; da; 6 H? 
; 2 2 2 2 2 
re g le Hy Oe 2 og Hi) 4 2 oe dlogH; _ _4 
H;; ax; dz; On; ~ H’ H2 0a Ox: ce 


If we write (3.21) in the form 
Hi 7 c*, H; = cgi, H; ‘ait cyi, 
we have from (9.1) fori? = 1,7 = 2andi = 1,7 = 3 that ¢; and y; must satisfy 
070 
—+06=0 
ax? + ’ 


and from (9.1) fori = 2,7 = 3 we have 


Accordingly by a suitable choice of x; we have 
(I) ds? = c*(dx? + sin? x, dx} + cos® x:dz}). 
We consider next the case 
Hi=c, Hz =cy%(x), Hs = c*g*(ai)W*(a2). 


From (9.1) for? = 1,7 = 2and3 we have 


and hence 
g = asin (x; + b). 
From (9.1) forz = 2,7 = 3 we have 


3 = — a*y 
O25 


and consequently 
y = dsin (azz + e). 
By a suitable choice of coordinates we have 
(II) ds? = ¢? [dx? + sin? x, (dx? + sin? x, dz3)). 
For the case 


2 : ; 
H; = c’, H3 = X26} (te — 2s), H; = X30} (v2 — 2s), 





~~ 2 
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we find that for7 = 1,7 = 2,3, we have 
o, = asin (xz; + b). 
By a change of x; and replacing Xz by X2/a? we have 
H2 =c?, Hz = c?X2sin? x(t — 23), Hs = c? X3sin® x(x, — 2), 
Then for 7 
(III) ds? = c? {dx? + sin? a [k? en? (ae, k) + bk” en? (az, k’)] (dx? + dx?)}. 


2,7 = 3, weget (5.2) witha = 1. Hence we have 


For the case 
H? = c*(o, + eos), H} = coos, H} = c*(o1 + e053), 


where ¢ is +1 or —1, we have from (9.1) for? = 1,7 = 2 
(9.2) 2(0; — a) + cos ( £3 — zi) +e <3 = —4 (o1 + €o3)?. 
3 


o1 o1 0} 





Differentiating with respect to x3, we obtain 


” 


Qc1 _ = (zt) 4, = -8(0; + ea). 


o1 oj 03 03 


Hence we have 


2-1 — “1 +4 80, = 4d, () Spe Soe 
o1 0; 03 03 


where d is a constant, from which and (9.2) we have 
a, = 40:(f + do, — o%), o; = 40;(ef — do; — e03). 
These expressions satisfy (9.1) for? = 1,7 = 3and7 = 2,7 = 3. 
For e = 1, we have, on putting 
f=a'b? d = b? — a? ior. snails _ 
: : v/a? + 62 a/a? + b? 
o, = b? en? (v/a? + B? 1, k), o3 = a? cn? (~/a? + Bb? as, k’). 


A real solution does not exist when e = —1. Hence we have by a proper choice 
of x, and zs; 
(IV) Hi = Hj = c?[k? en? (a, k) + k” en? (23, k’)], 


H} = c?.a®b? en? (a, k) en? (as, k’). 
For the case 
H; = c? X, (a1 _ X2) (a — 23), H3 = c? Xo (xe — 21) (x2 ~ 23), 


H3 = c? Xs (xs — 2) (a3 — 2), 


eq 
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equation (9.1) fort = 1,j7.= 2 becomes 


1 1 : a a) . (2 —20 
x, + atop — 2) xs) (+) =} ( Ya— 1 + 1)z| 


+ 4 (23 oe 2)? (x3 =e Xe)? = (), 
Differentiating with respect to x2, we obtain a polynomial of the third degree in 
2; Each of its coefficients must vanish. Equating to zero the coefficient of x3, 
we have 
1 \’ 1\ 1 1\ 1 
— ott ae oy te Ba A. oe a 
@.4) (x1 — 22) (3) + 4(x1 — 22) (t) + 6x. + 2(x1 — 22) (+) 6 X, 
+ 8(11 — z2)* = 0. 
Differentiating twice with respect to x2, we have 
1 IV 
nd = ( 
( x) + 96 =0, 
are consequently 


‘ = —4x) + arr) + aor) + 3x2 + as = f(22). 
Thus from (9.4) we have 1/X; = f(z:) and from (9.3) 1/Xs = f(xs). Hence 
we have finally 





_ 8 (ay — 23) (as — 2) sis 
(V) Far f(a) bh 


f(a) = —4a$ + ax? + apr? + a2; + 
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RIQUIER’S EXISTENCE THEOREMS' 


By JoserpH MILLER THOMAS 


(Received October 22, 1931 and March 9, 1933) 


This paper is an addendum to an expository article previously published under 
the same title.2 Its purpose is, in the first place, to remedy an omission from 
that paper (§1). Secondly, there is given for the complete set of monomials a 
definition which brings it in accord with Janet’s definition,* at the same time 
maintaining the advantage of getting the complete and complementary sets 
directly from the Maclaurin expansion (§2). In §3 Riquier’s method of reducing 
an orthonomic system to passive form is applied to deduce the general theorem 
for compatibility of a system of total differential equations. It thus becomes 
apparent that the method originally used in deducing this theorem is essentially 
Riquier’s, and that the theorem itself is simply a statement of what his result for 
orthonomic systems becomes in a very special case. In §4 we rephrase (and at 
the same time generalize) a certain problem‘ so that its solution is seen at once to 
depend upon Riquier’s theorems. Finally ($5) the opportunity is taken to point 
out one or two minor inaccuracies. 


1. The integrability conditions of an orthonomic system. In §2 of the 
previous paper, the requirement was made that any monomial of a set E which is 
a multiple of another in the set be omitted before applying the process of forming 
the complete set. Some of the original monomials may therefore fail to be in the 
complete set. This is of no consequence in §4 because the theorem there stated 
only makes an assertion about the satisfaction of the equations whose left 
members are in the complete set. 

In §5, however, if certain equations whose left members are derivatives of 
others are omitted, it is necessary to augment the integrability conditions by the 
conditions that the omitted equations be satisfied. It is these conditions that I 
failed to mention in §5 of my original treatment. Their formation is simple: 
in the omitted equations substitute for the principal derivatives their expres- 
sions in terms of the parametric. 

Another way of covering the case in which one or more left members are deriva- 
tives of other left members is given in the following section. It is perhaps to be 
preferred to that just given. When it is adopted, the additional conditions 
mentioned above appear automatically among the integrability conditions. 





1 Presented to the American Mathematical Society, November 27, 1931. 

2 These Annals, (2), vol. 30 (1929), pp. 285-310. 

5M. Janet, Journal de mathématiques, (8), vol. 3 (1920), pp. 65-151. 

‘ Thomas, T. Y., and Titt, E. W., these Annals, (2), vol. 34 (1933), pp. 40-65. 
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It is to be noted that the complementary set and, consequently, the form of 
the initial determinations are the same under the two methods of treatment. 


2. The complete set of monomials. Let the process of separation described 
on pp. 286-87 of the former paper be carried out as indicated to give the expres- 
sion 
(2.1) u= =r a" xathy an fii, ooo igs 


Then consider a sub-expansion 
tye... yt 
(2.2) ux w "Six ooo Sy 


from (2.1) in conjunction with the set of monomials, other than 2° 2* --- x‘, 
which are in the original set E and which are terms in (2.2). Remove the com- 
mon factor x2 --- 2’ from these monomials, and separate f,;  ;, with 


respect to the resulting monomials as was f with respect to E. If we repeat this 
on all sub-expansions (2.2) in (2.1) and on all sub-expansions arising from them 
in the process, after a finite number of steps we have a result of the form (2.1) 
such that every monomial in E is present among the x" z* --- z‘’s multiplying 
the f’s. This is so because there is only a finite number of monomials E and it 
takes at most n steps to make one of them appear as an x" 2x" --- x'», The 
complete set of monomials determined by E will be defined as the set of mono- 
mials x x --- z'» in the final form (2.1) which are multiples of monomials in E. 
The complete set so defined contains all monomials of E. 

As an example, consider that given on pp. 288-89 of the former paper. If E 
contains, in addition to the monomials there considered, the following 


(2.3) xyz, ry* z?, 
the expression 
ry’ fisoly, z) 


must be further separated; that is, fiso(y, z) must be separated with respect to 
the monomials 


(2.4) Z, yz’. 
In the first step, yz? is omitted, being a multiple of the other, and we have 


Si2o(y, z) = fiao(y) + 2fin(y, 2). 


Since yz? is a monomial of (2.4) contained in a term of zf12:(y, z), we must separate 
Sii(y, 2) with respect to yz. This gives 
Sinly, z) = fin(z) + ylfisily) + 2fise(y, z)] 
= fin(z) + yfialy) + yefis(y, 2). 


Hence the complete set, formed in accordance with the present definition and 
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Riquier’s, and that the theorem itself is simply a statement of what his result for . 
orthonomic systems becomes in a very special case. In §4 we rephrase (and at . 
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previous paper, the requirement was made that any monomial of a set E which is 
a multiple of another in the set be omitted before applying the process of forming 
the complete set. Some of the original monomials may therefore fail to be in the 
complete set. This is of no consequence in §4 because the theorem there stated 
only makes an assertion about the satisfaction of the equations whose left 
members are in the complete set. 

In §5, however, if certain equations whose left members are derivatives of 
others are omitted, it is necessary to augment the integrability conditions by the 
conditions that the omitted equations be satisfied. It is these conditions that I 
failed to mention in §5 of my original treatment. Their formation is simple: 
in the omitted equations substitute for the principal derivatives their expres- 
sions in terms of the parametric. 

Another way of covering the case in which one or more left members are deriva- 
tives of other left members is given in the following section. It is perhaps to be 
pe preferred to that just given. When it is adopted, the additional conditions 
: mentioned above appear automatically among the integrability conditions. 








1 Presented to the American Mathematical Society, November 27, 1931. 

2 These Annals, (2), vol. 30 (1929), pp. 285-310. 

’ M. Janet, Journal de mathématiques, (8), vol. 3 (1920), pp. 65-151. 

‘ Thomas, T. Y., and Titt, E. W., these Annals, (2), vol. 34 (1933), pp. 40-65. 
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It is to be noted that the complementary set and, consequently, the form of 
the initial determinations are the same under the two methods of treatment. 


2. The complete set of monomials. Let the process of separation described 
on pp. 286-87 of the former paper be carried out as indicated to give the expres- 
sion 
(2.1) u = Dag... gin 


ity we ine 
Then consider a sub-expansion 

ve ee 
(2.2) id "Sits tig 


from (2.1) in conjunction with the set of monomials, other than 2° x* --- 2‘, 
which are in the original set EZ and which are terms in (2.2). Remove the com- 
mon factor x" 2 --- 2’ from these monomials, and separate f;,  ;, with 


respect to the resulting monomials as was f with respect to EZ. If we repeat this 
on all sub-expansions (2.2) in (2.1) and on all sub-expansions arising from them 
in the process, after a finite number of steps we have a result of the form (2.1) 
such that every monomial in Z is present among the x" 2° --- 2z'"’s multiplying 
the f’s. This is so because there is only a finite number of monomials £ and it 
takes at most n steps to make one of them appear as an x" x*--- zn, The 
complete set of monomials determined by E will be defined as the set of mono- 
mials x" 2 --- z*» in the final form (2.1) which are multiples of monomials in E. 


The complete set so defined contains all monomials of E. 

As an example, consider that given on pp. 288-89 of the former paper. If E 
contains, in addition to the monomials there considered, the following 
(2.3) xry*z, ry z?, 
the expression 

cy *f 120(Y ’ z) 

must be further separated; that is, fio(y, z) must be separated with respect to 
the monomials 
(2.4) z, ye. 


In the first step, yz? is omitted, being a multiple of the other, and we have 
Si2o(y, 2) = fiol(y) + 2finly, 2). 


Since yz? is a monomial of (2.4) contained in a term of zfin(y, z), we must separate 
Siily, 2) with respect to yz. This gives 
Sin(y, 2) = fin(z) + ylfisily) + 2firse(y, 2)] 
= fin(z) + yfiaily) + yefra2(y, 2). 


Hence the complete set, formed in accordance with the present definition and 
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for the original set E augmented by (2.3), is that given in the former paper with 
the monomial ry? of multipliers y, z replaced by the following 


zy? with multiplier y; 


“c “ 


xyz Z; 
ry%z ‘“ “ Y; 
zy*z? “ multipliers y, z 


3. Deduction of the theorem on total differential equations. Consider the 
system 


(3.1) sat = vai (U, 2) (a = 1,2, ---,r;7 = 1,2, --- ,n), 
in which the ¢g’s are given, holomorphic functions. With the following cotes 
assigned 


Ua Xi 
1st 0 1 
2nd r—a 0, 


the system satisfies the definition given for orthonomic systems on p. 303 of the 
previous paper. The choice of second cotes is arbitrary and may be readjusted, 
if necessary, to make possible the notation employed below. 

The separation (2.1) is made with respect to the set of monomials 1, --- 
x, for each unknown, and is 


U = foo..o + Xfio... (41, +** » Xn) + Tafor... o(%2, +++ » Tn) 
+ .--- + Infoo es 1(Xn). 


The multipliers for any x are, accordingly, itself and the z’s following it in the 
natural order of the indices. Hence the non-multipliers for any x are the z’s 
which precede it in the natural order. The integrability conditions (§5 of the 
former paper) are therefore obtained by forming the equations 


’ 


OGai on IPaj a 
Ox; Oz; 








(j<i¢ =1,2,---,N), 


and eliminating the derivatives of the u’s by means of (3.1). Consequently, 
they involve only the u’s and the z’s. We write them as 
(3.2) F,. 


Riquier’s method of reducing (3.1) to passive form is as follows.’ Relations 
(3.2) are solved for certain of the u’s in terms of the others. By properly choos- 





5 See §7 of previous paper. 
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ing the second cotes of the unknowns, we may suppose them solved for u, --- , 


Uk: 
(3.3) Un, = U(Unaa, *** , Ur; 2) (\ = 1,2,---,k). 
Equations (3.3) taken with (3.1) constitute a new orthonomic system. The 
complete set for v.41, °** , Urisas before. That for w, --- , wis 

1, %1, *** Xn, 


and all the variables are non-multipliers for the monomial 1, which corresponds 
to the left member u. Hence the integrability conditions of the system (3.1) 
plus (3.3) are, in addition to those of (3.1) already expressed in (3.2), the results 
of differentiating the right members of (3.3) equated to the corresponding right 
members of (3.1) with the (principal) derivatives of uz4:, --- , u, eliminated by 
means of the other equations in (3.1). This, of course, amounts to differentiat- 
ing (3.3) and eliminating first derivatives by means of (3.1); or to performing the 
same operation on the unsolved form of (3.3), namely, (3.2). 

We denote the system of integrability conditions thus obtained for (3.1) plus 
(3.3) by 
(3.4) Fo. 


Equations (3.4) are now treated as were (3.2). Repetition gives a sequence of 
systems 
(3.5) F,, Fo, Fs, +++ . 


If (3.1) is compatible, a passive system is reached and the equations in the corre- 
sponding F are identities. In other words, there exists a positive integer N 
such that the first N systems (3.5) are compatible in the u’s and such that every 
solution of them satisfies the (NV + 1)th system Fy 41. 

As we saw above, the system F’, ,; can be obtained by differentiating the equa- 
tions of F, with respect to each variable in turn and eliminating first derivatives 
by means of the system (3.1). Likewise, it is clear that if Fi, --- , F, can be 


solved for uw, --- , up and if F,4; can be solved for wp41, --* , Ug When Ww, --- , 
uy have been eliminated; the same solution is obtained by solving F, --- , Fy, 
F 1: for uw, +--+ , Ug; and conversely. Hence Riquier’s general process of reduc- 


tion to passive form applied to (3.1) gives the theorem for compatibility of 
systems of total differential equations.® 


4, Additional results furnished by Riquier’s methods.’ With each mono- 
mial m of a complete set M associate an arbitrarily chosen set X, of the 
independent variables. The variables X,, will be called differentiators for m; 





°O. Veblen and J. M. Thomas, Projective Invariants of Affine Geometry of Paths, these 
Annals, (2), vol. 27 (1926), p. 290. The theorem, in substance, was previously employed 
by J. E. Wright, Invariants of Quadratic Differential Forms, Cambridge, 1908. 

’ This section was added February 25, 1933. 
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the others, non-differentiators. If m has a non-differentiator x which is a multi- 
plier, rewrite the corresponding term in (2.1) as 


(4.1) Mim + MIfmzy 


so that x becomes a non-multiplier for m. Repeat this for all the monomials, 
Let the aggregate of the expressions like mzf,. introduced in the process be 
called ¢. 

Multiply m in turn by each variable which is simultaneously differentiator 
and non-multiplier for it to obtain the set m; Write ¢: so that each term 
of it which is divisible by m occurs in an expansion pfp, where p is multiple 
of an m;. If p/m involves only differentiators of m, adjoin that p to M and 
give it the differentiators of m. Perform the operation (4.1) for each p so 
added. Call the residual terms ¢g». 

Repeat the process of the preceding paragraph for a second of the original 
monomials and with respect to g:. When all the monomials of the original set 
M have been so employed, we have an augmented set M with the following 
property: the product of any monomial of M by an arbitrary monomial in its 
differentiators is the product of a monomial of M by a monomial in its multipliers; 
all of the latter are differentiators; and every monomial of M is multiple of a defi- 
nite monomial of M by differentiators alone. The final residue ¢ has no term 
which is the product of a monomial of M by differentiators alone. 

Consider a system S which satisfies the hypotheses of Theorem 6 of the former 
paper and whose left members form sets M derived in the above manner from 
complete sets M.3 Let it be proposed to find expansions satisfying the equations 
of S on the varieties defined by equating to zero the corresponding non-differen- 
tiators. If we augment each initial determination, as originally defined, by the 
terms in the corresponding ¢ and include in S,, Sa4:, ---, S 44: only those equa- 
tions whose left members correspond to multiples of M by differentiators, the 
demonstration in §4 of the previous paper holds verbatim. Theorem 6 is, there- 
fore, valid when S,, Sa41, --- , S 441 are given the new interpretation. Since all 
non-differentiators are non-multipliers, the theorem furnishes an answer to the 
proposed problem. In order that an equation be satisfied for all values of a 
non-multiplier which is a differentiator, a corresponding integrability condition 
must be satisfied. 

To select from the totality of systems satisfying the hypotheses of Theorem 6 
a general type we need only to have in mind the satisfaction of conditions VII, p. 
295 and IX, p. 297. This can be accomplished and the integrability conditions 
expressed by following the trail blazed by Riquier. The convergenee is assured 
by Theorem 6. 





8 If the set corresponding to any u is not complete, we complete it. If a monomial 
adjoined in so doing can only be obtained from the original set by multiplication with a 
non-differentiator, the corresponding expression (2.2) is put with the initial determination. 
Otherwise the corresponding equation is adjoined to S and assigned the same differentiators 
as the equation from which it arose. 
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T. Y. Thomas and Titt have considered a special case of the above problem. 
They let the set X comprise all the variables for some of the equations and the 
last n — a variables for all the rest. They satisfy IX by taking the correspond- 
ing p’s zero on the variety. This same condition helps to satisfy VII and 
facilitates the discussion of the integrability conditions. In addition, they 
prove the convergence and discuss at length sets of monomials. 


5. Concluding remarks. Mr. J. F. Ritt has kindly pointed out to me that 
the proof given at the top of p. 288 of my previous paper is invalid because the 
statement “te 2 jo, -** ,%n 2 Jn’ On line 4 is incorrect, and that the proof is 
easily accomplished by mathematical induction. 

On page 289, second line from bottom, for d°u/dydz read d*u/dy*dz. 

On page 290, line 3, insert ‘‘to”’ after “naturally.” 

On page 297, formula (20), for 7’s in second denominator read j’s. 

On page 298, line 6, for “coefficient” read “coefficients.” 

On page 301, formula (32), for du? read d?u. 

The type of determinant employed on page 293 has been studied by Bray" in 
another connection. He proves, essentially, Theorem 5. 

Finally, it might not be amiss to stress the fact that the constants Pj.jg in- 
volved in (19) and in assumption IX are obtained by evaluating the coefficients 
Piaig in (17) for the x’s equal to their initial values and the derivatives equal to 
the corresponding values, as is done in the example on p. 302. In other words, 
when Theorem 6 is applied, it is not necessary to make the initial values zero by 
carrying out transformation (16) in order to have the values of the P’s. 





* Compare the remark immediately following the statement of IX, p. 297 of the former 


paper. 
10H. E. Bray, Rates of Exchange, American Mathematical Monthly, vol. 29 (1922), p. 368. 
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MOMENT-GENERATING OPERATORS FOR DETERMINANTS OF 
PRODUCT MOMENTS IN SAMPLES FROM A NORMAL SYSTEM 


By S. S. Wixxs! 
(Re-s:ved June 1, 1933) 


I. Introduction 


A considerable number of commonly used statistical functions, when gener- 
alized for samples from a normal multivariate population, can be expressed in 
terms of the determinants and their principal minors of matrices of second order 
moments in the sample. In a recent paper the author? considered generaliza- 
tions of several statistical functions and found their moments from Wishart’s’ 
generalized product moment distribution by a method of variation of the sample 
number. Sampling distributions of such functions were found by solving the 
resulting moment equations, and the uniqueness of the solutions established 
by the theory of closure. In the present paper operational methods will be 
developed for finding the moments of a more general class of statistical functions 
directly from the probability law of the sample. The generality lies in the fact 
that some of the variates are treated as independent or fixed, that is, they are not 
subject to sampling variations. Hence the results will extend to least-square 
regression problems in which values of the independent variates are known with- 
out error. They are also applicable, as will be seen in the case of the multiple 
correlation coefficient, to problems in which an arbitrary number of the inde- 
pendent variates are subject to sampling variation. 

We shall be primarily interested in deriving a method of obtaining general 
moment formulas by establishing the validity of certain operations on the popu- 
lation parametersinvolved in the probability lawof thesample. However, several 
examples will be given in the section on Applications to show how the operators 
provide an effective analytical method of solving some of the more complicated 
sampling problems; e.g. that of the multiple correlation coefficient, some of the 
generalized Neyman-Pearson } criteria, and the generalized “Student” ratio. 
All of the results of the author’s paper cited above can be obtained at once by 
means of the operators. 





1 International Research Fellow. 

* Certain generalizations in the analysis of variance, Biometrika, Vol. XXIV (1932) pp. 
471-494. 

* J. Wishart, The generalized product moment distribution in samples from a normal 
multivariate population, Biometrika, Vol. XXA (1928) pp.32-52. In this paper the distri- 
bution is established by geometrical argument. For an analytical proof of the same distri- 
bution see J. Wishart and M. S. Bartlett, The generalized product moment distribution in 


a normal system, Proceedings of the Cambridge Philosophical Society, Vol. 29 (1933) pp. 
260-270. 
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In what is to follow, we shall be concerned only with the case of real variables. 
An important part will be played by a symmetric matrix of elements A,, (r, 
3 = 1,2, --- n) which will be denoted by || A,, ||. Let || A;; || be that part of 

A,, || for which (7, 7 = 1, 2, --- #), and || Ap, || that for which (p, g = ¢t + 1, 
{+2,-:-n). The remaining elements of || A,, || will be of the form Ajp. 
The only condition to be imposed on || 4,, || is that || A;; || be positive definite. 
Unless otherwise specified, ¢ and j, when used as subscripts, are to take the 
values 1, 2, --- ¢, and p and q the values ¢ + 1, ¢ + 2, --- n, while r and s are 
to take all values 1, 2, --- ». When a quantity involving the subscripts 7, 7, p, 
g, rand s is preceded by 2, summation will be understood with respect to all 
subscripts, otherwise the subscripts of summation will be indicated. All multiple 
integrals will be represented by a single integral sign, and when no limits of inte- 
gration are given, the limits — © to + © will be understood for all variables of 
integration. The process of replacing a quantity Q by Q’ will be denoted by 
writing Q: > Q’. We shall make frequent use of Jacobi’s theorem‘ in deter- 
minants that if D is the adjoint of any determinant d and m and M are corre- 
sponding k-rowed minors of d and D respectively, then M is equal to the product 
of d' — ' by the algebraic complement of m. We shall have several occasions to 
use the fact that if the symmetric matrix || ¢;; || (i, 7 = 1, 2, --- ¢) is positive 
definite and {d;} any set of real numbers, then 


t 
(1.1) f edz =7 | cx; | +e 
t t t m 
- i . Sea 
where @ = >» Cite + 2 +> dizi, og = > ctid,d;, cl = fae é, is the 
i,j=1 i=1 i,j=l . 


cofactor of c;; in | c;; | and the integral is taken over the entire ¢-dimensional 
space of the 2’s. 

Most of the results will involve gamma functions which will, in practically all 
cases, appear in ratios of the form (2 x *) / 1($). To simplify notation we 
shall denote this ratio by ¥(a, b). Since we are considering only real variables 


the restrictions a + b > 0 and a > 0 will be made. 





II. Moments of determinants of total product moments 


1. The problem. We shall suppose that the simultaneous distribution in an 
infinite population of the variates x; (i = 1, 2, --- ¢) depends on an additional 
set of variates 2, (p = t + 1, ¢ + 2, --- m) in such a way that the probability 
law of the variates {x,} is given by 


(2.1) f(%) = Ke7*4rszrzs 





‘Cf. H. W. Turnbull, The theory of determinants, matrices and invariants, (Blackie and 
Son, London 1926) p. 77. 
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where A,, = A,, and ||A;; || is positive definite, z; is the set of variates z; (j = 
1, 2, --- ¢) and 
(2.2) 1/K = f e*Arstr*s dz; 
dz; being the product of the differentials of the z’s in {;}. The sets {x;} and 
{x,} will be referred to as dependent and independent variates respectively. 

It is clear that e~*4797»7¢ is a constant as far as the probability function of the 
x; is concerned and could be included in K, but to do so would remove a part of 


the matrix || A,, || and it is essential at present that this matrix remain complete. 
The integral in (2.2) can be written as 


(2.3) f e-PAiiing ainsi Pyare A, 


and it follows from (1.1) that the value of (2.3) is 


apis 


(2.4) 7 | Ai; |-3 e? 


where n 
A; 

@ = LT Apgrpt, — Z AirAei FO TpXq. 
ij 


There will be no occasion to use the determinant of || A, ||; only the deter- 
minant of || A;; || and its minors will arise. Therefore, without ambiguity, we 
can denote | A;; | by A and let A‘i = A;;/ | Ai; |, where A;; is the cofactor of 
Aj; in | Ai; |, that is, A‘ is the element in the 7-th row and j-th column of the 


inverse of || A;; ||. Thusif weset B,g = Apg — Dn A ipA,;A* we can write 
ii 


t 
(2.5) K = & 7 A} e8pazpra, 


Now let a sample of N individuals be drawn from the population distributed 
according to (2.1). By drawing an individual from (2.1) we mean the selection 
of a set of values of the dependent variates in the probability sense for an arbi- 
trarily chosen set of values of the independent variates. In the a-th drawing 
let x, have the assigned value xp. (p = t + 1,¢ + 2, --- m) and let the value of 
x; drawn be xia (2 = 1, 2, --- #). Since K depends on {2>} let its value belong- 
ing to the a-th drawing be K,. Then the probability law of the sample formed 
when a takes the values 1, 2, --- Nis 


N 
(2.6) q II S(®ia) = K ¢7*Arstratsa 


a=1 
N 
where K = I] K,, and 2A,,2;a%sa is summed over all values of r, s and a. 


a=1 


N 
By writing pe Trelsa = Are and using the fact that the integral of (2.6) 


a=1 
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from — © to + with respect to the z;. (¢ = 1, 2, --- t;a = 1, 2, --- N) is 
unity, it follows at once that 

NMoOUN 
(2.7) J er PAreere diie = 7 . A? e-*8paq*pa, 


The quantity a,, may be called the total product moment of the r-th and s-th 


variates. 

We shall consider the relationship (2.7) as a basis for obtaining the sampling 
moments, when they exist, of various functions of determinants similar in 
structure to | a,, | and its principal minors. In general, if F(@,,) is a function of 


the form I] | 4.5», |*8 where the set of determinants is selected from | a,, | 


B=1 
and its principal minors, the problem of this section is to find the value of 


(2.8) E(F) = f§ P(Grs)F (Gre) ddia 
for all values of the hg for which E(F) exists, where 
P(G;s) = @~*Arsars, 


We shall find the value of the integral defining E(/’) by performing certain 
operations on the A,, which are commutative with the integral signs and other- 
wise valid for both sides of (2.7) which will yield E(F) on the left of (2.7) and 
which will be equal to the resulting quantity on the right. 


2. Evaluation of a definite integral. It will be noticed that (2.7) holds 
for all values of the A,, for which || A;; || is positive definite. Now if Q = 
LA; jyiy; is the positive definite quadratic form associated with || A ;; ||, it follows 
at once that 


k 
(2.9) Q’ = >) (44 + > tute) Yi¥i 


is also positive definite for all values of k and the é’s, because Q’ can be written 














k t 2 k 
as Q + b> (> tan) . Thus, the matrix || Ai; + figé ig || is positive 
g=1 \i=1 e=1 
definite and hence (2.7) holds when the substitution 
mn Ani Ay, (r,8 = 1,2, ++) 


k 
ismade, where A?, = Ay, + p? tafe. The effect of (2.10) on the left side of 
=1 
(2.7) is to subtract in the exponent of the function P(d,,) k quadratic forms in 
the ¢’s, each of which has the matrix || a,, ||.__Thus, we shall refer to the ¢’s in- 
troduced by (2.10) as a k-fold set of &parameters associated with || a,, ||. If 


i 3 
a: 
4 
a 
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|| Ay re ||, and if in the A’, the 
further substitution 
ki 
(2.11) Aw: Aw + >) Eis Evo 
g=1 


is made in (2.7) then the ¢’’s will be ¢-parameters associated only with the minor 
|| ay, ||. Clearly (2.10) and (2.11) are commutative and the result of the two 
substitutions is 


(2.12) Ar: Are + p> Erg bog + Y(u, ¥) rs > Ene Sve 


g=1 


where (x, v),s is unity when r and s take values within the minor specified by u 
and v and zero otherwise. In general we can introduce into (2.7) a set of 
£-parameters associated with each of an arbitrary set of principal minors || a,,,, || 
(h = 1, 2, --- m) and || a,, || by making the substitution 


(2.13) Ays: atin Ar + py Erg bsg > > | Va) rs Ss eS’ ep | 


h=1 g=1 


The right side of (2. 13) can be identified without difficulty with an expression 
of the form A,, + > NroNsg (v =k+ ys ) where some of the n’s will be 


g=1 
zero, depending on the set of minors white. Therefore, as in (2.9) || A;; || will 
remain positive definite when (2.13) is applied. Some of the elements of the 
matrix || A,, || may be zero, but such a case will present no difficulty if we regard 
them as non-zero until after the substitution (2.13). 
Now let us consider (2.7) after applying (2.10) with a J-fold set of &para- 
meters for || a, ||. Weget 


Nt N 


(2.14) f P’(Grs) diag = T 2 A! * @-2Bbq apg 
where A’ = | Aj; + éi€;|, and B), and P’(4,,) are the values of B,, and P(4,.) 
after applying the set of substitutions A,, : > A,r, + &¢,, (r, 8 = 1, 2, +++ n). 
It will be noticed that the integrand of the expression on the left in (2.14) is: 
(1) non-negative for all values of the é’s and z’s from — » to + and (2) con- 
tinuous and therefore summable in every finite rectangular cell in the space of 
the é’s and x’s. Therefore’ if the integral is regarded as a repeated integral and 
exists for one order of integration, it exists for all orders and has the same value. 
Now, by integrating the left side of (2.14) with respect to the é’s from — ~ to 
+ ©, we find at once by (1.1) 





’ Cf. E. W. Hobson, The theory of functions of a real variable, Vol. II Second Edition 
(1926) p. 344. 
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ws 


(2.15) t J P(Grs) | Gre |~? dE ia 


als 





which, when multiplied by Kx ne , is the expression defining E( | a,, |-). 
The value of (2.15), if it exists, will be given by the integral of the right side 
of (2.14) with respect to the é’s, that is, by 
Nt N 


(2.16) x f A’ *¢-*8pq ope df,. 
To evaluate this integral we have 


(2.17) Beg = (Ava + Efe) — >) (Aig + €ibe) (Ans + E083) AM 


where A’*/ is the value of A‘/ after applying (2.10) with a /-fold set of é’s. It 
can be readily shown that 
(2.18) Det, Ai =1—- A/A’, 


and therefore 
’ ie ae a 
(2.19) Be _ A pq are 24 A igApjA mee A’ Enka ae *2, Ai,A ™ § i€p. 


We shall suppose that the values {z,.} are so chosen that || a», || is positive 
definite. This will be true when no such relation of the form D hve = (0 


Pp 
exists for all values of a, where the c’s are not all zero. Under these conditions 
(2.16) can be integrated with respect to the &,(p =t+1,t+2,---n). The 
integral, as far as the &, are concerned is clearly of the form of (1.1). Therefore 
we have for (2.16) 


Ni+n-t _ a= opti Qi — Qs 


(2.20) « 7 A ® q-te-*vaepa f A’ e dé, 
where a = | dp_ |, Qi = 2 AipAgjA’*! Gpg and 
Qe = — A’/AZAWAIAG AM Apqaina” Eitn, 


a”' being the element in the p-th row and /-th column of the inverse of || ap, ||, 
and the summation in Q, extending over all suffixes where g, h = 1, 2, --- ¢ and 


kl=t+1,t+2,---n. But >) axa” is unity if k = p, and zero if k # p. 
l 





Furthermore, it can be shown that 
fe A “ 
(2.21) Dy AieA8 = Fr Dy Aweh 


Therefore 
(2.22) Qe = A/A’ >> A igA*iAgpA” Apg & igh. 
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Now we can write Q;, in terms of bordered determinants as 
(2.23) Q, = 1/A’ = Dygdpg + A/A’ E A igh pjA*Apq, | 
where ' 
Ay Aw:::: An Arg & | 
ia Ses ; Bo Ry 
Dyq = 
Au Ss Rislere wes ¥ Au Atg & 
| a 
Ep ccseeeeees & 0 0 








Expanding D,, by the border method and using Jacobi’s theorem on the minors 
of A of order t — 2 which arise, we can write 


(2.24) Qi = A/A’ (2 ApjA gh AM Ay, Eoén +X Aig pj/A ‘pg 
— 2 AigAgpA AM Ap, Ein). 

But similar to (2.18) we have 

(2.25) > A* &t, = —1+A’/A. 

Making this simplification in (2.24) and using (2.22) we finally have 
Qi — GQ: = 2 AigAyjA dp, 

which is independent of the ¢;. Therefore (2.20) can be written as 


Nt+n-t n—t N-—n+t 


(2.26) er * A * a-te-*8reraf A’ 7 dé; 





Now consider the integral with respect to the £;, and introduce the value of A’ 
from (2.25) into the integrand. The quadratic DA‘‘£;£; is positive definite and 
hence can be reduced to a sum of squares with coefficients of unity by a non- 
singular transformation 


(2.27) b= Dy cus (j= 1,2,---8) 
so that | c;;| = A} and 


N—n+t N-1-—n+t 


am sa’ * dea... * 


_ Fatt. 
fQ+zyi) 7 dy. 


Because of the symmetry of the integrand we can write 


Lo =e be eo Be Rok. x. 
(2.29) f (1 + Zy?) 3 ays = 2 | | (1 + Zy%) 2 dy; 
0 0 
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Making the transformation 
3.20) yE=HLtyit---+yia), G@=1,2,---8 


we can express the right side of (2.29) in terms of gamma functions. Accord- 
ingly, we have 


_N—ant+t t 
231) fa+2y) *% dg=rg)[[vww—n+t+1-%-1 


t=1 


where the ¥ function has already been defined. The value of (2.16) is finally 
found to be 


Nt+n _! _N-1 
32) 2 ? |] WW-nt+tt+1-4,-1) A ® ate en, 
i=1 


which, together with all previous assumptions, will clearly exist when N > n. 
The problem involving the expressions (2.14) to (2.32) may be conveniently 
summarized in the following 
TueoreEM I: Jf (a) || Ai; || ts a positive definite matrix, (b) the values {pa} are 
assigned so that || dpq || 1s positive definite and (c) N > n, then the integrals (2.15) 
and (2.16) exist and are equal and their value is given by (2.32). 


3. The moment-generating operators. Since (2.7) is valid for all values 
of the A,, for which || A;; || is positive definite, it will hold when the substitution 


(2.33) Arn: Arg = Ars + Bre (Brs = Bsr} 7, 8 = 1, 2, °°: n), 
is made, provided the §;; are sufficiently small. Making this substitution and 
multiplying by K, we get 
(2.34) K f P 3(Grs) diie = KG; 

= 
where Gg = +” Ag ? e-*8paserc, Ag = | Aig | and Bygg and P,(d,,) are the 


expressions for B,, and P(d,.) after applying the substitution (2.33). If we let 
e~*4reare — g» then the left side of (2.34) ds clearly the expression defining E(gs). 


a. The operator I,,. Let || a,, || be a principal minor of || a,. ||, and let I, 
denote the operation of applying the substitution 


(2.35) Buy Ter Bu» + £4, 
to (2.34) and integrating with respect to the ¢’s from — » to +, and then 


multiplying by + * where pand v are to take on the values specified by || a,» || 
and m is the order of || a,» ||. 
Let us consider J,,. It follows from Theorem I that /,, is commutative with 


Yo tae a Ww - se a 
wm ee 








po 
Tey 


i aa | 

fi hs 
i a 
eb 
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pn en Aaa ee 


Lat 


ore 
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eo ac 
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the integrals in (2.34) and that the application of J,, to the left side of (2.34) 
yields 


(2.36) K f P(Grs) | ars |~* d&ia, 


which is the integral defining L(g, | a,, |~4), while the 7,, of the right side of 
(2.34) is 


t 
(2.37) K[] ww -n+t+1- 4, - dat Ah Gs. 
i=1 
Consider the effect of operating on (2.34) with J,, \ successive times. Denoting 
the \-fold operation by J*,, we have at once by successive applications of 
Theorem I that 


: _» 2 
(2.38) E(ga| ar |-3) =I, RG, = RT [ wwW—n+t+1-%,- dla * A? G, 


t=1 


provided N-—-n+1-—2A>0. The — +th moment of | a;, | can be found 


from (2.38) by setting all of the 8’s equal to zero. However, the §’s are to be set 
equal to zero after performing the operations J*,KGs. We observe that the 
product KG, is unity when the @’s are zero. 

To return to the more general case, suppose || a,, || is any principal minor of 
\| ays || which includes || ap, ||, that is, such that nu, » = kK +1,k + 2,---n 
(0 <k < ?) and apply [,, as defined above to (2.34). On the left we get 
E(gg | dy» |~*), and on the right J,, KGs which has the value 

Nt art = N-—n+t 

(2.39) w> Ag * a+ e~*8pagera f A; 7 a 
where the integral is (¢ — k)-fold with respect to & (g = k+1,k +2, -:: t) 
and Ag is the determinant | A;;, | after applying the substitution 8,» : 
Burt &&i(g,h =k +1,k + 2,--- 2). By straight forward integration of 
(2.39) we finally obtain the following result of applying J ,, to (2.34), 








t—k 
(2.40) E(ge|aw |) =I RGs; = RT| ww-—n+t+1-4,- 9) 
el 
A} | Aves ee a- Ge 





where b,c = 1,2,---k. The right side holds for N — n + k > 0, which 
insures the validity of the interchange of J,, and the integral sign on the left in 
(2.34). 

For the case of repeated operations with J,, we find similar to (2.38), the 
result 


r ‘—* 
(2.41) (0 | dw m2) = 1},RG; = KR [| ww-n+t4+1-%- 
i=1 


v 
r LS r 
2 


A3| Aus| 7a 7G, 
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which is valid when N —n+k+1-—X>0, and reduces to (2.38) when 
k=0. The - *th moment of | a,, | is found by setting the @’s equal to zero. 


b. The inverse operator J;}. Thus far we have considered only a method 
of finding moments of | a,, | and its principal minors which include | a,, |, when 


the orders of the moments are multiples of — 3. In order to find the positive 


moments of | a,, | of order (A = 1, 2,3, --- ) weshall make use of the following 


TueorEM II: Let (a) and (b) of Theorem I be assumedandN — n +k +1>0. 
If p is a positive integer and M, has the value of the last expression in (2.41) with 
\= — p, then 


(2.42) K f Ps (Ges) | Quy [? di ia _ M,. 


We shall prove® the theorem by making use of certain invariant properties of 
P,(d;s) and | a,,| under linear transformations of the z’s. It is sufficient to 
consider a series of two transformations. First, let 7; be a transformation of the 
form 


(2.43) fre ™ )) Grits (r = 1,2, +--+ n;a = 1,2, --- N) 
s=1 

where, for r > k, grr = 1, grs = 0 (r ¥ 8), and the matrix || g,, || has the 

property that | goc |? - | Ares | = 1 (6, c = 1, 2, --- k) while the g,, (1 Srs 

k < 8s S n) are functions of the A,, which need not be given, and furthermore, 

T, is to be such that its application to Ps(d,,) will yield 


(2.44) : ix. Pe &.,). 


n — , 


where P,s(a,,) =e “ ony ak . It follows from (2.34) that the A,, must be 
such that | Aim | + | Aves | = Ag (l, m= k+1,k + 2,---t). The existence of 
a matrix || g,, || satisfying these conditions is evident from the fact that it can be 
regarded as the matrix of the result of two transformations 7; and a; , where 
T; is of the form 


(2.45) Tra D>) Ore fen (ry = 1,2, --- n,a = 1,2, --- N) 
s=1 

where g;, = 1 (r = 8), 9-0 = Ore 1S r < k < 8 S n) and zero otherwise, 

which will reduce the quadratic form 2A,.2,r2%sa, for each value of a, to a form 





* This proof is an extension of the argument suggested by Professor J. von Neumann for 
the special case when k = Oandt = n. 
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having a matrix || A’, ||, where A}, = Ars (r,s = 1,2, --- k), Aj, = 
Ay (u, v = k +1, --- n) and zero otherwise. 1’, is of the form 


(2.46) Zra = b> Gre Sine 

s=1 
where g,, = grs (r, 8 = 1, 2, --- h), ae =1(r=k+1,k+2, --- n), and 
zero otherwise, such that it will reduce es Arcptratca to a sum of Nk squares hay- 


b,c,a 
ing coefficients of unity. Clearly, || g;, || and || Sax || are non-singular, and 


Hare Il Wore Ul = Il gre Il. 
Now we consider a second transformation T'2 


(2.47) toe = » hw te. (B= kK+1,k+2,--- na =1,2, +++ N) 
v=k+1 

where h,, =~1(u>thy=~OQUA vyw>t,yv=kK+1,k +2, --- n), and 

|| hy» || has the property that | him |? - | Am| = 1 (l,m =k+1,k + 2, --- 0), 

while the h,, (k < » S$ t < »v S n) are functions of the A,, which need not be 

given. Furthermore, 7° is to be such that its application to Pog(d, ,) gives 


12 a 
“= le —=B 
+a 


(2.48) ‘ ea 


7” 
Pa "pg 


where the B,, are to be determined. The structure of 7, is similar to that of 7; 
and therefore transformations of type T. clearly exist satisfying the restrictions 
that have been imposed on || h,, ||. Applying T: to | a,, | we get at once 


(2.49) | hu 2 | ay, | 


N 
where a,, = > fretve: It will be noticed that ag = Ap (Pp, Y = 


=1 
t+1,¢+2,---n). 
Since the Jacobian of the product of 7; and 72 for each value of a is 
| hu» | - | grs| = Az}, we find that the application of 7, and 72 to the left side 
of (2.42) gives 


4 
(2.50) Kf Ps(Grs) | Gur |? diig = 
N+p 





i e 
K e-*5patva A, | Aves |? H 


where 


-z Ps p 
H=fe* tks ? dia: 


By setting p = 0 it follows from (2.34) that B,, = Byes (p, 9 = 


it 








Wt 
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t+1,t+ 2,---m). Since H is independent of the A,,, we can determine 


its value by operating on (2.50) with J 4 ,- Applying J d , and using (2.46), we find 


N 


(2.51) RB § Pps (drs) déiag = K Ag? e~*v08 ona 
p t—k 
xa *][ ww-n+t+1+p-i,-p)lH 
t=1 





which exists if VN —-n+k-+1 > 0. The value of the expression on the left 
is given by (2.34). Hence 


Nt p t-k ab, 

(2.52) H=r'a [|] wW—nt+itt+1— iso). 

i=1 pel} 
Therefore, (2.50) becomes HAG at, 
p t—k re 
(2.53) KS Ps (Gn) |w [dia = KI] WW -—n+t+1- 4,0)! ; ae x" 
i=1 AE Ti 
e . - 
2 32 


x Ag ?| Arca| a’ Gs 


which completes the proof. 
For the sake of convenience we shall let J} be an operator such that 


(2.54) 175} K ff Pe(Gr.) d®ia = K § Pa(Grs) | Qu» |! dEia = E(gp | Gy |*). 
Then from Theorem II it follows that the application of J7;} to (2.34) yields 
E(gp | Qw |?) = Mi = I, KG. 
—} 


Corresponding to the expression (2.41) we have, by a p-fold application of 7, ,, 
the formula 


4 — 
(2.55) E(gp | Qu |") = 8 KGs. 


where [,° KG; is understood to have the value M,. This is a symbolic way 
of writing (2.53). 

We have therefore shown that when is a positive or negative integer, the 
A-th moment of | a,, | exists if bothN —n+k+landN-—n+k+1+A 


are positive, and is given by (2.41) when the §’s are zero. 


4. Simultaneous moments. Before dealing with the general problem ex- 
pressed by (2.8) let us consider the case of finding the value of E( | ars |" | ay. |”). 
Applying 17?" to (2.34), we get 





(2.56) E(gp|a,, |) = K [| WW -n+t+1 — é, 2h)] Aj" a'Gs. 


t=1 
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. : When g is a multiple of } the application of 77% to (I;?"Gs) is simply to perform 

{| 2g times the operation of introducing into (I;%"G,) a 1-fold set of parameters 

; associated with || a,, ||, integrating with respect to the ¢’s and multiplying by 
n—k 


‘ ‘ m™ x * . This compound operation will be denoted by y 


(2.57) 13* 7;2* Gp. 


It can be shown, as in the case of a single operator, that the application of [;% 
to (2.56) yields 


oa 4 t 

| (2.58) — E(ga | ars |" | dw |’) = K [TT WwW -n+t+1-4,20)) | 
} =k se 3 
i x |] we —ntt+1-it 2h, 29)] X AG" | Anes |? a+? Gs, 

Ae i 40 i=1 

and the result holds for all values of g and h for which condition (P) is satisfied 
in all of the ¥’s, where (P) is the condition that a + b > 0 and a > O in V(a, bd). 
To find the simultaneous moment F(| a;s |" | ay, |”) we set the 6’s = 0. 

There is no difficulty involved in the above process if the operators are applied 
1EE. in the order just given. However, if the reverse order or any mixed order (e.g. 
Tie 172" 30 172" 1,37 Gs where hi + he = h and gi + gs = g) is used, several 

ci troublesome features may be encountered. Firstly, 777%" Gs will not exist if 
N—n+k+1 + 2g < 0, whereas, under such conditions (2.54) will exist for 
certain values of h, and hence the further operation J,;2” will have no meaning. 
Secondly, if 757’ Gs does exist, then unless h is a multiple of — 4 the meaning 
and validity of the operation I;>%" (I;3’ Gs) would have to be treated by a 
procedure similar to that used in considering 7‘, Gz when } is a negative integer. 
A detailed treatment of the question of commutability of these operations, espe- 
cially in the general case of m principal minors, would be rather laborious, but 
sufficient conditions can be given for the validity of all orders of performing the 
operations by specifying that the arguments of all ¥ functions involved in all 
orders of applying the operators satisfy condition (P). However, the existence 
of E( | a,, |? | a,s |") obviously does not, in general, imply that both 173% 17%" Gs 
and J;;" 1° Gs must exist. Therefore, the problem of finding the value of 
E( | a,, |? | a, |"), when it exists, is solved when one order of applying /;,°.’ and 
T°" to Gs is found such that the arguments of the W’s in each successive operation 
pkey satisfy (P). 
eas Now let us consider a set of m distinct principal minors of | a,, | characterized 
. as follows: Denote the minor | a,,,, | by ds (ue, ¥% = ke +1, ke + 2, °°: 15 
o = 1,2,--- m)and0< ki < ky < --- < km < t +1, and let the moment- 
generating operator for d, be 1,. Let D,g be the minor | A,,s,3 |, (Ye, 4 = 





1, 2, --- k,). Then we have at once the following formula 
fT 2.59) (1, I] a) = RUgt Tythes + Ti! Gy) = 
; o=1 
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m m t—k, 
R[ [taeda TT] ww nteti1 — i424 A, 2G; 


o=1 o=1 i=1 


where H, = >) ha and Hy = 0. The validity of (2.59) depends on the condi- 
a=1 


tion that the arguments of the ’s satisfy (P). The value of the joint moment 
AT] a) is found by setting the 6’s = 0. 


o=1 

Another interesting class of simultaneous moments is that associated with 
| a,, | and a set of mutually exclusive principal minors, the sum of the orders be- 
ing n. The general formula can be obtained in the following manner: Let the 
principal minor | npr | be denoted by c, (u,, v» = K,-1 + 1, K,-1 + 2, 


K,1 +k; Kya = ee n; ki >n—t; p=1,2,--- J) and let the 
a=1 

moment-generating operator for c, be J,. Let C,g be the principal minor 
| Auyps |(o = 1, 2, --- 2) and Cg, the minor| Ay,p | (u, » = kin + 1, kin + 2, 
--- t). We shall assume that all of the A,, except those contained in the set 
{C,g} are zero. Then by straightforward application of the J’s (setting all 6’s 
which are not contained in the set {C,s} equal to zero immediately after 
applying the operator J," ) we find, 


(2.60) * | dre | Il oy) = Kir?” 7% --- 2" 172" G) = 


p=1 
1-1 t 
Ca abt TT [073-1 Gy [] Ww -— n +t +1 - 5, 2h) 
p=1 i=1 
ki-—n+t 
x I] [W(N — n+t+1+4 2h — i, 2h,)] 

t=1 
t—1 kp 

x [] [] wor +14 20 - 6, 27,0), 
p=1 i=1 


where g, is the value of gg with all 6’s equal to zero except those contained in 
{C,s}. Again we must impose the condition (P) on the arguments of all W’s. 
l 


The value of a a, |* I] oy) is found from (2.60) by setting the remaining 
=1 
B's = 0. ; 

It will be noticed that the restriction k; > n — t is not a necessary one, but 
was made for convenience, because the result that would be obtained by remov- 
ing the restriction would be only trivially different from (2.60). 

The derivation of an expression for the value of the left side of (2.60) when the 
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When g is a multiple of } the application of 772 to (I;?"Gsg) is simply to perform 

2g times the operation of introducing into (I 72 "Gs) a 1-fold set of parameters 

associated with || a,, ||, integrating with respect to the é’s and multiplying by 
n—k 


« *. This compound operation will be denoted by 


(2.57) Ee iS Ge 


It can be shown, as in the case of a single operator, that the application of J aot 
to (2.56) yields 


(2.58) — E(gs | are |" | dw |’) =K [| WW -—n+t4+1-4,21)] 
i=1 
t-—k 


x [] we —n+tt1— it 2h, 29)] X AGI? | Aves |? ah +9 Ge, 
i=1 
and the result holds for all values of g and A for which condition (P) is satisfied 
in all of the W’s, where (P) is the condition that a + 6 > 0 and a > Oin V(a, b). 
To find the simultaneous moment E(| a,, |" | a,, |*) we set the p’s = 0. 

There is no difficulty involved in the above process if the operators are applied 
in the order just given. However, if the reverse order or any mixed order (e.g. 
Te" T3012" 15 Gs where hi + he = h and g: + g2 = g) is used, several 
troublesome features may be encountered. Firstly, 7,7" Gg will not exist if 
N-—n+k-+1 + 2g < 0, whereas, under such conditions (2.54) will exist for 
certain values of h, and hence the further operation 7,2” will have no meaning. 
Secondly, if 173’ Gs does exist, then unless h is a multiple of — 4} the meaning 
and validity of the operation I;*" (I? Gs) would have to be treated by a 
procedure similar to that used in considering J‘ , Gs when ) is a negative integer. 
A detailed treatment of the question of commutability of these operations, espe- 
cially in the general case of m principal minors, would be rather laborious, but 
sufficient conditions can be given for the validity of all orders of performing the 
operations by specifying that the arguments of all W functions involved in all 
orders of applying the operators satisfy condition (P). However, the existence 
of E( | a,, |? | a,s |") obviously does not, in general, imply that both 157° 173" Gs 
and J;;" 15%" Gs must exist. Therefore, the problem of finding the value of 
E( | ay, |? | a, |"), when it exists, is solved when one order of applying 7°.’ and 
I," to Gz is found such that the arguments of the W’s in each successive operation 
satisfy (P). 

Now let us consider a set of m distinct principal minors of | a, | characterized 
as follows: Denote the minor | a,,,, | by ds (ue, Ye = ke + 1, ke + 2, °°: 05 
o = 1,2,---m)and0< ki < ky < --- < km < t +1, and let the moment- 
generating operator for d, be 1,. Let D,g be the minor | Ay,s,8 |, (Ye, 5 = 


1, 2, --- k,). Then we have at once the following formula 
(2.59) 2(s I] a) = K [I,?*= [i2has .-. I7*™ Gs] = 
o=1 
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m m t—k, 

R[ [uD oT] [] ww -nteti— i424 Ha, 2G; 
gat o=1 i=l 

where H, = a h,and Hy) = 0. The validity of (2.59) depends on the condi- 


a=1 


tion that the arguments of the W’s satisfy (P). The value of the joint moment 


ATI a) is found by setting the 6’s = 0. 
o=1 

Another interesting class of simultaneous moments is that associated with 
| a,, | and a set of mutually exclusive principal minors, the sum of the orders be- 
ing n. The general formula can be obtained in the following manner: Let the 


principal minor | a,,», | be denoted by c, (up, ¥%» = K,y-1 +1, K,-1 + 2, --- 


p-l 
Kya t+ kp; Kea = >) key Ki =; ki > nt; p = 1,2, --- I) and let the 
a=1 
moment-generating operator for c, be J,. Let C,s be the principal minor 
| Aus |(o = 1, 2, --- 1) and Cg, the minor| Ay, | (u, » = kin +1, kin + 2, 
--- t), We shall assume that all of the A,, except those contained in the set 
{C,s} are zero. Then by straightforward application of the J’s (setting all 6’s 
which are not contained in the set {C,s} equal to zero immediately after 
—2h 


applying the operator J; ;") we find, 


l 
(2.60) al: | are |* I] oy) = K(j?" 72 --- 2" 15%" Gal = 
p=1 
i-1 t 
RC," arm TT (053-*1 Gs |] ww -— n + 641-4, 20) 
p=1 i=1 
ki-—nt+t 


x [] ww nt+t4+14 2% - 4, 2D) 


x [] [] wo t-1 4+ 22 - 4 2,9), 


where Is is the value of gs with all 6’s equal to zero except those contained in 
{C,s}. Again we must impose the condition (P) on the arguments of all ¥’s. 


l 
The value of a Gre |" I] cy) is found from (2.60) by setting the remaining 

=] 
B's = 0. : 

It will be noticed that the restriction k; > n — t is not a necessary one, but 
was made for convenience, because the result that would be obtained by remov- 
ing the restriction would be only trivially different from (2.60). 

The derivation of an expression for the value of the left side of (2.60) when the 
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A,, not contained in {C,} are not assumed to be zero is extremely complicated, 
and only one very special case has been worked out which will be given in the 
section on Applications in connection with the treatment of the multiple corre- 
lation coefficient. 


III. The combination of sets of component product moments 


In the previous sections we have dealt with methods of finding the moments 
of certain functions of the determinant and its principal minors of the total 
product moments {a,,} and were finally lead to the two types of moment formu- 
las (2.59) and (2.60). In the present section we shall analyze || a,, || into a sum 
of matrices such that the elements of each matrix are distributed independently 
of those of the other matrices, and consider the problem of finding the sampling 
moments of various functions of the determinants of these matrices and their 
sums. 


T 


Let it be assumed that a,, (r, s = 1, 2, --- n) can be written as dam 
y¥=1 
where @;<, is a bilinear form in 2,2 and sq (a = 1, 2, --- N) and such that 


Nt + Ny 
(3.1) f e*Arsars —2Breyarsy dZ;. = 7 s | | E ’ aaa 


y=1 
where >, N, = N, Brsy = Bry,» Asy = | Ai; + Bijy |, the B’s are such that 


y=1 
|Ai; + Biiy | (vy = 1, 2, --- 7) is positive definite, B,s, is the value of By, 
after the substitution A,,:— Ars + Brsy = Arspy (7, 8 = 1, 2, --- n) has been 
applied. The existence of such sets as {a,.,} can be verified at once from the 
fact that the sample of values {2,2} (r = 1, 2, --- n; a = 1, 2, --- N), being 
drawn from an infinite population, may be treated as 7 independent samples if 
N > 7so that the variates in the y-th sample would be that part of the set {z,a} 
for which a takes on NV, values (the values being different for each value of 7), 


and 7,s, would be > ' ©ra€sq Where a ranges over the same N. y values. Another 


well known example is the case of + = 2 in which a,,; = Da(tra — X,) 
(tsq — Xs) and ars = NX,X,, where X ; = 1/N a tsa (6 = 7, 8), Ni= N-1, 


N.=1. Ther sets {a,,,} (y = 1, 2,--- 7), are said to be mutually independ- 
ent when they satisfy the relation (3.1), and the joint probability function of 
the 7 sets will be the product of 7 probability functions, the y-th one being that 
associated with {a,,,}. The sets {a,.,} will be referred to as component sets of 
product moments. 

Now let us write 


TN 2 ym “2 — ZBoapyapay 
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bait eg 

4 it 
hg HAAR OL 
an aa 
\ 4 ss 


—Z Ares 
Poy(Grey) = €@ = sips 


Then (3.1) can be written as 


+ 

et 

f 
(3.2) / [] PerGen) atin = [] Gey. ie iy 

ya y=1 , of 

Therefore, any variation in the 8,,, in Pg, will occur on the right only in G3,. . ie 
Hence, if we replace A,, in (2.13) by 8,., and apply the resulting substitution to 
(3.2) we get an expression in which the £-parameters are involved only in Ps, net 
and Gs, and which is valid for all values of the é’s. Similarly, we can introduce 
é-parameters into all of the P’s and the corresponding G’s. The fact that we can 
introduce ~’s into any of the pairs (Ps,, Gs,) (y = 1, 2, --- 7) independently of 
all of the others is all that we require (besides conditions (a) and (b) of Theorem 
I) to be able to apply the J operators to any Ps, and the corresponding Gz,, just 
as they were applied to (2.34). In fact, each of the pairs (Ps,, Gs ) has essen- 
tially the same structure as (Ps, Gg) in (2.34), that is, the set {a,,,}, as far as its 
sampling properties is concerned, is equivalent to a set of total product moments 
in a sample of NV, individuals. 

We can make any k-fold set of £’s occur in any number of the pairs (P3,, Ps,) 
we please by using the proper substitutions for the 8,,,, which makes it possible 
to use the moment-generating operators on various combinations of P’s and their 
corresponding G’s. For convenience let N; > Nz > --- > N,, and let the 
moment-generating operator for || a,.y || be J;., (y = 1,2, --: 7). Then we 
can write (for s < 7) 


(3.3) al T] (94, | drey | = 


y=1 
R (I72™ Gp) (72 Gp) «++ (1728 Gs,) Ga... «+ Ga, 


~ Zere yBrey 


where gs, = € But 
t 
(84) 1347 Gs, = [] Ww, — n+ 641 - 5, 2h,)) AG ahr Gey 


t=1 
where a, = | pg, |. Furthermore, 


— 2 ArsByarsy 


(3.5) T3571 Poy (Grn) = | Gre, 


Again, the validity of (3.3) depends on the condition that (P) be satisfied by the 

arguments of the ¥’s, and that || a,sy || (y = 1, 2, --- 7) be positive definite. 
We can now apply slightly more general operators to (3.3) which will generate 

the moments of the determinants of the sum of any number of the matrices : 


hy 
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|| a,sy || if the moments exist. For example, suppose we wish to find the value of 
the h-th moment of | a, + d,s2 | simultaneously with all of the moments found 
in (3.3); that is, to find the value of 


(3.6) E TI (| Arsy |*7) | Qrsi + Ars2 | 
y¥=1 
To do this let J42) be an operator which will make 


(3.7) | Brer || = |] Broo || = |] Bre 


afterwards assuming the rdle of the ordinary J operator on the 8,,. Then we + 
have, 


(3.8) I¢i3) (CTF Pa) 1723" Pay) ] = em 2AreBoraweares) | ayer |" | rae | | ret + Gree | 
Therefore the value of (3.6) is given by 
(3.9) K {1@E3, (TTE4 Gs) (LCE Gad} IER Gp) = (TEM Gp.) Gagan ++ Go 


where 








(3.10) Tid) (iS Go) 733? Gp,)] = 


[LT] os 2 4641-5, 2h) 


y=1 i=1 


x [] Wait 2 — n+ t+14 2h: + Qhe — 4, 2h)] 


i=1 


—hi—h2—-h hi he h 
x G5...) Ags a, ae | Opal + Apg2 | 


in which Gs:,,) = Gs,Gs, with the condition that (3.7) is satisfied Ag... = 
| Aj; + Bi; | and a, = | Apgy | (y = |, 2). 


+, 
In general, if > , Arey be represented as k mutually exclusive sums 
+et 


(3.11) LyiGrey HF Vyreyg Foes HF Vy Gren 


(r,s = 1, 2, --- n), then by straightforward application of the 2) type of oper- 
ator on (3.3) we can find the value of 


(3.12) iT] (| Grey |"7) Il | 2 yiAreyi | 


t=1 
In fact, we can regroup the k sums in (3.11) into mutually exclusive groups and 


so on and get further generalizations. We shall not write out the value of (3.12) 
but only consider special cases of it in the section on Applications when dealing 








f 
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with the generalized “‘Student”’ ratio and the Neyman-Pearson  y criterion for k 
samples. 


IV. Applications of the operators to sampling problems 


1. Generalized variance of deviations from regression functions. We shall 
suppose that the variate x; (¢ = 1, 2, --- ¢) is normally distributed about the 


regression function Pi Cx, such that the joint probability law of {z;} is 
Pp 


(4.1) a e~ 7Aaj(at—ZCipap) (2j—*Cipzp) 
2 
us 
where A = | Ai; |, || Ai; || is positive definite, the C;, are any constants and the 
a’s are deviations from means, that isz, = X, — m,(r = 1,2,---n). Thez, 


may be functions of one or more variables; for example, in the analysis of time 
series they may be, for computational convenience, orthogonal functions of ¢ 
over a set of values, the most important case being that in which the functions 
are polynomials’. If we let || A‘/ || be the inverse of the matrix || 2A,; || then 
Aii = p;;o0i0; where o; is the population value of the standard deviation of the 
deviations of zx; from its regression function, and p;; is the population value of the 
correlation coefficient between the deviations of x; and x; from their regression 
functions. Hence, A;;, when expressed in terms of the inverse notation, is 





Mii where A = | p;; | and A,;; is the cofactor of p;; in A. 
050; 


Now let a sample = of N individuals be drawn from the universe specified by 
(4.1), and as before, denote the value of x; obtained in the a-th drawing by zia 
when the value assigned to x, iS 2p. The probability law of the sample > is 

Nt N 
(4.2) tr * Ave 


Nie 


where 
=D) Au (te 5) Coen) (01e — Coen) 
i,j,@ Pp Pp 
It is interesting to note that the maximum of (4.2) for variations of 
mi — a Cipm, = m; say, B;, and A;; (i,j = 1,2, ---t;p =t+1,t+2---n) 


Pp 
occurs when 


(4.2a) m; = X;— pS Cited »» Cin = be vigv?? = C;,say, and Aj; = 3d‘, 
Pp 


qd 





’ For a detailed treatment on this subject see, C. Jordan, Approximation and graduation 
according to the principle of least squares by orthogonal functions, Annals of Mathe- 
matical Statistics, Vol. III (1932) No. 4. 
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where v;,= >) (Xra— X,) (Xea — ¥,), Xs = 1/N Dd) Xia (7,8 = 1,2, «+n; 


5 = r, s) v? is the element in the p-th row and q-th column of the inverse of 
|| pq ||, while d‘/ is the element in the 7-th row and j-th column of the inverse of 


|| d;; || where . 
(4.2b) d;; = 1/N (v a > viis) 


Pd 
N 


The value of the maximum of (4.2) is K, | d:; |” where K, is independent of the 
observations {X,2}. The quantity® | d;; | will be called the generalized variance 
in > of the variates x; about their least-square regression functions. 

If we denote by| v,, |:; the determinant obtained from | v,, | by striking 
out all of the first rows and columns except the i-th and j-th column, then 
di; ms 1/N | Urs lis 


| Vpq| 


(4.3) Ids; | = (1/Nye We 


| Ung [ 


The problem is to find the value of E (| d;; |*). Since N and | vp, | are con- 
stants, we have 


(4.4) E (| di; |*) = N~ | vpq |~* E (| Ore |*) 


Now it can be shown by the Jacobi Theorem that 





so that we only need to find the moments of | »,, |. 

In order to obtain the usual form on which to apply the operators we shall find 
the value of E(gs) where gg = e~*6rs*rs (8,, = Br), Which is the integral of (4.2) 
when multiplied by gg. From its definition v,, can be written as 


(1 — 1/N) = Lratsa — 1/N h} Sedfled: 
axa’ 


Therefore, the exponent in the integral defining E(gg) is a quadratic form in the 
Nn variates {z,.} such that the part which is homogeneous in the za is positive 


definite for sufficiently small values of the 6;;._ If we write b> AiCip = —Aip 


and >) AiCinC ig = Ave (pq=t+1,t+ 2, “7 = 1, 2, e+ b) then the 


ii 
matrix of the quadratic in the z,. can be expressed as a matrix || D,, || of square 
blocks of elements where D,, is the block containing N? elements in which each 





®See R. Frisch, Correlation and scatter in statistical variables, Nordisk Statistisk 
Tidskrift, Vol. 8 (1929), p.52. Here Frisch gives the geometrical interpretation and signifi- 
cance in regression problems of a quantity which he calls the collective standard deviation 
and which is essentially the same in structure as the square root of | d;;| but does not con- 
sider its sampling theory. 
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diagonal element is A,, + 8, (1 — 1/N) and all others have the value — 8,,/N 
Hence, it follows from (1.1) that 
N 
(4.5) E (gs) = A® | Di; |e" 
where 
T = LT ApgApg + ZF Apg®palga + | Dj; /| Dj , 


| D;; | is the minor of | D,. | with 7,7 = 1, 2, --- ¢, and | Dj; |, is a symmetri- 
cally bordered form of | D;; | in which the element bordering at the right of the 
a-th row within the 7-th row of blocks is 


(4.6) Ee (Ain + Bip) Xpa — 1/N » Bip Lpa- 





The problem of finding E(gg) is therefore equivalent to that of evaluating the 
determinants | D;; | and | Dj; |,. To evaluate | D;; |, we subtract the second 
row from the first row in the 7-th row of blocks, the third from the second, and 
so on; and repeat the process for all rows of blocks, that is, for 7 = 1, 2, --- ¢; 
then add the first column to the second column in the j-th column of blocks, add 
the second to the third and so on, repeating the process for all ¢ columns of blocks. 
The resulting determinant will consist of square blocks of elements, each block 
having N? elements and such that all of the elements in each block are zero 
except those in the main diagonal and last row. Consequently Laplace’s expan- 
sion may be used and we find at once 


(4.7) | Di;| = AZ’ A, 
where Ag = | Aijg |, and Aijg = Ai; + 8:;. Ina similar manner, we find 
| Dj; ls = Aj A {= AiippA jqpA 5! Upq + 2 AipA jgA* (X, — My) (X, - M,)} 
in which A §? is the general element in the inverse of || Ajjg ||. ‘Therefore we have 
for (4.5) 

N= _Nod N-1 
(4.8) E (gs) =A? Ag * e72®raa =A? Ge, 


where Bygg = Apgs — os A ipgAjqsAj’. It will be seen from the definitions of 


ini 
A;, and Ay, that By g vanishes when the 6’s = 0. 
If we denote the moment-generating operator associated with || v,. || by J+, 
then if || vy, || is positive definite we have 


N-1 


(4.9 E (gp\ 0!) = A? T;t* Gs = 
N-1 t 
A? 143 * |] ew —n+t- 7, 20) a, 
i=1 
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where v = |v,,|. To get the k-th moment of | v,,| we set the f’s = 9, 
Inserting the result in (4.4) we get 
t 
(4.10) E (\di; |") = N-* A [] (ww — n +t - 5, 28). 
i=1 


We have seen that the generalized variance in the sample = of the z; about their 
least square regression functions of the independent variates {x,} when expressed 
in terms of the v,, is given by (4.3). By the same procedure it follows that if 
g < t, then the generalized variance | d,s | say, in 2, of 2, %, «++ x, about their 
least square regression functions of the remaining variates of the set {7,} is 
given by 


(4.11) | dys | = N= | Urs I/| Vu» , 


where pn, vy = g +1,9 + 2,---n. Therefore 
N-~-1 


(4.12) E (ga | dys |*) = N-* E (gg | ve | | vy |-*) = NA ® TEE T2* Gy, 


from which we find 


(4.13) E (|dys |*) = N-% 





Ayl* T] Ww — n +9 — 4, 2), 


t=1 


where y, 6 = 1, 2, --- g. 

An interesting special case is that in which y, 6 = 1, when (4.13) yields the 
moments of the sample variance of the deviations of the variate x, about its 
least square regression line computed from the remaining n — 1 variates. In 
fact, the k-th moment in this case is 

N-n 4 k) 


r(%5 
(4.14) N- Aji 
r (2 - *) 
2 
The moments given by (4.10) and (4.13) are the same in structure. There- 
fore, as far as the moments and sampling distribution of the generalized variance 
are concerned, it is immaterial whether all of the variates in the regression func- 


tions are subject to normal sampling variation or remain fixed, for the results 
are the same. 











2. A generalized ‘‘Student”’ ratio for regression coefficients. If we deter- 
mine the A ;; for given values of the 7; and C;, such that (4.2) is a maximum, it is 
found that the maximum occurs for 


(4.15) Ai; = 3 cii (i,j = 1,2, °° 8), 
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ci; = 1/N 2 (7 _ a Cip t»«) (2 ne p> Cis t=) 


Now the ratio of the maximum of (4.2) under the conditions just given to the 
maximum of (4.2) for variations of the A’s, #’s and C’s is a constant multiple 
of the N/2-th power of | dj; l/c | = ¢ say. ¢ is a criterion of the Neyman- 
Pearson’ \ type which may be used for testing the hypothesis H that the sample 
> has come from a normal population having specified values of the m; and 
C;,» when it is known to have come from a normal population having a distri- 
bution law of the functional form (4.1). 
To find the moments of ¢ we set Ne;; = @;; and 


where 


Dp.y = eC *ravre —Zriitij (vis = is) 
and determine the value of E (gs,,) which is found by making the substitution 
N 
Ai; :— Ai; + yi; in (4.8) everywhere except in the factor A”. Therefore 


W—% N 


N 
(4.16) E (ge,7) = A? Aj! Ag? e7*8ravva = A” Gp, 


where Ag,» = | Ai; + Bi; + Vii |, A, = | Ai; + Vij | and Boa is the value of 
Bg after applying the substitution A;;:—> Ai; + y:;. Denoting the moment- 
generating operator for | 2;; | by J (77) we have at once 


2h 


(4.17) E (¢*) = A? vy {la Fay Gaylpeo}z—o- 


Performing the operation J;2" Gs,, and afterwards setting the 6’s = 0, we get 
for the expression in the square brackets 


(4.18) gt "yr I] [V(N —n+t —Z, 2h)]. 


t=1 


Operating on (4.18) with J ) afterwards setting the y’s = 0 and multiplying 
N 


by the constant factor v~* A’, we finally obtain 


i. 
(4.19) Es) = |] WwW — n +t — 4, 2h) WN +14 2h — i, — 2h). 
t=1 
An important special case of (4.19) arises when ¢ = n, that is, when there are no 
independent variates, in which case ¢ becomes the ratio 


(4.20) | ee : me SR - 
y 
lt¢n 











* See J. Neyman and E. S. Pearson, On the problem of the most efficient tests of statisti- 
cal hypotheses, Philosophical Transactions of the Royal Society of London, Series A, Vol. 
231 (1933) p. 295. 
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where é;; = vi; + N(X; — m,) (X; — m,) and T? = N — 1/N Evi (X; — m) 
x (X; — m,), which is Hotelling’s generalized ‘“Student’’ ratio. The h-th 
moment of this ratio is clearly 


W(N + 2h, — 2h) ¥ (N — n, 2h) 


from which the distribution of T? has been found by another method." 


3. The multiple correlation coefficient. The correlation coefficient between 
‘ a variate X, and that linear function of the variates X>, X3, --- X, which 
maximizes the correlation is known as the multiple correlation coefficient. If R 
is the sample value of the multiple correlation coefficient in 2 between X, and 
the remaining variates then 


eel th ee ibe 


eeadat amar ome: 


! | Ore | 
4.21 1— Rel 
’ a5) Vu O11 
| where jy: is the cofactor of v;; in | v,, |. Then since 
| iy (4.22) E [(1 — R%)*] = E [| os | oy § a7) 
44 4 H : the problem of finding E [(1 — R*)*] is simply that of operating on (4.8) with 
his Is, Ly, and Jy, where J;, and J, are the operators for 5 and vy respectively. 
Therefore 
N-1 
(4.23) E ((1 — R%)) = [A ? TT 157 17%" Ge). 


The value of I," Gs is given by the expression in the brace in (4.9). Operating 
further with J?" we find 
N-1 


(4.24) E[(1 — R%*] = [A ? 12! (Az, W(N — 2, 2k) Gp} Jono. 


Since J;; operates only through Bi, we shall set the remaining f’s = 0 before 
using Jy. Let Bygs, be the value of B,g when all 6’s are zero except Bu. Then 





1 : , 
(4.25) Boas, = rie oy oF [A Bog + Bu Au Bag] 
where 
(4.26) By, = An — >) AocdnA$" 
big be gyh 
ni bins in which g and h take the values 2, 3, --- and A%” is the general element in the 


inverse of the matrix obtained by striking out the first row and column of || Ai; ||. 





” H. Hotelling, The generalization of Student’s ratio, Annals of Mathematical Statistics, 
Vol. II (1931) pp. 359-378. 
1§. 8. Wilks, loc. cit. p. 487. 
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Remembering that A;, = Pe A;,Ci,Cjq and inserting in (4.26) we find by 
straightforward reduction that 

(4.27) Bie = A/AuCiC rq. 

Therefore we have from the structure of v,, and (4.27) that p> By Yq is non- 


P.@ 
negative. Denoting this by 3 y? and using the fact that the B,, are zero we have 
7 
H™ 
2 


Dia hig? igen 
(4 28) pqs } Y H+ Bu 


where H = A/Ax. 

In order to get (4.24) into a form which can be operated on by J; let us write 
Aun am H) 
Au + Bu/ 


Substituting (4.28) and (4.29) in (4.24) and setting all 8’s = 0 except 6,, we have 
for the quantity in the brace 


ad N-1+2k 
er: BAG at Se 3d A H 
4.30) Ay,” (An + , (1 - —_*_— 
( ) 11 ( 11 Bi) ye r Bu 


(4.29) H + Bu = (An + Bu) (1 - 


7 
) 2 e-h’+e W(N — n, 2k) 
where 


y 
oH 





wis a ie Ht} 


~ Anu + Bu 


Next we expand e* into the Taylor series 2 g‘/i! which converges uniformly in 
8 over the interval (0,«). Since || A;;|| is positive definite 0 << H < Ay and 


(Au + Bw) (1 





Au —H Ay - H\™ 
he f > Theref 1 - fut) >0 be 
008 Fe ~ < 1 for By > 0. erefore 4a + Ba (m > 0) can 
° ° 1 Aun —H r (m + 1) . P 
e ded —_———. ; - hich , 
xpanded into the series T Gm) pa ( saat H\ 7 which again con 


verges uniformly in 6, over (0,«). From the double expansion we get for 
(4.30) the series 


N—1+2k 


(H ay (Aun — H) (Au + Bu)-*-°- 9 


(4.31) cr “Fy ye mth 


u=0 v=0 





X W(N — 1 + 2, 2v) Y(N — n, 2k) 


which converges uniformly in 8 on (0,0). Therefore J, can be applied term 
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by term to (4.31), which is a series in the reciprocal of the first order determinant 
(An + Bu). Applying I7* to the general term we get 


N—-1+2k N-1 


—p-v—- 


(4.32) it ((4un+6u)  * due =An* 
xX V(N — 1 + Qu + 2v + 2k, — 2k), 
and finally obtain for (4.24) 








RY} = (H/Ay) CD DY (Fe “n) (1 - iz) 


(4.38) E[(— Ts 


np=0 v=0 


K W(N — 1 + 2p, 2v) X VW(N — 1 + Qu + 2v + 2k, — Qu — 2v —n +1) 
XK V(N — n,n — 1 + Qu + 27), 


which converges for all values of k for which N — n + 2k > 0 and 
N-—1+2k>0. The quantity H/Ay is 1 — p? where p is the multiple 
correlation coefficient in the population between the deviations of zx, from its 
regression function and the deviations of ze, 23, --- 2; from their corresponding 
regression functions. 

To find the sampling distribution of R? from (4.33) we use the relation 


1 


—1 
r("54 +n4) 


(4.34) W(N —1+2u+ 2+ 2k, — 2u—-2»—n+1) = 








1 FP 4a~s Stes 
x fa-9? a. 
0 


in (4.33). Interchanging the order of summation and integration we get 


(4.35) EQ — R= 0-6)? oF f 2 >) 


= y=0 


2 m7 N—n sd A i = 
E a») | (1-6)? ‘g? ba (Xs r)a 
N— em 
alvin 5)F( 2 +u)r(* ) 


It is clear that the k-th moment of (1 — R?) is identical with that of 1 — 4, 


N-1 

















where the distribution function of @ is regarded as the product of (1 — p) 2 
mr. 

-e ? andthe integrand of (4.35) withk = 0. The distribution of @ is the solution 

of a moment problem for a finite interval and hence! the distribution of R? is 





2 Cf, W. Stekloff, Mémoire de l’ Académie Impériale des Sciences de St. Petersbourg, Vol. 
XXXII, No. 9, 1914. 
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uniquely determined and is identical with that of 6. That is, 
W382 398 N=-n n—3 


Qo)? ee? G=R)? (RD? 
ra) 

= in E (i— “| p” cee re (MoE 4 r) aR 

2 wtotr(X S24 y)r(*F4 +n 40) 


It will be noticed that this is the sampling distribution of the multiple correlation 
coefficient between a variate x, and n — 1 variates of which ¢ — 1 are subject to 
sampling variation and the remaining ones are fixed. By widely different 
methods Fisher" has arrived at the distribution of R* for the two extreme cases 
in which all independent variates are (1) subject to sampling variation, and (2) 
fixed, and denotes the distributions for the two cases by (A) and (C) respectively. 
It can be readily verified that in case (1) t = n, y = 0 in (4.36) and we get 
Fisher’s (A) distribution and in case (2) 1 = 1, H = Aj, p = 0 and we get his 
(C) form. The (A) form has also been derived" directly from Wishart’s general- 
ized product moment distribution. 





(4.36) F(R?) dR? = 














4. The generalized Neyman-Pearson \,, criterion for k samples. Suppose 
that each of k samples 2, (y = 1, 2, --- &) has been drawn from a universe with 
a probability law of the form (4.1), and let the number of individuals in the y-th 
sample be V,. Then the probability law of the k samples taken jointly will be 


(4.37) Il P, 


y=1 
where P,, is (4.2) with N, the A;;, C;, and m, specified by attaching a y subscript. 
Let Mi, = Miy — >> Cipy Mpy and consider the maximum of (4.37) for inde- 
Pp 
pendent variations of A;;,, Bip, and mi, (i,j = 1,2,-:-t;p =t4+1,t4+ 2, 
“+: n;y = 1,2,---k). Denoting the maximum of (4.37) under these condi- 
tions by 2(max) we find 


k Ny 
(4.38) o(max) = J] | | diy 
y=1 


where J is independent of the x’s, and | dj; | is given by (4.3) when (4.3) is 
specified by subscripts for the y-th sample. 





’** R. A. Fisher, The general sampling distribution of the multiple correlation coefficient, 
Proceedings of the Royal Society of London, Series A, Vol. CX XI (1928) pp. 654-673. 

‘8. S. Wilks, On the sampling distribution of the multiple correlation coefficient, Annals 
of Mathematical Statistics, Vol. III, (1932) pp. 196-203. 
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Now suppose Ajj, = Aij;,Cipy = Cipand miy = Mi (y = 1, 2, --- k), thatis, 
that the k populations have the same set of parameters. The maximum of 
(4.37) under these conditions will be denoted by w (max) and is 

N 


(4.39) w(max) = J | dio | . 


where N = =N, and | d;;, | is the value given by (4.3) for the pool of the & 
samples {Z,}. Now let us write 
- Ny 
I] | diy | 2 
=1 
—. 


_ w(max) _ j 
(4.40) hy = Fe ag 





| dio |” 


A, is the generalized Neyman-Pearson" likelihood criterion for testing the 

hypothesis H that all of the samples 2, come from normal populations with the 

same system of parameters, when it is assumed that they are all from normal 

populations whose distribution functions are of the functional form (4.1). We 
2 


note that dj is the ratio of the geometric mean of the determinants of a set of 
positive definite matrices to the determinant of the arithmetic mean of the 
matrices, and has many interesting properties. But here we shall only consider 
the moments of \,, when H is true. 

From the expressions defining the d’s we have 


k 
ifs Vi, 
4.41 Aq = [ — eye lA 
‘ A IT | (q. ; | par | ee 


k N : 
where \, = I] ( et Nz, Urey (r, 8 = 1, 2, --- m) is defined as in (4.2a) 


FA | ere0 | 
y=1 
for the y-th sample, and v,,, is the same function for the sample formed by com- 
bining the samples {2,}. Now, since | vpq. | and the | vp | involve only the inde- 
pendent variates, they are constants as far as the moments of \,, are concerned. 
Therefore, we are to find the value of (Xj). Following the usual procedure let 


— = Brsyersy—=Brsorrso 


Jby.B = @ x, and consider 


(4.42) E (98.60) 


The value of (4.42) can be found by the same method used in deriving (4.8). 
Accordingly, we get 





= 


amor, >i k N-1 


(4.43) EF (Goya) = A * As, * e-*#raboroom T] G5, = A *® Goro, SAY; 
=1 





16 For the problem in one variate see J. Neyman and E. S. Pearson, On the problem of & 
samples, Bulletin de l’Académie Polonaise des Sciences et des Lettres, Serie A, Sciences 
Mathématiques, (1931) pp. 460-481. 








f 
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, 
2 
, 
where Gay = | Asiyt € ; Ag ani | A iy + Biio |; A ord 
, , , ; i; ; 
A; js0 + Bi; B peby me A papy +f 7 A ippy A 5 967 Az,’ ; Ag,’ is the general 


12 
element in the inverse of || Aj ;s, ||; Bposo is the value of B’,,, with the 
B,8 = 03 Ypqm = » N, (Xpy — X,) (X., —X,) in which X,, is the mean of 





’ 
—=Bpqby*pay 
P.@ 


Y — 
X, in the y-th sample 2, and X, is the mean of X, in the sample composed 


by pooling 2), 22, -++ 2,. 
Now let Jo) be the operator associated with || v,,. 
with |! v,sy |] (y = 1, 2, --+ &). Then we have, 


(4.44) E (Xt) = EB & I] (=) - 


yi B=0 








and J;,) that associated 








[7Neh —Np-th 
{1%b) I (kD | ea) >" 45 * Giey.bolBy0} Boxos 


where B is the set of all 6’s, B, the set {8,,,} and B, the set {8,.0}. Each of the 
operations in the square brackets in (4.44) yields an expression of the form in 
the brace in (4.9). After applying Iq, Ia), --- Iq) and writing 8B, = 0 we get 


N-1 t k 
(4.45) a’ I] I] [v(N, —n+t—i,N,h)] 
i=1 y=1 
k Nyt _ N-1+Nh 
I] [ Upay idl Ag, , e—=Bpa8,"P%, 
y=1 


which is similar to (4.8) as far as the #’s are concerned. Operating on (4.45) 
with /%*, and setting By) = 0 we get the value of E(A},) and hence, from (4.41) 


(4.46) E (Ag) = Il (a) : Il [W(N, —n+t-i,Nn Dy) 


y¥=1 i=1 

t 
[| wow - 2 +24 an - i, - WN). 
#=1 


The moments of generalizations of other Neyman-Pearson criteria, for 
example, their \z, and Ag, can be found without much difficulty in the fore- 
going manner. 


V. Sampling distributions 


It will be found that the moments of a large number of statistical functions, 





** Cf. J. Neyman and E. 8. Pearson, loc. cit. p. 464. 
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for example those given by (4.10), (4.14) and (4.19), which can be treated by the 
methods of this paper can be represented in one of the forms 


Pp 
(5.1) M, = A* [J ¥(a,, 2h) 
t=1 
and 
(5.2) M; = B* [| (¥(,, 2h) Wes + 2h, — 2h)] 
‘ i=1 


where c; — b; > 0 (¢ = 1, 2, --- p) and A and B are positive and independent 
of h. Thus, if U and V are statistical functions whose h-th moments are of the 
forms M, and M,, respectively, and f(U) and g(V) are the corresponding fre- 
quency distributions then the moment equations 


(5.3) . U* f(U) dU = M, 
and 
(5.4) [ V"g(V)dV = M, 


must be satisfied. Solutions of these equations have been found.'” The expres- 
sion (4.46) is a moment of neither the M, nor M;, type; however, when 
N, = N. = -:: = N;, it can be transformed into the M;, form by expanding 


t 
the gamma functions in I] W(N —-n+t+AN — i, — hN) by Gauss’ 
i=1 
multiplication formula for gamma functions. In the case of the multiple corre- 
lation coefficient it has been found that the h-th moment is an infinite series, each 
term of which is, except for a constant factor, of the form (5.2). 





7 §.8. Wilks, Biometrika, Vol. XXIV (1932) pp. 473-475. 
18 See Whittaker and Watson, Modern analysis, fourth edition (1927) p. 240. 
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ON TENSOR INVARIANCE IN THE CALCULUS OF VARIATIONS 
By A. W. Tucker! ’ : "4 
(Received September 28, 1933) i, 
Introduction. Morse? has given a tensor formulation of the problem, set : : 
up in an m-dimensional Riemannian space R* (with points x), of minimizing te 
t pe 
by choice of an oriented are C (parameterized by t) whose end points x“ have ara. 
the coordinates | el 
, . Be td Get 
(0.2) gifs) = xi (a) = ¥ 2. % . if 
+i Sas 
a denotes a point of a given subspace of a 2m-dimensional space R“ K R, the Pes 


product of two copies of R. F denotes a function positively homogeneous of 
degree one in its second set of arguments: 


(0.3) F(x\kr) = k F(a|r). t, 





This paper introduces a covariant differentiation (denoted by semicolon) 
which applies to the above problem as follows: 


d 

(0.4) FP ig —_ F ..4 = ae" > Fi 
: F,) ics) ]2 
(0.5) O:ah + [Fs aie)? = O0,h + [Fe | > 
1 


These establish the invariant nature of the Euler equations (0.4) = 0, and the 
transversality conditions (0.5) = 0. For a given C satisfying (0.4) = 0 and (0.5) 
= 0 we have 


\d 
(06) Bix wut + [204m] 93) dt = Baud wt + [2(>|ai)# 
C Cc 





‘ National Research Fellow. 

?M. Morse, The calculus of variations in the large, American Mathematical Society Collo- 
quium Publications (not yet published). I am indebted to Professor Morse for the priv- 
ilege of reading the manuscript. 

* R may be regarded as a regular manifold in the sense of Veblen-Whitehead, The founda- 
tions of differential geometry, Cambridge Tract (1932). Since we are not interested in 
details of class we merely assume that the varieties and quantities we introduce have classes 
sufficient for our needs. 
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where 
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= Beghak + [F spi 2i),]? 














2w*(n | 0) = Fyripi tot + QP sigs of? + (PF yxiei + 1” Fyre RY ;,,)n' 9! 


Oxi (*) 2 
Bak = Oahak + | Fe cast 


da" da* 1 


2w(n | 3) = Frit wt et + QP ig ini + Pann’, 





provided 

(0.7) 7°) = a 

Moreover 

(0.8) whi, — Ohi = Tag — wy 

(0.9) By, ut + Ee = = Bax ut + | ow Sr | 


These establish the invariant nature of an accessory problem based on the 
second variation (0.6), the secondary end conditions (0.7), the Jacobi equations 
(0.8) = 0, and the secondary transversality conditions (0.9) = 0. 

In §1 we develop our covariant differentiation by itself as an interesting 
extension of tensor analysis. In the later sections we apply it to multiple 
integral problems in the calculus of variations. 


1. Covariant differentiation.* Let r denote a mixed quantity whose com- 
ponents transform according to the rules 


: - or’ 3 A 
(1.1) ri =r ri. = ri ki, 


= |k>.| >0. 
» az?’ k [ky + 





Let Q denote a quantity, dependent on z and r, which is simply covariant in z 
and a simply contravariant “direct’’ density in r: 
ax* 


(1.2) Q = WM — 


ax” (kX ky = 6}). 


Qi = kQi ky 
(“Direct”’ refers to the restriction k > 0.) 

To avoid complicated subscripts we write the partial derivatives of Q with 
respect to x’ and r} as 


*. and Q*4 


i473 t,7° 





‘ For tensor terminology see L. P. Eisenhart, Riemannian Geometry, Princeton (1926); 
O. Veblen, Invariants of quadratic differential forms, Cambridge Tract (1927). 
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Multiplying the second part of (1.2) by k}., summing, and differentiating with 
respect to ki, we get 
Qh Th RY + QE Of = Qh ke’. 
With &. a Kronecker delta this becomes i? ; 
(1.3) Qitri + Qt or = Qh ot. riot 
By differentiating (1.2) with respect to r? and x/ we get 
rp Ort » » Ox! n! rs ve Bi’ 
Oh ag ~ hae QU kt, = kQz 4k 
(1.4) : i, 
» é = A zt f = Ld ” ‘ hha oi 
+ ry] “re Qih ee oi ~ ini By Mi =kQj,; bP. i 
We define the covariant derivatives of Q by the rules ‘ 
(3 = Qi Nes 
(18) la Are, —Qhert, ae 
ted — Q? ; = Q> ti 7 Qi. ’ an gran 
(It is indifferent here whether the I’’s are Christoffel ee or the components ics 


of a more general connection.) Using (1.4) it may be readily verified that these 
covariant derivatives have the tensor character 


5 i 7 
2” ween Ap dx* Ox s* Aw ZA’ ew’ 
Qi) art Q3.5 an’ ax” 05:5 ove kQi;5 ky ki 





r ax' dx! , mS gre 
ot op ge :4 oF aa ts = kQ;,;k 

Now let the components of Q have the arguments 

axi 


= z(t) and rj = a 


t denotes a point in an oriented /-dimensional subspace C. Transformations of 


coordinates (parameters) in this subspace are required to preserve the orienta- 
tion, ie. | a¢4/at’’ | > 0. We define the covariant derivatives of Q in the sub- 


space by the rule 








1.6 = 0» AP rm r —~_ QT 
( ) ij <Q - —- QT ; qa act + Qi Q' 
(I; , denote I'’s in the subspace.) Using (1.3) and the covariant derivatives 

, 02a! az? _., O2* adz'_, ee 
1.7 i = —+—_—Pri,— - —T, Bae 
“ Ta = opap + aul 22 op op ae 
we see that (1.6) obeys the “function of a function’’ rule ont t. f 
4.8) ie = Oy HO a, hd 

Hid ea 
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Hence Q. has the tensor character 


i = On 2%, Oy = |B lah MS 
ot ili i;v axi” typ at’ tiv ae at” 


By contraction (1.6) becomes the divergence 


. a 


A y 
1 = re 
t5A aa Ot — Q> 


(1.9) iq ams 


The rules given above apply with obvious modifications to a Q having com- 
ponents with an arbitrary number of indices, covariant or contravariant, and 
with arbitrary weight. In particular they apply to a Q which is scalar. They 
also apply to a Q which depends on more than one quantity of the r type. , 

If the subspace C is a curve, i.e. if | = 1, Greek indices may be dispensed with, 
provided a more explicit means of indicating differentiation is used—say that in 
our introduction. Attached to the curve there is just one I; in the metric case 
it has the value (d?s/dt?) + (ds/dt), s being the arc length along the curve. 


2. Integral of a divergence. Let 


(2.1) [s dt 
Cc 


symbolize an /-fold integral taken over an oriented /-dimensional field® of integra- 
tion C (parameterized by ¢) immersed in the underlying x-space. ff denotes a 
sealar (direct) density in ¢; dt denotes a ‘“‘volume element”’ dé'dt? --- dt'. Let y 
(parameterized by 7) denote the boundary of C. If fis a divergence 


a N 
g 3A = 6 


the integral (2.1) is equivalent to the (J — 1)-fold integral over y of the component 
of ¢ normal to y 


(2.2) {a a ? dt = i £) p dr. 


£ is a covariant vector of weight —1 in ¢ and a scalar density in r. The com- 
ponents of £ are the principal minors of || a¢*/@r? ||: 


ate at” 


art Bett 


Formula (2.2) generalizes the well-known theorems (J = 2, 3) which bear the 
name of Green (or Gauss). IfC isanare bounded by y = r2 — 71, (2.2) becomes 


d = 
[GG 6) at = [6)t. 


’ Cf. G. de Rham, J. de Math. IX s., 10 (1931), p. 166. 


&) = €E\u--- v 





we 1 
(3.1 
We 
sca 


inv 
pre 


fo 


n | 
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2 Problem with fixed boundary. Turning to the calculus of variations 
we take an integral of arbitrary multiplicity 


(3.1) [ F(2 =) dt. 


We admit only C’s bounded by a fixed y. F(x | r) denotes a quantity which isa 
scalar in x and a scalar direct density in r. Accordingly, the integral (3.1) is 
invariant with respect to coordinate transformations of x and orientation- 
preserving coordinate (parameter) transformations of t. 

The first variation of (3.1) is 


pr on Be Poy hee d » hal 
(3.2) Le an t Men n')a [erana {gr — Fs) nat 


for, using (2.2), 
lé (Ft n‘) dt = [orraar 


n denotes the first variation of x on C; it is a contravariant vector such that 





(3.3) ni =0 , on ¥. 
The vanishing of (3.2), reduced by (3.3), leads to the Zuler equations 
O pr _ We 
(3.4) at F i F ; 0 
These are tensor equations, for 
(3.5) Fy, — Fy,= =F - Fi 
as may be seen by subtracting (cf. (1.5) and (1.9)) 
F.; = F a F> lean 
from 


£..) @ ws r ox? 
Prin = aii — Pie Tie aie 


4. Second variation. The second variation of (3.1), calculated for a given 
C, is 


art | an 
(4.1) [(e F* ‘ox + Ft!)dt + [20(.| 2”) at 


where 


2w(n|\r) = FY ay i + QF wh oni + Pe; 05 0%. 


‘7 














iy 

ig 
eu 
} 
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¢ denotes the second variation of zon C. It is such that 
(4.2) c= 0. on ¥. 
¢ is not a contravariant vector but 
f+ ek 
are the components of a contravariant vector. Similarly z is not a quantity of 
the r type (cf. (1.1)), but a is, where 
(4.3) of = ai + oT; , rf. 


Like (3.2) 
, oF? ag . > 9 pr_ p.)ei 
(4.4) [(e ox + Pas) a [es FP tidr I(é P? Fa)t dt, 


We assume that C satisfies the Euler equations (3.4). Then the second term 
on the right of (4.4) vanishes. Due to (4.2) the first term vanishes. Hence 
(4.1) reduces to 


(4.5) [ Que (, | #) dt. 


In place of (4.5) we consider 


(4.6) [rain a 
c 
where 
2u*(n|o) = Ft4 a} o} + 2F:; ; o} n? + (F.;; + 15 F;> Riju)n' 0). 

The components of the curvature tensor appearing in the coefficients of n'y’ 
in 2w*(n | o) serve to render these coefficients symmetric in the indices j, /. 
2w*(n | n;) is a scalar in x and a scalar direct density in ¢. Hence (4.6) is in- 
variant. 

By (4.3) and our rules of covariant differentiation (ef. (1.5)) 
[Pst ono, = PYG (ay, + Turk 0”) (4) + Ti, rf 0°) 


_ Au a r eo Xx a 
= Fp ri at, + OP Tiers an + Pei te 


ju'p 


. sit . . : : : 
Fi; o,7' = (Fi; = FS lj = Fe r. rh) (x, + Tea Th n”)n? 


r nN fg 
= (Fi; — PF T%; — FUSTS, 12) 2 07 
r ies 
an) + (Foi +6 ry am F* Miu rx = rx rz. ryyrx ry) n' ”’ 
ae 7] 
Farin’ = {Pou ~ FB, Thott — PR(2rt.) mt — Pal hy 
r w 
+f, reer — F537. ry + Fe a it ry ( 


+ Foie Tin rib ni. 





To 


to 


Qu 








y of 


ce 
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To these we add 


ie 0 ) 
u Py 1 mon » P —_— 





| + Pe Tis ‘> oe ry ;)m ” 
to get that 

‘3 — uf @ a 
w*(n| 0) = 2w (n| er) — (2F Meme th Tian tPF) ee rts) ata 
On C the bracket in the last equation reduces to 


=F.) 0; 2‘ 1’) 


since C satisfies the Euler equations (3.4). So integrating, with use of (2.2), we 
have 


(4.9) [20149 dt = [20(1 20) a — [ar Tr? ; n' n? dr. 
Cc Cc at , 


By (3.3) the boundary integral vanishes. Hence (4.6) and (4.5) are equivalent. 
This proves the invariance of (4.5). 


5. Jacobi equations. The Euler equations based on (4.5) are the Jacobi 


equations 
a 
(5.1) apes —w,; = 0. 


To establish their invariant nature we show that 
(5.2) o.4,—- 4, = —w5 


The ordinary derivatives of 2w* with respect to oj and 7/ are covariant deriva- 
tives (cf. first part of (1.5)). So 


wo, = FA* oi + FD, ni 
(5.3) =FMGOL+T rea) + Fy — PTI — Plt) 
| = PM ai + PB, gf — PAT?, oF 





Changing indices and evaluating on C we have 


= Fre ‘at + Fi 


the divergence of which va (ef. (1.9)) 


- oad a F>* an’ i 
' oft, = ZF 45 ox t Pi n)- Zeger <7 7) 
(5.4) 


Ox” On’ ox" r Ox" .. 
— Fert, — —-— fF? 7? FST. ¢ 
Peete ape ap Fons Pin a + oe" 


gf — Foe; 


ee 

















348 A. W. TUCKER 


By using (4.7) we see that on C 





( wr, = Fini + (F.i; + ry FO R25.) 1° 
r F> r i 
(5.5) = FA + Pasa ge 7’) 
r dx” On* r Pp dx" ni Pp w dx" 
ai Fit Dio om OP F oi je ax ap ” + F> p Pr; o i3 uppT 


\ 
since C satisfies the Euler equations (3.4). Therefore, subtracting (5.5) from 
(5.4), we get (5.2). 


6. Problem with variable boundary. Instead of (3.1) we consider 


(6.1) [ecind+ [r(z a) at 
¥ C at 


and instead of keeping y fixed we set it free to vary over a given subspace of our 
x-space. z denotes a point of this subspace. © denotes a scalar in z and a 
scalar (direct) density in z. Hence (6.1) is invariant. 

Instead of (3.3) we now have 





2 = —v* ny. 

(6.2) = 24 on ¥ 

v, the first variation of z on y, is a contravariant vector. Using (3.2) and (6.2) 
we have that the first variation of (6.1) is 


(6.3) [(¢. + FP, % 32°) oar at [(d Fr, — Fa) nt dt 


Let (6.3) vanish. The vanishing of the second integral leads to the Euler 
equations (3.4). The vanishing of the first leads to the transversality conditions 


(6.4) 0, + ori =o. 
These are tensor equations since the partial derivatives in (6.4) are covariant 
derivatives. 
Instead of (4.2) we now have 
dx' 07x! 


6.5 i= —_ yw @ yb . 
(6.5) {fo + ee ony 





w is the second variation of zon y. Using (4.1), (4.4), and (6.5) we get that the 
second variation of (6.1), calculated for a given C, is 


[(e Oot AFI =) ws dr -[(Ari-r, Jas |B pv v dr 
; 
+ (> By 





m 


Ir 
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where 
n dPxt 
** @z2az" 


Ba = Oa + ix F 


We assume that C satisfies the Euler equations (3.4) and the transversality 
conditions (6.4). The second variation then reduces to 





dn 
B, @ gyb be. ; 
(6.6) / pv? v dr + [20(1 on a 
In place of (6.6) we consider 
(6.7) i B* , v*v® dr + [ Qw*(n | 9;) dt 
;. 


where 
an = 0:40 + i, PF, S55 


B* is doubly covariant in z and a scalar direct density in +. Hence (6.7) is 
invariant. By our rules of covariant differentiation (cf. (1.7)) 





a°x* oz? Gxt OE" ne 
az*az’ | azt 7% az = aze «*” 


Be = 0.2— 9. Too + &a Fa( 
(6.8) 


ax* dx! 
Bat &FT%; a2 pee! 


since C satisfies the transversality conditions (6.4). Now, using (4.9) and (6.2), 
as well as (6.8), we see that (6.7) and (6.6) are equivalent. This proves that 


(6.6) is invariant. 
In addition to the Jacobi equations there are now secondary transversality 


conditions 


(6.9) Barv? + &,) ee 
dz? 


These are tensor equations since (5.3), (6.2), and (6.8) unite to show that 


ax 
By v? + & o Bee 


reduces to the left side of (6.9). 


7. Remark. The problem of Morse treated in our introduction is more 
general than the simple integral case of the problem considered in the last section. 
The former reduces to the latter if the a-space (cf. (0.2) f.) is the.product of two 
subspaces of our z-space, and if @ is expressible as the difference of functions 
defined over the two subspaces. Despite this added generality the formulas 
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given in the introduction are quite analogous to those we have been developing 
in the last few sections. To induce a metric in the a-space we need only assume 
that the square of the linear element in Rk“ X R® is just the sum of the squares 
of the linear elements in R® and R®. Then 


is) oa O2zils) Ox? s) - O27) e ox(s) re 
jahak da" dak da*® =P * ak dav «fF 
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HAUSDORFF GROUPOIDS 


By GARRETT BIRKHOFF* 


(Received October 15, 1933) 


1. Introduction. Associated with any Hausdorff space is a topological invari- 
ant, namely, the Hausdorff space of its (1 — 1) transformations into itself, 
under a suitable definition of “neighborhood.” If the points of the primitive 
Hausdorff space are isolated, this definition is equivalent to Kneser’s definition! 
of continuity, and the resulting transformation-space may be known as a 
‘Hausdorff groupoid.” 

Under further special corditions, this Hausdorff groupoid has special metric 
properties. An immediate application of the general discussion is the fact that 
the group of any algebraic extension of an enumerable commutative ring is a 
Cantor set, an M-group in the sense of van Dantzig,? and has a mass-function in 
the sense of Caratheodory.* 

By connection with this result, we investigate the order of the group of auto- 
morphisms of the complex number system, the general question of auto- 
morphic extension, and the lattice theory of Galois extensions.‘ 


2. Groupoid. By a “groupoid” we mean any system @ whose elements 
satisfy the first three group axioms: 

G1: Every ordered pair of elements a and 6 of & determines a product element 
a8 in G. 

G2: (a8)y = a(6y) for any a, B, and y in G. 

G3: G contains an element 1 satisfying al = la = aforany ain G. 

Let a be a fixed, and y a variable element of the groupoid G. The trans- 
formation ai: y — ya, is evidently a (1 — 1) transformation of the elements 
of @, and the transformation aa: y — y(aia2) is identical by (G2) with the 
sequence y — (vai) — (yai)a2. Since also only a carries 1 into a, we see that 
distinct elements perform distinct transformations on ©. That is, to any 
groupoid corresponds a (1,1) isomorphic set of (1 — 1) transformations of a class 
into itself. 





* Society of Fellows, Harvard University. 

Math. Zeits. 25 (1926), p. 362. 

* Math. Ann. 107 (1933), 587-626. 

* “Vorlesungen iiber reelle Funktionen,’’ Berlin, 1927, p. 238. 

‘Cf. the author’s “On the combination of subalgebras,” Proc. Camb. Phil. Soc., 29 
(1933), 441-464. 

* Cf. W. Specht, ‘Eine Verallgemeinerung der Permutationsgruppen,’’ Math. Zeits., 37 
(1933), 321-41. Not to be confused with the “gruppoid’” of H. Brandt, in ‘Uber eine 
Verallgemeinerung des Gruppenbegriffs,”’ Math. Ann., 96 (1926), 360-66. 
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The obviousness of the converse to this shows 

THEOREM 1: Groupoid algebra is the algebra of those sets of (1 — 1) transforma- 
tions which contain the identity, and the product of any two transformations of the 
set. 

By a “subgroupoid”’ of any groupoid G, is meant any set of elements of & 
which itself constitutes a groupoid. 


3. Transformations of Hausdorff space. We shall be dealing almost invari- 
ably with Hausdorff spaces in the conventional sense, namely,® with classes § 
of points and ‘“‘neighborhoods”’ (special sets of points of $) satisfying 
H1: Every point x of © “has” at least one neighborhood V., and every V, 

contains x. 

H2: To any V, and V, corresponds a V;, C V.-V%. 

H3: To any y C V, corresponds a V, C Vz. 

H4: Toanyz ¥ ycorrespond V,and V, without common point. 

Consider the class of (1 — 1) transformations 7 of any Hausdorff space $ into 
itself. We can evidently regard the 7 as points. In addition, we can define 
‘“neighborhoods’’ as follows, 

HT1: The neighborhoods NV, of any fixed a shall consist of those transforma- 
tions 7 carrying preassigned finite sets 7, --- , 2, into preassigned 
neighborhoods Va,21), --* , Vaten) Of a(x), --- , a(n). 

In terms of these, we can assert successively — 

H1: Na >a, since by H1 any Vaiz;) © a(x). 

H2: Let Na and Ni be given, defined by requiring r(x.) C Vae,) for 
h=1,---,mandr(yx) C Vic) fork = 1, --- , nrespectively. Let 21, --- ,2p 
denote the point-set sum of the z, and the y,; evidently p Sm+n. If 2 is 
both an z, and a yz, choose Vove;) C Vater)*Va cy); this is possible by H29. 
Otherwise set Vac) = Vacen) OF Vat) = Ve cg) according as 2; = 2, OF 
z; = yx. The neighborhood N. defined as in HT1 from these satisfies 
Na CNa‘Ni. 

H3: Suppose 8 C N,; that is, B(z:) C Vag; for i = ,--- 1, n. We can, 
by H39, choose V g(2;) © Vaz; ; moreover the x; and the requirement r(x;) C V2) 
define a Ng C Ng. 

H4: Suppose a ~ 8. For some z, a(x) ¥ B(x). Hence, by H4§, there exist 
Vaz) and Vg,z) without common point. The N, and Nz defined by Vaiz) and 
Vace) are therefore also disjoint, as the possibilities r(x) C Vac) and 
r(x) © Vgvz) are mutually exclusive. 

Summarizing the results of the last four paragraphs, we get 

THEOREM 2: The (1 — 1) transformations of any Hausdorff space $ into itself 
are a groupoid &() homeomorphic under HT 1 with a second Hausdorff space. 





* F. Hausdorff, ‘“‘Grundziige der Mengenlehre,’’ Leipzig, 1914, p. 213. By Hn will be 
meant “Hn applied to 9.” 
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4, Regularity. A topological space is said’ to be “‘regular’’ if and only if to 
every point x and every closed set S not containing x correspond disjoint open 
sets U DrandV DS. Wecansupplement Theorem 2 by 

TurorEM 3: In Theorem 2, if $ is regular, then so is G(H). 

Suppose an element a of G, and a closed set G of © not containing a. By 
definition of closure, N. exists excluding G; ie., there exist x, --- , x, and 
neighborhoods Vaz), *** » Vaien), Such that to y C G corresponds an 2; for 
which y(23) ¢ V a(x): 

Now by H39, S — Vaz) is closed; consequently if is regular, we can 80 
choose Vag that to any y CH — Vag corresponds V, CH - Vana. 
Defining N: as in HT1 from x, --- ,°z, and V~ sities *** 4 V, nom we see that 
any y CG is in some neighborhood N, defined by an and the requirement 

r(z;) CV ye) CH — V: (z;), and hence disjoint from N°. 

Since finally any sum of open sets is open, this shows that we can include G 

in an open set having no points in common with N*; that i is, Y is regular. 


5. Topological Invariance. It is important that we establish the topo- 
logical invariance of @() as a function of §. That is,’ suppose we substitute 
for the V, of §3, W, having the property that to every x and W, corresponds a 
V. C W., while to every x and V, corresponds a W, C V,. We want to see 
whether the M,. defined from the W, and HT) have the same property relative 
to the V, defined from the V, and HT1. 

This is fairly obvious; for a given Va z;, of HT1l we can substitute 
Waizi) © Vacz;); it will follow that the neighborhood M, so defined will be 
contained in the N, defined from the x; and the Va,z;._ Since the symmetric 
condition can be proved from analogy, we know 

TueorEM 4: The groupoid G@(H) of Theorem 2 is a topological invariant asso- 
ciated with . 


6. Permutation Groupoids. Let us now consider the specia] case that 
consists of isolated points; that is, that V. = x. In this case HT1 coincides 
with Kneser’s definition? of transformation continuity and assumes a special 
importance. The WN are in fact the sets of (1 — 1) transformations carrying 
particular finite classes of points of into preassigned transforms. Since § is 
regular, @() is a regular Hausdorff space. 

By a “Hausdorff” groupoid is meant one in which the elements a, 8, 7, - 
have “neighborhoods” N., Ns, Ny, -:- in the sense of Hausdorff, satisfying 
H1-H4 and in addition 
HG1: To any choice of a, 8, and N.s correspond N, and Ng such that o CN 

and tr C Ng imply or C Nag. 





" E. W. Chittenden, Bull. Am. Math. Soc. 33 (1927), p. 20. 

* M. Fréchet, “Les espaces abstraits,’”’ Paris, 1928, p. 173. 

’ H. Kneser, ‘Die Deformationssitze der einfach zusammenhangenden Flachen,’’ Math. 
Zeits. 25 (1926), p. 362. 
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In the case of permutation groupoids (i.e., the points of 5 are taken as igo- 
lated), G() satisfies HG1. For, given a, 8, and Nas, we can define NV, and Nz by 
requiring that their elements transform like a and 8 respectively, those points 
21, *** , tn Which the transformations of Nag must transform into a8(z,), --- 
aB(x,). That is, 

TueoreEM 5: The (1 — 1) transformations of any set of isolated points into itself 
constitute a regular Hausdorff groupoid. 

By a ‘‘Hausdorff” group is meant a Hausdorff groupoid which satisfies 
G4: Every element a of & has an inverse a which satisfies aa~' = aa = 1. 
HG2: To any choice of a and N. corresponds an N,-— such that o C N,- 

implies o~! C N,. . 

THEOREM 6:9 Any permutation group is a regular Hausdorff group. 

That it is a group is banal; that it is a Hausdorff groupoid we have just seen. 
It remains to prove that it satisfies HG2. If N. is defined by requiring that its 
elements transform 2, --- , 2, like a, then define N,-1 by requiring that its 
elements transform a(2x;), ++: , a(n) like aW. 


’ 


7. Enumerable Case. Suppose that § is enumerable (in symbols, that 
o() = &); this is a special case of considerable importance. Let us denote 
the points of by pi, pe, ps, --:. We can define as follows neighborhoods 
Ux of the groupoid G(). 

Uns. (k =1,---,n";n = 1,2,3, --- ] transforms each point p; [7 = 1, --- , n] 
into the point pi), where ¢(z) denotes the 7th digit of k in the n-adic number 
system. I.e., setting k = $(1)n"—! + $(2)n"-? + --- + o(n) [k = 1, --- , nl, 
then 7 C U,,;. is equivalent to r(pi) = pew [i = 1, --- , n]. 

There are evidently S U,,.. Moreover suppose N., any neighborhood of 
©(); its definition is that r C N. means r(p;) = a(p;) = Paci) [¢ = 01, «°° 5 Onl: 


Letting n be the largest of the 6; and a(z), and k = 2, a(i)n"—*%, we have 
i=1 

Unx CNa. That is, G(§) is perfectly separable. It follows from results of 
Tychonoff and Urysohn," that 

THEOREM 7: Let § consist of S isolated points. Then @(H) is homeomorphic 
with a subset of Hilbert space. 

Coro.uary 1: The Hausdorff group of any group on S& symbols is homeo- 
morphic with a subset of Hilbert space. 

Moreover, since the U,,, are closed as well as open, @() is zero-dimensional. 
Therefore!” 

CoroLuary 2: G(H) in Theorem 7 is homeomorphic with a line set. 





© Cf. W. Krull, “‘Galoissche Theorie der unendlichen algebraischen Erweiterungen,” 
Math. Ann. 100 (1928), p. 687. 

11 P. Urysohn, “Zum Metrisationsproblem,” Math. Ann. 94 (1925), p. 309. Tychonoff, 
‘Uber ein Satz, etc.,”’ Math. Ann. 95 (1925), p. 139. 

12 Cf. K. Menger, ‘‘Dimensionstheorie,” Berlin, 1929, p. 79 (for dimensions of &()), 
and p. 295 (for ‘“‘Einbettbarkeitssatz’’). 
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8. Meromorphic Product of Enumerable Groups. Let G be the symmetric 
group on a class T containing S symbols. In §§8-9 we shall study some proper- 
ties of subgroups S of G which are topologically closed, and whose “transitive 
systems”’ are finite.'* 

Let Ti, T's, T's, --: denote the transitive systems of I’, S; [k = 1, 2,3, ---] the 
normal subgroup of © centralizing’ T, + --- + Ty, and s; the finite index of 


Skit in Sk. 
Let the segment 0 < x S 1 correspond to the coset of S)S = Ain A. Now 


use induction, and suppose that to each coset of S, in A corresponds a segment 


n-1 
of length 1/ I] (2s; — 1), while segments corresponding to different cosets are 


k=0 
separated. Divide the segment corresponding to any coset of S, into 2s, — 1 


equal parts, of which the Ist, 3rd, --- , (2s, — 1)st are to correspond to the 
cosets of S,4; in that coset of S,, while the 2nd, 4th, --- , (2s, — 2)th are to be 
empty. This will assign to each coset of S,4: in A a segment of length 


1/ Il (2s, — 1), thus completing the inductive cycle. 


k=0 

The interval-sets corresponding to the cosets of the various S, [n = 1, 2,3, ---] 
in S, converge to a Cantor limit set! all of whose points, since © is closed, rep- 
resent elements of S. Since the representation is continuous as well as (1, 1), we 
can therefore conclude 

TuEorEM 8: Any infinite’ group on & symbols whose transitive systems are 
finite and which is topologically closed, is homeomorphic with a perfect nowhere 
dense set on the line segmentO0 S x S 1. 

We can moreover define distance in S. We shall set a8 = 0 if and only if 
a = B; otherwise there will be a first I, on which a and 6 operate differently, 
and we shall set a8 = 1/n > 0. 

Evidently a8 = Ba, while ay = Max (af, By) = a8 + By. aa, = a a;' 
and (a8) (a8) < Max (aay, 86;) are also obvious; hence a,— a implies a;' > a“, 
while a, — a and 6, > Bimply a8, > a8. Finally ay and By permute the sym- 
bols of I, alike if and only if a and 6 do; hence (wy) (87) = a, and similarly 
(ya) (y8) = a8. That is, in summary 

THEOREM 9: Any group on & symbols whose transitive systems are finite and 
which is topologically closed, is an M-group in the sense of van Dantzig." 








‘3 A. Speiser, ‘“Gruppentheorie,” 2d. ed., Berlin, 1927, p. 112. What we require is that 
the number of transforms of any symbol under © is finite. 

That is, transforming each symbol of ©; + --- + T;into itself. o of S will be said to 
normalize TY, + --- + TY; if and only if it transforms I’; + --- + I’, into itself. 

'° W. H.°Young, “Theory of sets of points,” Cambridge, 1906, p. 89. 

‘6 We have assumed implicitly that we are not dealing with the special case S, = 1 for 
some n. 

D. van Dantzig, “Zur topologische Algebra. I. Komplettierungstheorie,” Math. 
Ann. 107 (1933), p. 608. Cf. for comparison his MG. 10 and MG. 16. 
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9. Measure. Keeping the notation of the last section, let the cosets of S, be 


n—-1 

ty *** » Soca); evidently f(n) = I] s:. Let us define u(S}) = un = 1/f(n). 
k=0 

And if =: S%‘1), S%{3)}, St{3}, --- is any sequence of the S}, by u(2), under- 


stand » Lnck). Evidently u(2) is zero, positive and finite, or + ~. 
k=1 

Relative to any subset H of ©, the sequences > fall into two classes—those 
whose sum contains H (in symbols, 2 > H), and those whose sum does not con- 
tain H. Let us define that ‘‘mass” u*H of any H as the lower bound of u(2) for 
the > > H. 

Obviously (I) 0 S u*H = 1, (II) H’ CH implies u*H’ S u*H, while (III) 
if V = A, + Hz + H; + oes , then p*V < pH, + p*He + u*H; + Seale 
Proofs of these relations can be based on the corresponding proofs for Lebesgue 
measure. 

Moreover suppose there is a positive lower bound 1/WN to the distance between 
points of H and points of H’, while2 > H + H’. We can replace the S?{{} of 
> satisfying n(k) < N by the S} of which they are composed, to form 
>’ D> H+H’. But u(Z) = u(2’), and in addition no S%{*} of >’ contains 
points of H and points of H’. Separating the S7{j;} of 2’ into those which do 
and those which do not contain points of H, we therefore have u(Z) = y(2’) 2 
u*H + y*H’. That is, if 2 D> H + HA’, then p(Z) = p*H + w*H’; hence 
u*(H + A’) = w*H + u*H’. Combining with (III), we see that (IV) if H 
and H’ have a positive separation, then u.*(H + H’) = u*H + u*H’. 

Suppose > > K, any set of elements of S. The points in no S7{;} of 2 
for n(k) S N form a closed set (© — K)y. If u(2) < 1, then none of the 
(S — K)y are empty; hence* their meet (6 — K) is not empty either. Con- 
sequently if 2 DS, then »w(Z) 21, showing that pw*S = 1. But setting 
> = Sj, we see that u*S < uw(Z) = 1. Therefore n*S = 1, and by (IV) and 
symmetry, u*S7; = 1/f(n) = un. 

The reader can see that’® irrespective of 7, n, and H, w*H = y*(S; - H) 
+ u*((G — 8S) — H), whence the S* are measurable in the sense of Caratheo- 
dory.2” Finally, by definition, (V) u*H is the lower bound to the measure of 
the measurable sets of containing H. This proves 

THEOREM 10:7" © and its subsets can be given a regular Caratheodory mass- 
function, making S measurable and of measure 1. 





18 Since also (© — K)y41 C (© — K)y; ef. W. H. Young, ‘‘The theory of sets of points,” 
p. 89. 

1? By H ~ K is meant the ‘‘meet’’ or common part of H and K; by Hv K, their “‘join.” 
Cf. E. Steinitz, ‘‘Algebraische Theorie der Korper,’’ Berlin, 1930, in the appendix, ‘‘Abriss 
der Galoisschen Theorie,’ by R. Baer and H. Hasse. This will be cited in later references 
as [B — H]. 

20 Cf. C. Caratheodory, ‘‘Vorlesungen iiber reelle Funktionen,” 2d ed., Berlin, 1927, 
especially pages 238, 258. 

21 Cf. A. Haar, ‘‘Der Massbegriff in der Theorie der kontinuierlichen Gruppen,”’ Ann. 
of Math. 34 (1933), 147-70. 
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‘ (1) (2 3) . . 
Furthermore let 2: Stay S703}, St{3}, «++ be given. By 2a is meant 
1) 3 : ; 
the sequence S?(1} a, S7{2} a, St{3} a, --- ; by a2, the sequence a$%‘!}, ete. 


Evidently n(2a) = w(az) = u(Z). But given H,a C Gand > DH, we know 
that Sa D Ha and at DaH. Hence choosing = so that u(Z) S u*H + «, we 
know that u*(aH) S w(at) = u(Z) S w*H + e; consequently u*(aH) = u*H. 
But conversely u*H = u*(a~'aH) S u*(aH), whence u*H = u*(aH). Similarly 
u*H = u*(Ha), and 

THEOREM 11: The mass-function of Theorem 10 is invariant under group con- 
gruences, whether right- or left-handed. 


10. Continuous Transformations. A (1 — 1) transformation a of the 
Hausdorff space © into itself is said to be ‘continuous’ if and only if it satisfies 
CH1: To any z and V 4,2) corresponds a V, such that a(Vz) C Vac). 

THEeoREM 12: The (1 — 1) continuous transformations of any Hausdorff space 
§ into itself are a subgroupoid of @(H). 

For suppose a and 8 any two (1 — 1) continuous transformations of into 
itself. Given x and V.g,2), then (1) we can choose V a;2) so small that B(V aiz)) © 
Vasc), and (2) we can choose V, so small that a(V.) C Vac). But for this 
V., oB(V.) CB(a(Vz)) CB(Vacz)) C Veaace). Since the transformation 1 satisfies 
CH] (setting Vz = Vacz)), by Theorem 1 we see that the (1 — 1) continuous 
transformations of § into itself are a groupoid, proving the theorem. 

A (1,1) transformation of § into itself is said to be continuous if and only if 
it satisfies CH1 and also 
CH2: To any x and V,-1,z) corresponds a V, such that a~'(Vz) C Vari2. 

That is to say, a! is also (1 —> 1) continuous. Consequently the (1,1) con- 
tinuous transformations of § into itself are a group. 


11. R-Space. To express the content of Kneser’s” general continuity defini- 
tions in terms of Hausdorff’s neighborhood axioms, we make a new definition. 

Let S be any set of (1 — 1) continuous transformations of the Hausdorff space 
§ into itself. The (1 — 1) continuous transformation a of into itself will be 
said to be a K-limit of S if and only if 
HT2: Given x and Va z) in §, there exist V, in § and a ¥ a in S, satisfying 

o(Vz) © Vag). 

HT2 ascribes to every § a “K-space’’ &(), whose points correspond (1,1) 
to those of G(), but in which the definition of continuity is different. 

£(H) has the advantage over @(S) that it satisfies the group property: if a 
is a K-limit of S, and 6 of 7, then af is a K-limit of ST. That is, given x and 
V az) in S, we can choose Viz) and + C T satisfying r(Vacz)) C Vasce), and 
subsequently V, satisfying (Vz) C Vaz). Hence 


or(V-z) = t(o(Vz)) c t(V acey) CS Vapis)- 





* Op. cit., Math. Zeits., Vol. 25. This section is to be regarded as descriptive; for in- 
stance, the proof that we can make is omitted. Its principal purpose is to relate G(H) to 
the more important # (©), and to show why we drop the subject. 
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R(H) is further a topological invariant associated with H, and a very interesting 
one. But inasmuch as it is not in general a Hausdorff space, it is preferable to 
discuss it in terms of other definitions. The author proposes to do this in a 
paper entitled “On the topology of transformation-sets.”’ 


12. Applications. There are a number of interesting applications of the 
foregoing theorems. In the first place, we can conclude that every set of (1,1) 
transformations can be regarded as a regular Hausdorff group: this follows 
from Theorem 6. Moreover in general the space of the group is not trivial; 
none” of its points is isolated. 

We get an even more striking application from Theorems 8-10. Let ® be any 
enumerable commutative ring, and let 2 be any ring algebraic over R. Then 
since any automorphism of centralizing  permutes the roots of the enumerable 
equations whose coefficients are in , while each equation has only a finite num- 
ber of roots,” we can obtain as a direct corollary from these theorems, 

THEOREM 13: Let R be any enumerable commutative ring, and let UX be any 
ring algebraic over R. Then the group of UX over R ts either finite, or else it is (i) a 
Cantor set on the line segment 0 S x S 1, (ii) an M-group in the sense of van 
Dantzig, and (iii) possessed of a regular mass-function in the sense of Caratheodory. 


13. Automorphic Extension. We can weaken the hypotheses of a result of 
Baer-Hasse,” by admitting only fields of the complex number system GC. 
Specifically, we can affirm 

TuEoreM 14: Let Y be the field of numbers algebraic over R, let § and § be and 
fields between R and A, and let @ be any (1,1) isomorphism normalizing R and 
carrying § into §. Then there is an automorphism a of X transforming § like ¢. 

Well-ordering %-3, we can pass from § to Jt by a chain of simple adjunctions. 
But to each adjunction of the chain corresponds” an isomorphic adjunction of 
3, while we can pass to adjunctions having no preceding adjunction by sum- 
mation. Therefore we can extend ¢ toa: %A~A CA. But A contains as 
many roots of each f(x) = O irreducible in & as % does of 6—'(f(x)) = 0, that is— 
since degree is invariant under ¢—all of them. Hence % = %, and the theorem 
is proved. 

Suppose now © and S are any two fields of ©, that S is algebraic in S - &, 
and that there exists a (1,1) isomorphism 7: S ~ G, carrying S ~ © into 
itself. Since the field 2 of numbers algebraic in G ~ S is normal and algebraic 





*3 Because of the homogeneity of a Hausdorff group, if one of its points is not isolated, 
none of its points is isolated. 

4 B. L. van der Waerden, “‘Moderne Algebra,’’ Berlin, 1930-1, p. 69. 

25 Cf. W. Krull, op. cit., for the most relevant known results. 

*6 [B — H), Lemma la, p. 135. They require that ¢ should centralize R. Cf. footnote 
1, p. 9, and footnote 1, p. 12. 

27 Cf. van der Waerden’s ‘‘Moderne Algebra,”’ p. 92. 

8 As for instance in [B — H], proof of their Lemma 1a. 
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over S ~ S, by Theorem 14 there exists an automorphism a of & transforming 
S like 7. 

We can” pass from % through pure transcendental extension (of suitable 
grade t) to a field 3 over which € is algebraic. But a can be extended from % 
to Xsince % is the field of rational functions in ¢ unknowns whose coefficients are 
in. And by Theorem 14 we can further extend a from $ to G, proving 

TurorEM 15: Let x be any (1,1) isomorphism between two fields of ©, normaliz- 
ing their meet, and suppose that the first field is algebraic over their meet. Then 
can be extended into an automorphism of ©. 

Let w denote an imaginary fifth root of unity, and suppose that % is the 
adjunction of (w + w*) and (w? + w*) to the rational domain 9. There is an 
automorphism 6 of 8 of order two on @—namely, that performed by the cyclic 
permutation y: o—+w?— w'—w'—w. But the only automorphism of 
$ = Rvw which is an extension of 8 is y (since the group of 8 is cyclic and 
determined by the j of w — w’). Hence 

THEOREM 16: Jt is not always possible so to extend an automorphism as to pre- 


serve order. 


14. Order of C. By Theorem 15, the order o{C} of the group C of auto- 
morphisms of € is at least the order of the group A of the automorphisms of the 
algebraic domain %{, namely, ¢. Now let % be an irreducible basis for a purely 
transcendental extension of %/ into a field over which € is algebraic, denote 
the order 0{ 8} of B by b, and o{ $} byt. 

tis at most the number of rational functions in b unknowns with coefficients in 


%, that*is,™ >, (> wow) But since b = 8, ON = b, whence t = 


k=1 t=k 


> bik = ” jb’. Similarly o{€} = ¢ is at most the number of roots of 


k=1 isk j=1 
x 


polynomial equations with coefficients in $, namely, » kt*. Combining, we get 
k=1 


io a) i 2) k 2) 
¢s > k (> wv) = (by polynomial expansion) _ nib‘ where the n; are 


k=1 j=1 i=1 
finite. Thereforeb > &. But o{G€} isat least the number of (1,1) transforma- 
tions of B into itself, which is at least 2. Hence if we admit the continuum 
hypothesis, that b > NS implies b = c, then o{€} = 2°. But obviously 
o[C} = e = (28)¢ = QRe = 2: consequently by the Theorem of Banach.** 





** Steinitz, ‘‘Algebraische Theorie der Korper,’’ p. 119, 2. 

*°¢ = the power of the continuum; for the fact of A} = c, see either [B — H], Theorem 
3, b), or our own Theorem 13, and Theorems 12 and 13 of Young’s ‘“Theory of sets of points,”’ 
p. 89. 

*' k = leading exponent of denominator, i = that of numerator. 

* Namely, that m > nandm < nimply m = n, even for transfinite numbers. 
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THEOREM 17: If we admit the continuum hypothesis, then we admit that the 
number of automorphisms of the complex number domain is 2°. 


15. Lattice Theory. We shall first digress to discuss ‘Satz 4’ of Baer- 
Hasse,* in terms of their own notation and definitions. 

Apparently they have overlooked a crucial point in their proof. Their state- 
ments concerning their formulae (1) and (3) are valid. But contrary to their 
assertion, the logic cannot be repeated to yield their (2) or their (4); there is no 
reason to suppose either (ii) every automorphism centralizing (3:1 ~ 3») lies in 
N(31) v N(32), or (iv) every number centralized by (Ui ~ U2) lies in 
N(U1) vN(U2). To obtain (2) and (4) from (1) and (3) probably the easiest way 
is to restrict ourselves to subgroups and subfields for which their (F) of Haupt- 
satz 3 holds. For these we can prove, setting U; = N(3;) and 3; = N(U,), 


N(31 > 32) = N(MN(Vi) — N(V2)) = N(MCUiv Us)) = UivU2 = N(Bx) v N(8:) 
and 
N(U, — V2) = N(N(3Bi) ~ N(Be2)) = N(N(Biv Be)) = Biv 32 = N(Ui) vN(U2). 


Since, as Baer-Hasse show, (F’) holds for subgroups of A of finite index and the 
corresponding finite adjunctions onto the rational domain , we can reéxpress 
their formulae, as 

TuHEorEM 18: The lattice* & of the subgroups of A of finite index in A, and the 
lattice & of fields of finite grade over R, are ‘symmetric counterparts.”’* 

And because of the symmetry in the definition of B-lattices, and that between 
normal subgroups of A and normal extensions of #t, we can conclude** 

THEOREM 19: The normal fields of finite grade over R are a B-lattice. 

Corotuary:*” Given any three normal algebraic extensions ti, Ne, Ms of finite 
grade over the rational domain, the number of fields definable from the N; by inter- 
section, adjunction with each other, and induction, is at most twenty-eight. 

Finally, the adjunctions of +/2, »/3, ~/6 to the rational domain do not 
obey the distributive law, showing that the B-lattice of Theorem 19 is not 
a C-lattice. 





%3 p. 143 of Steinitz’s ‘‘Algebraische Theorie der Korper;’’ the following paragraph is of 
import and intelligible only when it is compared with the text there. 

% For the theory of ‘“‘lattices,’’ cf. the author’s “On the combination of subalgebras,” 
Proc. Camb. Phil. Soc., 29, pp. 441-464. Here Ais understood in the sense of the last section. 

% “‘Subalgebras,’’ Theorem 4.1. 

* [B — H), Satz 1 and Zusatz 1, and “‘Subalgebras,’’ Theorem 26.1. 

37 “‘Subalgebras,”’ Theorem 14.1. Other corollaries could be given based upon, for in- 
stance, Theorem 26.4. 
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Introduction 


The purpose of the present paper is to make an exhaustive investigation into 
the structure of continuous, locally compact, commutative groups, satisfying the 
second axiom of countability.? 

1. Contents. First of all I discuss compact groups. The principal method 
here is the determination of the correspondence between continuous and discrete 
groups: To every discrete commutative group © corresponds a compact com- 
mutative group X, which is called the group of characters of the group G. The 
first chapter of this paper is devoted to the study of the connection between the 
groups © and X. It is also written so as to be applicable to combinatorial 
topology. In the second chapter I show that every compact, commutative 
group is the group of characters of some discrete group, using results of a paper by 
F. Peter and H. Weyl,’ and also results of Haar. The one-to-one correspondence 
thus established between compact commutative groups and discrete commuta- 
tive groups enables us to reduce the study of the former to that of the latter. 
This fact is illustrated by the first and second appendices to this paper. 

In the first appendix I establish a complete equivalence between the question 
of decomposition of compact, commutative groups into a direct sum, and the 
corresponding question concerning discrete commutative groups. I also give 


here some counterexamples. The second appendix gives the connection between 


the simplest topological properties of the group X and the algebraic properties 
of the group G. 

In Chapter 3 I consider locally compact groups (which need not be compact) 
and confine myself to the case of connected groups. I show, first of all, that 
every such group Q admits a subgroup A which has no limiting elements in Q, 
and which is such that the factor group 2/A is compact. This result, which is 
proved in a purely topological way, enables us to reduce the study of non- 
compact groups to the consideration of compact groups, which have already 





1 The results of this paper were reported in condensed form at the International Mathe- 
matical Congress in Zurich, 1932. 

* For the fundamental concepts of the theory of continuous i.e. topological groups see 
D. van Dantzig, Zur topologischen Algebra 1, Math. Ann. 107 (1932), pp. 587-626. 

*F. Peter and H. Weyl: Die Vollsténdigkeit der primitiven Darstellungen einer geschlos- 
senen kontinuierlichen Gruppe. Math. Ann. 97 (1927) pp. 737. 

‘A. Haar: Der Massbegriff in der Theorie der kontinuierlichen Gruppen. These Annals 
(2) 34 (1933) pp. 147-169. 
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been discussed. In the same way I show that the group © is decomposible into 
the sum of a certain compact group and a system of groups isomorphic to the 
additive group of real numbers. 

In the fourth and last section I investigate the structure of locally connected, 
locally compact, connected groups. It turns out that every such group is the 
direct sum of a finite or denumerable number of groups K and a finite number 
of groups isomorphic to the additive group of real numbers. The group K is 
the so-called continuous cyclic group, that is an additive group of real numbers 
determined up to an additive integer. 


2. Notation. A continuous cyclic group, namely the additive group of real 
numbers determined up to an additive integer, is of fundamental importance in 
this paper, since with its aid we obtain the notion of the group of characters. 
We designate this group by K. 

All the groups considered in this paper are commutative and are written 
additively except in Chapter 2. All the continuous groups discussed are locally 
compact and satisfy the second axiom of countability. All the discrete groups 
contain at most a denumerable number of elements. 

Continuous groups are designated by capital Greek letters and their elements 
by small Greek letters. Discrete groups are designated by capital German 
letters, and their elements by small German letters. 


I. Group of Characters 


Here I discuss the connection between discrete and continuous groups and 
show that to each discrete group there corresponds a certain continuous group 
and conversely ; the correspondence being reciprocal. Moreover, this pairing of 
the groups enables me to establish a correspondence between their sub-groups. 

All continuous groups considered here are compact. 

1. Derinition 1. Let K be the continuous group of rotations of a circle, 
which we will consider as an additive group of real numbers defined up to an 
additive integer, and let @ be a discrete group. 

Let us denote by X the set of all homomorphic representations of the group 
@intothe group K. The set X forms a continuous group in the following natural 
way. Asequence 


Qj, Qe, ee » &,, eee 
of elements of X is said to converge to the element a, if for each r C G, 


lim an(r) = a(z).5 


no 


We call the sum of two elements a’ and a” an element a such that 


a’(r) + a(x) = a(z), 





5 By a(r) I understand the function which puts into correspondence any element r C & 
with the element a(r) of the group K, which is determined by the homomorphism. 
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foreach r C @. It is easy to see that the operations thus defined satisfy all the 
axioms of a continuous group. ‘The group X so obtained we shall call the group 
of characters of the group G. 
Remark 1. If Gis a finite group the definition of a group of characters given 
here coincides with the usual one. In fact, usually the group of characters cf 
@ is defined as the group of homomorphisms of @ on the multiplicative group 
of complex numbers; but as all the elements of G, by virtue of the finiteness of G, 
have a finite order, they must be mapped onto complex numbers of absolute 
value 1. But the multiplicative group of complex numbers of absolute value 1 
is isomorphic to the group K: In fact, let z be a complex number |z|=1. Let 
us bring it into correspondence with a real number, equal to log z/2r7. This 
number is defined up to an additive integer and constitutes an element of the 
group K; it is easy to see that the correspondence obtained in this way is an 
isomorphism. 
THEOREM 1. The group of characters of a discrete group is always compact and ; 
satisfies the second axiom of countability. A 
Proor. Let 


Q1, Qe, eee » An; eee 
be an arbitrary sequence of elements of the group X and 


Yi, T2, --* y In, + °° 


be the ordered sequence of all elements of the group G. Consider the sequence 


1 (ti), a2 (t,), wet, An (ri), pace 


of elements of the group K. Since K is compact there exists a sub-sequence 
ai, (1), Qi, (fi), +++ Gin (ta), + °° 

converging to a limit element in K. Let us now consider the sequence 
Qi, (2), Oi (U2), +++ 5 Oi, (2), ++ - 


from it we can again choose a convergent sub-sequence 





ai; (L2), ay, (to), +++ , Qj, (fe), «++. 


Continuing in this way and applying, finally the diagonal process, that is, con- 
structing the sequence 


1, Ain, Hij, °° * 


we arrive at a converging sequence of elements of X, thereby proving the com- 
pactness of X. 

To prove the second axiom of countability let us give the topological struc- 
ture of X by means of neighborhoods. This can be done in the following way: 
Let a C X and let us define a certain neighborhood U of the element a as follows: 
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let I, be a certain interval on K containing a(rz,), (s = 1, 2, --- ,m), such that 
the ends of the interval are rational numbers. Then, by definition, 6 C U, if 
B(t.) Ce. 


It is easy to see that the definition of neighborhoods given here leads to the same 
topological structure of X as that given in Definition 1, but the axiom of counta- 
bility is here evidently fulfilled, since only a countable system of neighborhoods 
of X is given. 


2. Lemma 1. Let @ be a group, $ a sub-group of G, xr a certain element of 
G, E , and a ¥ 0 a certain homomorphism of in K (as always, K is the same 
as in Definition 1). The homomorphism « can be extended to a homomorphism 8 
of the whole group & in K, B(r) ¥ 0. 

Proor. Let 


Yi = I, Ta, 3, -** » Iny * °° 
be the totality of all elements of the group @. Let us construct the sequence 
Do = D, Di, He, <p 1 Dn; 


of sub-groups of G, where §,+: is the minimal sub-group containing 5, and f,41. 
We may then construct further the sequence of homomorphisms 


Oy = A, Oy, Oe, +++ , An, eee 


where a1 is a homomorphism of the group §,4: in K, which is an extension of 
the homomorphism of $,. Suppose that a, is already constructed, and let us 
construct an41. If tn; C H, then we set @ni1 = On, Since in this case Hy+1 = Dn. 
If tn41 € H, then two cases arise: 1) r,,1is linearly independent of the elements 
of §,, that is, there do not exist non-trivial relations of the form 6 + krn41 = 0, 
where 6 C ,, and kis an integer. 2) r,41 depends linearly on the elements of 
the group §,. In the first case each element of $,1: is uniquely expressed in 
the form 6 + KkYns:. Then we put 


An+1 (6 + Kk Yn+1) = an (b) + ky 


where 7 is an arbitrary element of K (when n = 0 we choose y ¥ 0). In the 
second case there are non-trivial relations of the form 6 + krnp,1 = 0. We will 
choose that relation for which k has the least positive value J, and let it be 
D+ Ufn41 = 0, where 1 > 1, for otherwise r,4;C Gn. In this case each element 
of ,+1 is uniquely expressed in the form 6 + ktnryi,0 5k <1. Let 


Y= an(d)/l 


(in the group K division is always possible, though perhaps not unique. In fact 
each element of K is a real number, defined up to an additive integer; therefore, 
if we divide by an element not unity, it can always be supposed that the quo- 
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tient is not equal to 0, even when the dividend is 0). (When n = 0 we choose 
y#0.) Let us put 


QAn4+1 (6 + KXn+1) = an(b) + ky. 
In this way @n4: is constructed. The sequence of homomorphisms 
1, Qe, +++ , An, -*° 


defines a homomorphism £ of the group @ in K which does not transform rm, 
into 0. 

Remark 2. Lemma 1 is applicable also in the case when G has more than a 
countable number of elements, except that, instead of the usual induction, it is 
necessary to apply transfinite induction in the proof. 

DeFINiTION 2. Let & be a group and X be the group of its characters, § a 
sub-group of G, and ® a sub-group of X (as was stated, we shall consider only 
compact continous groups, consequently ® is compact and closed in X). The 
totality of all elements of X mapping § on 0, we will designate by (X, 5), the 
totality of all elements of © that are mapped on 0 by all homomorphisms of & we 
will designate by (G, ). It is easy to see, that (X, 5) and (G, &) are groups, 
and that the first of them is closed in X. 


THEOREM 2. Let & be a group, X the group of its characters and § be a sub- . 


group of the group ©. If & = (X, H), then H = (H, ®). 

Proor. Let § = (G, @). It is obvious that 6 C H. Suppose that there 
exists an element r C §, such that r¢ §. Let a be a homomorphism of group 
§ in K mapping all the elements of § into 0. According to Lemma 1, there 
exists a homomorphism £6 of group © in K, which is an extension of a and such 
that B(r) ~ 0. Since Bis an extension of a it transforms § into 0, that is, 8 C ®. 
But, by Definition 2 B(r) = 0, since r C § = (G, &). ‘Hence, we arrived at a 
contradiction. 

THEOREM 3. Let G be a group, H a sub-group of G, and X the group of characters 
of G. Letus put 6 = (X, H). Then the group of characters of $ is isomorphic to 
the factor group X/®, and the group of characters of the factor group G/H is iso- 
morphic to the group ®. 

Proor. Each homomorphism of the group © in K gives a certain homo- 
morphism of the group § in K, while, according to Lemma 1, every homomor- 
phism of the group § may be obtained in this way. On the other hand, two 
homomorphisms a and 8 of the group @ coincide in § if and only if their differ- 
ence a — 8 maps § on 0, that is a — 8B C ®. In this way we have a homo- 
morphism of the group X on the group of characters of the group , while the 
totality of all elements of X that are mapped on 0 by this homomorphism, coin- 
cides with 6. Hence, the first part of the theorem is proved. 

Each homomorphism of #, that is, one by which § is mapped on 0, gives a 
certain homomorphism of the group @/§ in K, but every homomorphism of the 
group @/H may be obtained in this way, consequently the second part of the 
theorem is proved. 
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3. Lemma 2. Each sub-group W of the group K either coincides with K or is a 
finite cyclic group with the numerical generator 1/r, where r is the order of the 
group v. (As usual, we consider only compact groups; that is, Y is a closed 
sub-group of K.) 

Proor. If ¥ contains an infinity of elements, then by virtue of the compact- 
ness of K there are two arbitrarily near elements a and 6 in ¥. The element 
y = 6 —a CY is arbitrarily small and its integer multiples fill K arbitrarily 
densely. Thus WV is everywhere dense in K and, as W is closed, Y = K. 

If W is of a finite order r, ra = Oforalla CY. Consequently, each element 
of V has the form q/r, where q is an integer, but as there are only r such ele- 
ments in K, for gq = 0, 1, --- , r — 1, and they form a group with the generator 
1/r, the lemma is whoa 

Lemma 3. If the group © is finite and of order r, the group of its characters is 
also of order r. 

RemaRK 3. In reality the group of characters of the finite group G is iso- 
morphic to &. This is a well-known fact, but we will make no use of it. 

Proor. Express the group © in the form of a direct sum of cyclic groups 
Gi, Ge, --- , G,, where G; has a generator g; of order r;. In the mapping on K, 
the generator of G; is transformed into an element whose order is a divisor of r;, 
but as the number of such elements in K, according to Lemma 2 is exactly 1;, 
the number of possible representations of the generator of @; is equal] to r;, and 
consequently, the number of possible mappings of in K is equal to the product 
1172 +++ Tn Which is equal to r. 

Lemma 4. Let G be a group, X the group of its characters, and ® a sub-group 
of X, such that (G, &) = (0), then ® = X. 

To prove this lemma we must prove first three preliminary lemmas. 

Lemma 5. The assertion of Lemma 4 holds when © is finite. 

Proor. Each element r of the group G gives a homomorphism of the group 
@in K. In fact, when a runs over ®, a(r) is a homomorphism of in K. Since 
(G, &) equals (0), all these homomophisms are distinct, and if r designates the 
order of G, their number is r._ If the group & does not coincide with X, its order 
s < r, so that according to Lemma 3, the group & admits only s different homo- 
morphisms in K, of which there exist 7, so that s = r, a contradiction. 

Lemma 6. Lemma 4 holds when & admits a finite system of linearly independent 
generators. 

Proor. Let ft, %2, --- , In be a system of linearly independent generators 
of @. Let us show that for every k,0 S k S n, no matter what elements 
i, (¢ = 1, 2, --- , k) we choose in K there exists an element y C @ such that 
y(ti) = 6; When k = n this assertion is equivalent to the assertion of the 
lemma, for, in this case, it follows that @ contains all the homomorphisms of 
@ in K. 

When k = 0 our statement is trivial; let us suppose that it holds for a given k 
and let us prove it for k + 1. 

Consider the totality Y of elements of K expressible as a(r,41), a C &, with 
the condition that a(r;) = 0, @ = 1,2, --- , k). 
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It is obvious that VW isa group. By Lemma 2, W either coincides with K or 
all of its elements are expressible in the form qg/r, where q is an integer and r is 
the order of ¥. 

If = K, then the supposition is proved. In fact, let 5;, (7 = 1,2, --- ,k +1) 
be an arbitrary system of elements of K. By the supposition there exists an 
element 6 C ®, such that B(r;) = 6;, (¢ = 1, 2,---,k). Suppose, that B(ri41) = 
bia Since V = K there exists an element a C 4, such that a(r;) = 0, 
atest) = O41 — Op41. For y =a + Bwe have y(z;) = 4;, (7 = 1,2,---,k +1). 

Let us now suppose that all the elements of V are expressible in the form q/r, 
with fixed r. From this it follows, that if a(r;) = (ri), a C %, B C 4, 
(i =1,2,---,k), then 

B(te41) — oc(Lie41) = q/r. 

Let ¢;, (¢ = 1,2, --- ,k), be a system of linearly independent elements of K. 
Let y(z) = 6, y C ®, (i = 1, 2, --- , k), which is possible according to the 
induction. Put y(teu1) = €41. Let us show that «;,, (j = 1,2, ---,k+ 1) are 
linearly dependent. If it were otherwise, then, by the Kronecker theorem, no 
matter what the system of elements 6; of K, there could be found an infinite 
sequence of integers Mm, (m = 1, 2, ---), such that 

lim mm €; = 4j. 


m2 


If we denote by one of the limit elements of the sequence n,, y, we will have 
\(r;) = 6; where \ C 4, since ® is closed, that is, the induction is proved for 
k + 1, and WV coiacides with K. In this way we have the relation 

k+1 

> rj¢; = 0, r; integers. 

7=1 
Let us show that from this relation there follows 

k+1 


ye rr;a(t;) = 0 


E=3 


for alla C. In fact, since ¢; are linearly independent, by Kronecker’s theorem 
there exists an infinite sequence #,, of integers, such that lim %» ¢; = (ri). 


The sequence 7, can be chosen in such a way that 7» y has a limit. Let it be 
equal to 8. It is obvious, then, that 


k+1 


>) 8G) = 0. 


j=1 
Since a(r;) = B(r;), then, according to what was previously proved 


B( Leva) — a(tigs) = 9/7; 
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thus, we have for a: 
k+1 


p rrja(t;) = 0. 


ert 


Consequently, 


k+1 
(Sens) -0 


fet 


but, since a is an arbitrary element of @ therefore 
k+1 


(G, ) D >> rrjt =t. 


gt 


But then, according to the condition of the lemma, r = 0, which is impossible 
since the generators %1, fz, --- , tn are linearly independent. 

Lemma 7. Lemma 4 holds for any © with a finite system of generators. 

Proor. Let § be the group composed of all elements of finite order of the 
group &. Let us put VY = (X, ), and let us show that ¥ C ®. To this effect 
let us denote by A the intersection of and VW and let us show that A=W. Let 
r be the order of ; let us show that ifa C X,thenra CW. In fact, for any 
rC Swe have ra(r) = a(rr) = a(0) = 0. Letusshow, further, that (G, A) = §. 
In fact, if we suppose the contrary, there exists a free element y of & such 
that for any B C A, B(y) = 0. From this supposition it follows that for any 
aC %, a(ry) = ra(y) = 0. ra CA, because it is contained, as was previously 
proved, in V and is a member of # and so belongs to their intersection. Thus, 
(G, ®) D> ry ¥ 0, which is impossible. Thus, (G, A) = §. By Theorem 3, 
WY is the group of characters of the group @/. From (G, A) = § follows 
(G/H, A) = (0). Since G/® is a free group with a finite number of generators 
it follows, by Lemma 6, that A = ¥, that is, VC. Let us set X/W =X, 
@/¥ =. Then let us prove that 6 = X. By Theorem 3, X is the group of 
characters of the group . From (G, 6) = 0 it follows that (, &) = 0, but, 
since is a finite group, we may apply Lemma 5, from which it follows that 
@ = X, 

From ¥ C # and from @/¥ = X/¥ follows ® = X. 

Proor or Lemma 4. Let $1, 2, --- , Gn, --- be an expanding sequence of 
sub-groups of @, where each 6, has a finite number of generators while the sum 
of all the $, coincides with ©; such a sequence always exists since @ has not 
more than a countable number of elements. Let us put V, = (X, 6,). It is 
obvious that V,,:C W,. From the fact that the sum of all 5, = © it follows 
that the intersection of all the V, contains only zero. 

Let &, be the group composed of all elements of the form a + 8, where 
a Cw, and @C#. By Theorem 3, X/¥, is the group of characters of the 
group ,. From (G, ) = (0) it follows that (G,, 6,/¥,) = (0), but since D» 
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has a finite system of generators it follows, from what has been said, in accord- 
ance with Lemma 7, that ®,/¥, = X/W,, that is®, = X. Thus, the intersection 
of all ®, coincides with X, but the same intersection must coincide with %, since 
the intersection of all V, contains only zero, that is @ = X. 

TurorEM 4. If G is a group, X the group of its characters, & a sub-group of 
X, 6 = (G, &), then (X, H) = &. 

Proor. Let & = (X, ). It is evident that 6 >. By Theorem 3, @ is 
the group of characters of the group @/H. From (G, 6) = © it follows that 
(@/H, ®) = (0); from this by Lemma 7 we have @ = ©, 


4, DEFINITION 1’.6 Let X be a continuous compact group. The set G of its 
homomorphic mappings in K, forms, in a natural way, just as in Definition 1, a 
group which we will call the group of characters of group X. We introduce only 
algebraic operations in © and do not consider topological operations; but the 
mapping of X in K must be continuous. 

DerFINITION 3. Let X and @ be two groups for which there is defined a law 
of multiplication, that 1s, to each pair of elements a C X, r C @ corresponds as 
their product the element y C K, ag = y. Furthermore, 


(a! Lb a a’’) t= a't ~~ ar, a(y! wl r’’) =A ay’ Sy ar”, 


and if lim a, = a then lim a,r = ay. Under these conditions we shall say, 
that the groups X and @ form a couple. Further we shall introduce notations, 
analogous to those given in Definition 2; namely: If is a sub-group of G and 
a sub-group of X we shall designate by (X, $) the set of all elements of X, the 
products of which with each element of $ are equal to zeio, in the same way 
(G, &) shall designate the set of all elements of G the products of which with 
any element of are equal to zero. In case X and @ form a couple, such that 
(X, G) = (0), and (G, X) = (0) we shall call X and G orthogonal. 

Remark 4, It is easy to see, that if X is the group of characters of the 
group @, then X and @ form an orthogonal couple; it is sufficient to put 
at = a(r),a CX, r C G and we obtain the law of multiplication, satisfying all 
the conditions of Definition 3. 

TueoreM 5. If X and © are orthogonal, each of these groups is the group of 
characters of the other; in foct, if a C X, x C G, the homomorphism a(r) is defined 
by the equation a(r) = ar and the homomorphism r(a) by the condition r(a) = at. 

Proor. Each element a C X gives a homomorphism of @ in K. Moreover 
to distinct elements of X correspond distinct homomorphisms, since (X, @) = 0. 
Thus X is a sub-group of the group X of characters of the group G. On account 
of the orthogonality of X and @ it follows that (G, X) = (0), and from this by 
Lemma 4 follows that X = X. 

Similiarly let us prove that @ is a group of characters for X; here, however, 
the proof becomes somewhat more complicated, since, a priori, the group of 





* This definition was given in my paper (Note 1). 
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characters for X could turn out to be uncountable. Therefore, let us carry out 
the proof somewhat differently. Let g be a certain homomorphism of X in K, 
Let us show that it is realized with the help of one of the elements of group 6, 
To this effect let us construct a group G, each element of which is expressible in 
the form r + kg, where r C G, and k is an integer; let us define the law of multi- 
plication of an arbitrary element « C X by an arbitrary element r + kg C G by 
the condition a(r + kg) = ar + kg(a) and let us, moreover, consider that in the 
group & there exist relations such that two of its elements coincide if and only 
if, they give the same homomorphisms of Xin K. By virtue of these conditions 
the groups X and @ are orthogonal, and by the first part of the theorem already 
proved X is the group of characters for ©; but, since (X, @) = (0), © = G; that 
is, the homomorphism g is already contained among the homomorphisms of the 
group given by the elements of the group . 

Lemma 8. Let X and © be orthogonal groups, x an element of © of order 
g(g =O0org>1). If y C K and has an order which is a divisor of g, then there 
exists an a C X, such thatar = y. 

Proor. Let X be the cyclic group with generator r. Evidently there exists 
a homomorphism £ of the group X in K such that B(x) = y. By Lemma 1 the 
homomorphism £ can be extended into a homomorphism @ of the entire group 
@®in K. By Theorem 5 there exists in X such an element a that @(y) = a(y), 
for each y C G, that is, ar = y. 

Remark 5. If the group & has a system of n linearly independent generators 
ti, I2, -- + , Ln, then the group X of its characters has a particularly simple struc- 
ture. In fact it decomposes into a direct sum of n continuous cyclic groups. 
Topologically, the group X is in this case the product of n circles, that is, an 
n-dimensional torus and we shall therefore call it a toroidal group. For n = 1, 
this is almost obvious. In fact, let a C X, then a(r;) = y C K but fora given y, 
this determines a uniquely since x; is a generator of G. In this way X and K are 
isomorphic. For a general n, each of the generators m1, f2, --- , Yn can be 
mapped on K entirely arbitrarily and we obtain n continuous cyclic summands. 


II. Structure of a Compact Group 


In this chapter I make use of the results of F. Peter and H. Wey]l,’ which 
have become applicable to any compact group satisfying the second axiom of 
countability, thanks to the results of Haar. I show that every compact com- 
mutative group satisfying the second axiom of countability is the group of 
characters of some discrete group.’ Thus all the results of the preceding chapter 
become applicable to arbitrary compact, commutative groups. 

All the continuous groups considered here are compact. The group is written 
multiplicatively. 





7 To understand my paper it is sufficient to know the paper of Haar (Note 4). 








out 
| K, 


2 in 
Iti- 


che 
aly 
ns 
dy 
at 
he 


er 
re 


THEORY OF TOPOLOGICAL COMMUTATIVE GROUPS 371 


5. In order to obtain the above mentioned result I formulate those results of 
Peter and Weyl, which I shall use. 

These are as follows: 

If Q is a continuous compact group satisfying the second axiom ot countability, 
then there exists on it a finite or denumerable system 


Jr. &,(€); (r = 1,2,--- ;k, = 1,2,--- ,,) 


of real numerical continuous functions depending on the argument £é, which is an 
element of the group 2. Moreover the following conditions are satisfied: 
1) For any element a of the group 2 


f,. (E+ a) = ee mi (a)f,, i(é), (i sant 1, 2, rar. Ny) 
j=1 
where m? (a) are real numbers forming an orthogonal matrix M,(a) which 
depends continuously on a, and the number of whose rows and columns is equal 
tO N,. 

2) If € is the unit of the group Q, then for every element a such thate ~ a C 2 
there exists a function f,, ,() of our system such that f,, (¢-a) # f,, (é), that is, 
there exists an r such that the matrix M,(q) is not a unit matrix. It is easy to 
see that if a and 8 are two elements of 2, then M,(a-8) = M,(8)-M,(a), where 
on the right we have matrix multiplication. Hence if the group 2 is commuta- 
tive, then all the matrices M,(a) are commutative among themselves for a 
fixed r. 

In order to apply the above results to commutative groups, I will have to con- 
sider orthogonal matrices in greater detail: In what follows it is not fruitful to 
confine ourselves to matrices with real elements, but it is better to make use of 
orthogonal matrices with complex elements. As is well known, a matrix M with 
complex elements is said to be orthogonal if the following condition is fulfilled. 
Let M’ be the matrix obtained from M by transposing rows and columns, and 
let M’ be the complex conjugate of M’, then Mt = M’. It is easy to see that 
if M and N are two orthogonal matrices with complex elements, then their prod- 
uct MN is also orthogonal. It is further known that if M is an orthogonal 
matrix, then there exists an orthogonal matrix T such that TM T is a diagonal 
matrix, all of whose diagonal elements have absolute value unity. Making use 
of this fact we can prove the following lemmas: 

Lemma 9. Let a run over the elements of any set, and let M(a) be a system of 
orthogonal n-rowed matrices, any two of which are commutative with each other, then 
there exists an n-rowed orthogonal matrix S, such that for any a, SM (a)S* is a 
diagonal matriz all of whose diagonal elements have absolute value unity. 

Proor. Let M(a;) be a non-diagonal matrix of our system and let 7; be an 
orthogonal matrix such that 7,M(a)T;' is diagonal. Let us designate its 
diagonal elements by e;, 1 = 1, 2, --- , n, where the e, are arranged in such a way 
that all equal ones are consecutive. Let us further denote by M,(a) the matrix 
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T:M(a)T;'. Its elements we designate by m(a). Since the matrices M(a,) 


: and M(qa) are commutative, it follows that the matrices M,(a:) and M,(a) have Pe 
1 the same property. In this way we have e;mi(a) = mi (a); that is mi(a) = 0) 
i whenever ¢; ~ ¢;. It follows that the matrix M;(a) decomposes into a system 
of square matrices along the diagonal of M;(a), whose number s is not less than 
the number of distinct elements e;. The number of distinct e;, however exceeds W 
unity, since if all e; were equal, the matrix M(a:) would be diagonal, which is , 
contrary to hypothesis. . 
Let M,(az) be a non-diagonal matrix. Transforming separately every square ms 
matrix of which it is composed, we obtain the general transforming matrix T,, a 
which is such that T.M,(a2) 7,’ is a diagonal matrix, while T2M,(a:)T;* = M,(a). di 
Further, let us denote by M2(a) the matrix T.Mi(a)Tz*. Writing out the con- 
ditions that M2(a) and M2(a2) commute, we see as before that the matrix M.(a) 
decomposes into separate square matrices, lying along its diagonal, whose num- 
ber must now exceed s. Continuing this process we will reduce all our matrices g 
to a diagonal form in a finite number of steps. P 
Lemma 10. Let Q be a commutative compact group; then there exists a finite or a 


denumerable system of continuous complex valued functions gn(€), n = 1,2, ---, 
. where the argument & is an element of the group Q, having the following properties: 
a 1) For any element a of 2, Gn(Ex) = en(a) Gn(E), where en(a) is a complex num- 1 
he ber of absolute value unity, and e,(a') = (e,(a))—. 

2) For any element a of Q with a = e, there exists a number m such that 
Gm(ta) # Gm(E), that is, Cm (ax) - i. 

Proor. Let us examine the system of functions f,, ;(£) on Q for a fixed r (which , 
were mentioned in the beginning of this section) and the corresponding system | 
of matrices M,(a). Since the group 2 is commutative, the matrices M,(a) also 
commute. Hence we can apply Lemma 9 to the system of matrices M,(a) and 
there exists a transforming matrix S which reduces the matrices M,(a) to diago- 
‘nalform. We shall denote the elements of S by S?. It is easy to see that the 
function 


>) Sifns®)s (i — 1, 2,°°° » Ny) 
j=1 
satifies condition 1) of our lemma. 
Applying the above operation to all the systems of functions f,, ;(&) for every 7, 
we obtain a totality of functions satisfying both conditions of the lemma. 





First FUNDAMENTAL THEOREM. Let Q be a continuous compact commutative 
group satisfying the second axiom of countability, and © the discrete group of its 
characters, then the group Q is isomorphic to the group of characters of G. (See 
Definitions 1 and 1’.) 


Proor. Letg,(), (n = 1, 2, --- ) be a system of functions defined on 2 and 
satisfying the conditions of Lemma 10. Let us show, first of all, that no func- 
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tion ga(é) can be equal to zero without being identically zero. Let us suppose 
that Gn (a) - 0, then 


Gn(~) = Qn(aat) = e,(a€)gn(a) = 0. 


We shall suppose that from the system g,(¢) all identically zero functions have 
been removed. ‘This does not violate the conditions of Lemmal0. Since none 
of the functions g,(¢) now admit the value zero, they can be normalized in such 
away that gn(e) = 1, where ¢ is the unit of the group 2. Let us suppose that 
this normalisation has been carried out. This, likewise will not affect the con- 
ditions of Lemma 10. We will have 


Qn(é) = Qn (€é) 7 €n(€) Gn (e) = en(é). 


We now build a multiplicative group © of functions defined on ©, taking as 
generators the functions g,(é). Every element g(¢) of the group © can be ex- 
pressed in the form (g:(&))™- (g2(é))™ --- (gn(é))"" where n is sufficiently large 
and m;is aninteger. Since 


Gnlén) = en(n)gn(E) = Qn(E)(Gn(n))>, 
we have 
g(én—) = g(&)(g(n))—. 


Let us further formulate the law of multiplication between the elements of the 
groups 2 and @. We shall define the product of a C © by g(t) C G as the 
element of the group K equal to 


log g(a) | 
Qri 


From the conditions 
log g(én) _ log g(é) __ log g(n) 
271 Qt 277i 





and 


log [a’(é)(g’"(n))—]___ log g’(€) __ log g’(n) 
202 —— Qat Qmi 





and also because of the continuity of the function g,(¢), the groups 2 and @ form 
a couple (see Definition 3). Moreover the groups 2 and @ are orthogonal. In 
fact from condition 2 of Lemma 10, there is an a ¥ esuch that there is a g(¢) for 
which g(a) # 1. Therefore we have (Q, @) = (0). Moreover if g(é) is not the 
unit of the group @, that is if g(£) is not identically equal to unity, then there 
exists an element a, such that g(a) ~ 1, and hence (G, 2) = (0). It follows 
from Theorem 5 that each of the groups 2 and © is the group of characters of 
the other. 
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III. Structure of a Locally Compact Connected Group 


The purpose of this chapter is to prove the second Fundamental Theorem, 
that is to reduce the investigation of a locally compact, connected, commutative 
group, satisfying the second axiom of countability, to that of a compact group, 
already considered in Chapter II. 

The groups are written additively, as in Chapter I. 


6. We pass to the consideration of locally compact connected, but not neces- 
sarily compact groups by means of the following lemma: 

Lemma 11. Let Q be a locally compact, connected group. Then there exists a 
subgroup A of the group Q, having not more than a denumerable number of elements, 
and having no limiting elements in Q such that the factor group 2/A is compact. 

In order to prove Lemma 11, we first establish: 

Lemma 12. Let Q be a non-compact group, satisfying the conditions of Lemma 11. 
Then there exists an element a in Q which is such that the cyclic sub-group of 2 
generated by a is free and has no limiting elements in Q.8 

Proor. a) Let U be some neighborhood of zero of the group Q, whose closure 
U is compact. Let us denote by U,, the set of all the elements of 2, which can 
be written in the form: a; + az + --- + a, where a; C U, (i = 1,2, ---, n). 
Since U is a domain it follows that U, is likewise a domain. It is easy to see 
that the closure U,, of the domain U,, is composed of all the elements of the form: 
Bi + Be + --- +8, where 6; C U, (i = 1,2,---,n). Since U is compact, it 
follows easily that U,, is also compact. Since 2 is non-compact and connected, 
while U,, is compact, it follows that the boundary U; = U,, — U, of the domain 
U, is not empty. 

b) Leta CU,,8CU,andy=a+f8CU,,,. Wewillshow thata Cc U,, 
BCU. Letus suppose on the contrary that a, for instance, belongs to U.. 
Since @ is a limiting element of U,, an arbitrarily small element 6 can be found, 
such that 8 —6CU,. Since U, D ais a domain, 6 can be chosen sufficiently 
small so that a + 6CU,. In this way we have y = (a + 6) + (6 — 6) where 
a+6CU,and8—6CU,. That is, from the construction of the domains 
U, given in a), y C U,,, which contradicts the assumption that y C U ca, 

c) Leta, CU,. The set of elements an, (n = 1, 2, ---) has no limiting points. 
Let us assume on the contrary that we have found two elements a; and aj, i <j 
such that a; — a; C U. Then we would have a; = a; + (a; — a;) that is, by 
b) a; C Ui4:, which is impossible since a; C U 4 and U : does not intersect Ui. 

d) Let us build up a system of elements e, n = 1, 2, --- , belonging to U, and 
such that « + e + --- + €, CU. Let us choose an element 7, C U,. 
Such an element exists since, by a), U, is not empty and can be represented in 
the form €1, n + €2,n +--+ + €n,n = Yn Wheree;,,C U, (i =1,2,---,n). Since 
U is compact, we can use the diagonal process to choose a sequence of numbers 





8 Pontrjagin, Uber den algebraischen Inhalt topologischer Dualitdtssdtze. Math. Ann. 
105 (1931 pp. 165-205). 
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n, (k = 1, 2, --+), such that lim «, 4. exists. Let us denote this limit by «, 


ko 


(i=1,2,--+). Sincee:,,C U, (¢ =1,2,---,n), thena,n»tent--- +62 U, 
and €j+1, n + €j+2,n + 2 + En, n Ree Unis J <n but (€1, n + €2,n + 7*> + €;, n) 
+ (641,n + i420 + +++ t+énn) CU,. In this way using b) we have 


Ein + ean tees + é,n€ U;. 
lim (€1,n, + €,.% t+++ +6.n) =atet--- +6 


k-0o 
The left hand side of the last equation belongs to i since U . is closed. In this 
way the construction is completed. 
e) Let us select a system of m elements from the system constructed in d) and 


let us denote these elements by €n,, €n., --- 5 €nmy Where we suppose that n; # n; 
. , . 

with i #7. Then en, + €n, +--+ + €nm CU, In fact there exists an n suf- 

ficiently large so that n > ;;7 = 1,2,---,m. Let ussplit thesume, + e+ --- 


+ ¢, into two parts. The first part shall consist of €n, + €n, + --- + €n», and 
the second part of all the remaining summands. The first part belongs to U», 
and the second part to U,-m. Hence, from b) én, + €n, +--+ + €nm € U,,. 

Let a be a limiting element of the set «,. Then there exists a system €,,, 
€uy °** > €nm, With an arbitrary m, in an arbitrarily small neighborhood of the 
element a. From this we conclude that for an arbitrary m, the element ma C U,.. 
Hence all the elements ma are distinct for distinct m’s and have no limiting 
elements inQ by c). Hence Lemma 12 is proved. 

Proor oF Lemma 11. Let U be an arbitrary neighborhood of zero of the 
group 2, whose closure U is compact. Let us construct an increasing, trans- 
finite sequence of subgroups A; of the group ©, each of which has only zero 
belonging to U. Let A; be the group which contains only zero. Let us suppose 
further that all the groups A; for i < j have already been constructed. If 7 has no 
predecessor, we take for A; the sum of all A; with i < 7. The group thus obtained 
has only zero in common with U. Now let j = k +1. Since A; has only zero 
in common with U, it follows A, has no limiting points in Q, and, hence, A, is 
closed. We can now consider the factor group 2/A;, which we denote by 0’, and 
the set U’ which is obtained from U in forming the factor group. It is obvious 
that U’ is compact. If 9’ is a compact group then we will stop the construction 
of the sequences A; at the number k. If’ is not compact, we will apply to it 
lemma 12. Let a be an element of the group 2’ constructed in Lemma 12. 
Since U’ is compact, there exists only a finite number of elements of the form ma, 
where m is an integer, which belong to U’. For in the contrary case the set of 
elements of the form ma would have a limiting element in U’. Hence there 
exists a sufficiently large number n, such that all the elements of the form ma 
with |m| > nlie outside U’. We denote the subgroup with the generator na 
by A’. The complete image of the subgroup A’ in the group © we denote by Ax+1. 
It is easy to see that A;,+1 does not coincide with A;, and has only zero in common 
with U, 
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Since © satisfies the second axiom of countability and is locally compact, it can 
be covered with a countable system of domains, the closure of each of which js 
compact. Consequently every non-denumerable subset of the group Q, must 
have a limiting point in. But A; has no limiting points in Q, hence A; is 
denumerable. That is, our construction can be stopped at a countable step, and 
we obtain in the end, a group A which satisfies the conditions of Lemma 11. 


7. DeFIniTIONn 4. We will call the group of vectors in the n-dimensional affine 
space, an n-dimensional vector group. This group decomposes into a direct sum of 
subgroups, isomorphic to the additive group of real numbers. 

Lemma 13. Lel T be a connected group, having a subgroup A, which has no 
limiting points in T, and which is such that the factor group T/A = T’ is a toroidal 
group (see Remark 5), then T is the direct sum of a certain vector group M and a 
toroidal group A. 

Proor. Let r be the dimensionality of T’. Let us denote by N, an r-dimen- 
sional vector group, and let B be that subgroup of N all of whose elements have 
integral coordinates in some coordinate system. It is easy to see that T’ is 
isomorphic to the factor group N/B. Hence using Schreier’s® result, N covers 
universally the groups T’ and T, and hence is isomorphic to the factor group N/B’, 
where B’ isa subgroup of B. By an integer transformation of the coordinates 
of N we can obtain a system of generators 6, Be, --- , Bx, k S rof B’, such that 
8; has all its coordinates equal to zero, except the 7-th one, which is equal to some 
integer m;. From this it is easy to conclude that T is isomorphic to a direct sum 
of a k-dimensional toroidal group and an (r — k)-dimensional vector group. 

Lemma 14. Let Q be a locally compact, connected group, and U an arbitrary 
neighborhood of zeroinQ. Then there exists a compact subgroup A situated in U, 
and such that the factor group 2/A decomposes into a direct sum of a vector group 
and a toroidal group. 

Proor. Let A be the subgroup of the group Q, constructed in Lemma 11. 
Since A has no limiting element in Q, there exists a sufficiently small neighborhood 
of zero V in Q, such that if a and 6 are two elements of V with a — 6 C A, then 
a = £8. Let us also suppose that V C U. 

Since 2 is connected, the compact factor group 2’ = @/A is also connected. 
From the First Fundamental Theorem it follows that the group 2’ is the group 
of characters of a certain discrete group G. Since 2’ is connected, G contains no 
elements of finite order. (See Appendix 2, Theorem Ic.) Let $1, Ho, --- » Dn 
be an increasing sequence of subgroups of the group @, such that each of the 
subgroups has a finite number of generators, and the sum of the subgroups 
coincides with ©. Let , = (Q’, H,). Obviously &, forms a decreasing sequence 
of subgroups, whose intersection contains only zero. Let V’ be the image of V 
in forming the factor group 2/A. From the construction, V is reflected on V’ 





°O. Schreier: Die Verwandlschaft stetiger Gruppen im Grossen. Abh. Math. Seminar der 
Hamburg Univ. 5 (1926-7) 233-244. 
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ina one to one way and V’ forms a neighborhood of zero in 2’. Since the , 
intersect in the zero of 2’, there exists a sufficiently large number m, such that 
6, CV’. The factor group 0’/®,, is the group of characters of the group On 
(see Theorem 3). Since the group §,, has no elements of finite order and has a 
finite number of generators, it follows that §,, has a finite system of linearly- 
independent generators, that is, the group 2’/,, = T’ is toroidal (see Remark 5). 

Let I be that portion of the image of the group ®,, in the group Q, which lies 
entirely in V. Since the mapping of V on V’ is single valued, the group TI is 
isomorphic to n. Since I C V, the intersection of T and A is a zero of the 
group 2. Let 2’ = Q/T, and let A’ be the subgroup of the group ’ into which 
Aismapped. It is easy to see that A’ has no limiting elements in 2”, and that 
q’/A’ is isomorphic to T’. Since T’ is toroidal, it follows from Lemma 13 that 
(’ is a direct sum of a vector group and a toroidal group. 

Lemma 15. Let Q be a locally compact connected group. Then it contains a 
maximal compact subgroup A (that is, A is such that every other compact subgroup 
of Qis a subgroup of A), and the factor group Q/A is a vector group. 

Proor. Let U be a neighborhood of zero in 2, whose closure is compact, and 
let T be the subgroup constructed in Lemma 14. By the same lemma the factor- 
group 2/T' decomposes into the direct sum of the toroidal group A, and the vector 
group M. Let A be the complete image of the group Ain the group. Since T 
and A are compact, A is also compact and the factor-group 2/A is isomorphic to 
M and is a vector group. Let us suppose that there exists a subgroup A’, which 
is compact, but which does not belong to A. Let a C A’ anda CA. Let a’ 
be the element into which a goes in forming the factor-group 2/A. Since a € A, 
a ~ 0, this means that the sequence of multiples of the element a’ has no 
limiting elements in 2/A. But this is impossible since all the multiples of a 
belong to A’ and their set must have a limiting element. 


THe SEcOND FUNDAMENTAL THEOREM: A locally compact connected group Q 
satisfying the second axiom of countability decomposes into a direct sum of a com- 
pact subgroup A, and a vector subgroup N (see Definition 4), where the subgroup A 
is determined uniquely, and the demensionality r of the group N is an invariant of 
the group Q. 


Proor. Let A be the maximal compact subgroup of the group Q, constructed 
in Lemma 15. Let us choose a decreasing sequence U;, Us, --- , Un, --+ of 
neighborhoods of zero of the group @, whose closures are compact, and whose 
intersection contains only zero. Let us construct the sequence % = Q, %, 
%, +++, Qn, --+ of closed, connected subgroups of the group ©, such that the 
intersection I, of the group , and the group A is contained in U,, and such that 
every element of the group Q can be written in the form a + #, where a C A, 
and 6 C Q,. 

Let us suppose that ©, is already constructed. It is easy to see that I’, is the 
maximal, compact subgroup of the group 2,. In fact every compact subgroup 
of 2, belong to A by Lemma 15, and hence to the intersection of A and Q,, which 
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isT',. The factor-group @,/T’, is isomorphic to 2/A, and hence the dimensionality 
of 2, /T,isr. By Lemma 14, there exists a subgroup hen CS Uns: of the group 
, which is such that 2,/T';,, decomposes into a direct sum of a toroidal sub- 
group A and a vector subgroup M. Since A is the maximal compact subgroup 
of 0, /T 41, the subgroup I, is the complete image of Ain ®,. Let us denote by 
2; ,., the complete i image of the group M in Q,. Since the intersection of A and 
M in the group ©,,/ Py +1 is zero, the intersection of Ou and I, is Sian. Hence 
the intersection of iin and A is yen Let Qnii1 be the zero component of the 
group @,,,; such a group is, as is well known, a closed subgroup of the group 
i. ,- We denote by I’,.,: the intersection of 2,4; and Pou then the intersection 
of 2,4: and A is Tny:. We have then Q/A is isomorphic to ©,/T,, which is iso- 
morphic to @,,,/I'.,, which in turn is isomorphic to Qn4:/T'ny1. Hence the 
latter factor-group is an r-dimensional vector space. In forming the factor, 
group 2/A, the subgroup ©,,4: goes over into a subgroup isomorphic to Qn4;/T par 
but since 2/A and Qn4:/I'n41 are vector groups of the same dimensionality, 
Qnii/T'ny1 cannot be a proper subgroup of the group 2/A. Hence, in forming 
the factor-group 2/A, the subgroup 2,4; goes over into the whole group Q/A. 
In this way every element of 2 can be represented in the form a + 8, where 
aCca and B c Qn41- 

This last property is also true for the intersection N of all the groups Q,, but 
the intersection of N and A contains only zero. Hence © is the direct sum of 
the subgroups A and N, with N isomorphic to Q/N. 


IV. Structure of a Locally Connected Group 


The purpose of the present chapter is to investigate the structure of a con- 
nected, locally connected, locally compact group, satisfying the second axiom of 
countability. We solve the problem in the Third Fundamental Theorem, which 
shows that a group of the above type reduces to a direct sum of a finite or infinite 
number of continuous cyclic groups and a finite number of groups isomorphic to 
the additive group of real numbers. In the case of compact groups, the latter 
summands do not exist and we get only one compact, connected and locally 
connected group for every finite or infinite dimensionality. 

A space is said to be locally connected if any two of its points which are 
sufficiently close together can be connected by a short path. Hence a locally 
Euclidean space is a locally connected finite-dimensional space, so that the Third 
Fundamental Theorem solves the question of the structure of a locally Euclidean 
group, as a special case. 


8. Lemma 16. Let & be a discrete growp which has no elements of finite order, 
and which is such that any increasing sequence of subgroups 1, D2, --+ » Dn) °°" 
of the same finite rank stops. Then there exists a finite or infinite system of linearly 
independent generators of the group ©. 

Proor. Since every increasing sequence of subgroups of & of a fixed finite 
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rank stops, every subgroup of finite rank can be included in the maximal sub- 
group of the same rank, having a finite number of generators. 

Let us construct an increasing sequence @,, G2, --- , G,, --- of subgroups of G, 
such that G, is the maximal subgroup of rank n having a finite number of genera- 
tors (this means that G, cannot be included in any subgroup of the same rank). 
Moreover the sum of all the groups G, coincides with G. 

Let ti, f2, +: » Lm, +++ be a numbered sequence of all the elements of the 
group G. Let @, be the maximal subgroup of © of rank 1, containing x. Let 
us suppose that G, is already constructed. Let m be the least number such that 
t,¢ @,, and let the group G,4: be the maximal subgroup of rank n + 1 con- 
taining G, and tm. Let us construct a sequence of elements 9g), g2, --- , Gn * °° 
of the group @, which is such that the system g,, g., --- , 9, forms a linearly 
independent basis of the group @,. Since G has no elements of finite order, the 
subgroup @;, having a finite number of generators, is a free cyclic group. Let 
us denote its generator by g,. Let us show that the factor-group G,4:/G,, is 
cyclic. Since G,4:/G, has a finite number of generators and is of rank 1, it will 
suffice to show that G,+:/@G, has no elements of finite order. Let us suppose 
that there exists a subgroup © of finite order, of the group G,4:/G,. Then the 
image of the group © in G,,4: is a group of rank n containing @,, which is im- 
possible since ©, is a maximal subgroup. Hence G,,;/@, has a generator i . 
Let us designate one of the images of G.41 in Gay: by Gays. The system 
G1 Go °° » Gny -** thus obtained is a linearly independent system of genera- 
tors of the group. 

Lemma 17. Let G be a group of finite rank r, having no elements of finite order. 
Let $;, Be, «++ » Day «++ be an increasing infinite sequence of subgroups of rank r 
of the group &, which are such that each $,, has a finite number of generators and 
the sum of all $,, coincides with G@. Then the group of characters X of the group © 
cannot be locally connected. 

Proor. Let &, = (X, ,) and T, = X/®,. T, is isomorphic to the group of 
characters of ,, and since §, has a finite number of generators, and no elements 
of finite order, it must have a finite system of linearly independent generators, 
that is T, is a toroidal group (see Remark 5). Let U be a neighborhood of zero 
in T;, homomorphic to a sphere. Such a neighborhood always exists since T; 
isa manifold. Let V be a sufficiently small neighborhood of zero in X, such 
that its image on reflection in X/#, lies completely in U. Since the sequence 
9, S., --+ , Sa +++ is infinite, the group G/§, is infinite and hence the group 
of its characters ®, (see Theorem 3) is also infinite. But ; is compact and hence 
has no isolated elements. In this way there exists an element a in 4, which is 
arbitrarily close to zero. Let us suppose that X is locally connected and let a be 
sufficiently close to zero so that a and zero can be connected by a continuous 
path1 C V. Since the sum of all ©, coincides with G, the intersection of all &, 
coincides with zero and hence there exists a sufficiently large number m such 
thata € &,,. Let ; , a’ and I’ be the images of #,, a and / in T,, with a homo- 
morphism X/®p, a’ #0. Since X/#; = 71, T,,/®, = Ti. Let us denote by 1” 
the image of I’ in T; with the homomorphism T,,/®;. 
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Since 1 C V, / C U and hence the closed path 1” in T; is homotopic to zero 
since U is homomorphic to a sphere. But this is impossible, because, using 
Schreier’s® results, T,, covers T;, and the open path /’ in T,, cannot go over into 
a closed path l’’, homotopic to zero in T. 

Tueorem 6. The connected, locally connected, compact group X satisfying the 
second axiom of countability decomposes into a direct sum of a finite or denumerable 
number of continuous cyclic groups. (See Appendix 1 for the notion of a direct 
sum.) 

Proor. From the First Fundamental Theorem, X is the group of characters 
of a certain group ©. Since X is connected, © does not contain any elements 
of finite order (see Appendix 2, Theorem 1c). If the group G satisfies the con- 
ditions of Lemma 16, it decomposes into a direct sum of free cyclic groups and 
hence by Theorem la of Appendix 1, X decomposes into a direct sum of continu- 
ous cyclic groups. 

Let us now suppose that © does not satisfy the conditions of Lemma 16, then 
there exists in @ an increasing infinite sequence $:, D2, --- , HD», «++ of groups 
of rank r, each of which has a finite system of generators. Let be the sum of 
all the groups ©,. The rank of His r. Let 6 = (X, H). Since X is locally 
connected, its continuous image X/® has the same property. But by Theorem 
3, the group X/® is the group of characters of the group , which contradicts 
Lemma 17. 


THIRD FUNDAMENTAL THEOREM. A connected, locally connected, locally com- 
pact group 2, satisfying the second axiom of countability, decomposes into the direct 
sum of a finite or denumerable number of continuous cyclic groups and a vector group. 


Proor. By the Second Fundamental Theorem, the group 2 decomposes into 
the direct sum of the compact group X and the vector group N. It is easy to 
see that X is isomorphic to 2/N. Hence X is locally connected and connected 
and decomposes into the direct sum of continuous cyclic groups by Theorem 6. 

Corotuary. By imposing on the Third Fundamental Theorem the further con- 
dition that Q is of finite dimensionality, or the condition of shrinkage to zero of every 
sufficiently small closed contour, we obtain only a finite number of cyclic summands. 

Proor. The first statement is obvious, the second follows from the fact that 
the presence of an infinite number of cyclic summands enables us to choose from 
among them an arbitrarily small subgroup, which is itself a closed contour but 
cannot shrink to a point, since it is a direct summand. 


Appendix I 


On the Decomposition of Groups into direct Sums 


Here I give the connection between the decomposition of a group © into a 
direct sum, and that of the group X of its characters. This enables me to estab- 
lish the connection between the decompositions into direct sums of discrete and 
continuous compact groups. This allows me to give a number of examples not 
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devoid of interest; namely I give examples which contradict the results of J. W. 
Alexander and L. W. Cohen,” St. Pietrkowsky," D. v. Dantzig. We recall 
first of all the concept of a direct sum. 

DEFINITION la. Let G be a group and {UL} a system, of any power, of sub- 
groups of the group @. We shall say that the group @ is decomposed into a 
direct sum of the groups UL, if a) the minimum subgroup, which contains all 
the groups Ul, coincides with @; b) let B; be a minimum subgroup which con- 
tains all the subgroups U,, with the exception of one, U;. Then the intersection 
of the groups %; and U; contains only zero. 

RemarRK la. The power of the set of groups U,,, which give the decomposition 
of the group & into a direct sum, is denumerable or finite. In fact, from every 
group ll,, we can choose an element different from zero. It is easy to see that 
all these elements are distinct, and since, by a general assumption of this paper, 
the group @ contains not more than a denumerable number of elements, the 
statement is proved. Therefore we can suppose that m = 1, 2, --- 

ReMARK 2a. Every element r C @ is decomposed uniquely into a sum 


t= by Im, Where Im C Un, and n is an arbitrary integer, but sufficiently large 


m=1 


depending on r. The totality of all the sums of this form is a group, which con- 
tains all the groups U,, and must therefore, by Definition la, coincide with G. 


Suppose that we have two decompositions of r into a sum r = >> In = » > t,; 
m=1 m=1 
from this we have r,; — % = 2 (tn — X,). But the left hand side of this 


met 
equality belongs to U1; and the right hand side to &;, hence by Definition 1a, 


t; = 2; for every 7. Hence the uniqueness of the decomposition is established. 

DEFINITION 1b. Let X be a compact group, and let 4,, be a system, of any 
power, of the subgroups of X. We shall say that X is decomposed into a direct 
sum of the groups ®,, if a) the minimum closed subgroup which contains all the 
groups ®,, coincides with X. b) Let ¥; be the minimum closed subgroup which 
contains all the groups ® with the exception of one group %;, then the intersection 
of ¥; and #; contains-only zero. 

Remark lb. The power of the set of groups ®,, which give the decomposi- 
tion of X into a direct sum, is denumerable or finite. To prove this let us 
suppose that the index m runs over a well ordered set of values. Let us denote 
by =; the minimum closed group which contains all the groups #; for 1 2 j. It 





10 Alexander, J. W., and Cohen, L. W. A classification of the homology groups of compact 
spaces. These Annals (2) 33 pp. 538-566 (1932). 

1 St. Pietrkowsky: Theorie der unendlichen Abelschen Gruppen. Math. Ann. 104 (1931) 
pp. 535-569. 

2D. v. Dantzig. Groupes monoboliques et functions presque périodiques. C. R. 
Paris, 1933 pp. 1074-1076, théoréme IV p. 1076. 
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Since 1 C V, KX C U and hence the closed path 1” in T; is homotopic to zero 
since U is homomorphic to a sphere. But this is impossible, because, using 
Schreier’s® results, T,, covers T,, and the open path /’ in T,, cannot go over into 
a closed path l’’, homotopic to zero in T,. 

Turorem 6. The connected, locally connected, compact group X satisfying the 
second axiom of countability decomposes into a direct sum of a finite or denumerable 
number of continuous cyclic groups. (See Appendix 1 for the notion of a direct 
sum.) 

Proor. From the First Fundamental Theorem, X is the group of characters 
of a certain group @. Since X is connected, © does not contain any elements 
of finite order (see Appendix 2, Theorem 1c). If the group © satisfies the con- 
ditions of Lemma 16, it decomposes into a direct sum of free cyclic groups and 
hence by Theorem 1a of Appendix 1, X decomposes into a direct sum of continu- 
ous cyclic groups. 

Let us now suppose that © does not satisfy the conditions of Lemma 16, then 
there exists in @ an increasing infinite sequence §;, He, --- , Hn, --- of groups 
of rank r, each of which has a finite system of generators. Let be the sum of 
all the groups ,. The rank of Sis r. Let 6 = (X, H). Since X is locally 
connected, its continuous image X/# has the same property. But by Theorem 
3, the group X/® is the group of characters of the group §, which contradicts 
Lemma 17. 


THIRD FUNDAMENTAL THEOREM. A connected, locally connected, locally com- 
pact group Q, satisfying the second axiom of countability, decomposes into the direct 
sum of a finite or denumerable number of continuous cyclic groups and a vector group. 


Proor. By the Second Fundamental Theorem, the group 2 decomposes into 
the direct sum of the compact group X and the vector group N. It is easy to 
see that X is isomorphic to 2/N. Hence X is locally connected and connected 
and decomposes into the direct sum of continuous cyclic groups by Theorem 6. 

CoroLuary. By imposing on the Third Fundamental Theorem the further con- 
dition that Q is of finite dimensionality, or the condition of shrinkage to zero of every 
sufficiently small closed contour, we obtain only a finite number of cyclic summands. 

Proor. The first statement is obvious, the second follows from the fact that 
the presence of an infinite number of cyclic summands enables us to choose from 
among them an arbitrarily small subgroup, which is itself a closed contour but 
cannot shrink to a point, since it is a direct summand. 


Appendix I 


On the Decomposition of Groups into direct Sums 


Here I give the connection between the decomposition of a group @ into a 
direct sum, and that of the group X of its characters. This enables me to estab- 
lish the connection between the decompositions into direct sums of discrete and 
continuous compact groups. This allows me to give a number of examples not 
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devoid of interest ; namely I give examples which contradict the results of J. W. 
Alexander and L. W. Cohen,” St. Pietrkowsky," D. v. Dantzig.” We recall 
first of all the concept of a direct sum. 

DEFINITION la. Let © be a group and {UL} a system, of any power, of sub- 
groups of the group ©. We shall say that the group G is decomposed into a 
direct sum of the groups U,, if a) the minimum subgroup, which contains all 
the groups U,,, coincides with G; b) let B; be a minimum subgroup which con- 
tains all the subgroups U,, with the exception of one, U;. Then the intersection 
of the groups %, and U1; contains only zero. 

RemMaRK la. The power of the set of groups UL, which give the decomposition 
of the group @ into a direct sum, is denumerable or finite. In fact, from every 
group U,, we can choose an element different from zero. It is easy to see that 
all these elements are distinct, and since, by a general assumption of this paper, 
the group @ contains not more than a denumerable number of elements, the 
statement is proved. Therefore we can suppose that m = 1,2,.---. 

ReMARK 2a. Every element r C @ is decomposed uniquely into a sum 


t= D2 Im, Where fm C Un, and n is an arbitrary integer, but sufficiently large 
m=1 


depending on r. The totality of all the sums of this form is a group, which con- 
tains all the groups U,, and must therefore, by Definition la, coincide with G. 


Suppose that we have two decompositions of r into a sum r = > > Im = > r.; 


m=1 m=1 


from this we have r,; — % = >> (tm — r,). But the left hand side of this 
me t 
equality belongs to U; and the right hand side to %;, hence by Definition 1a, 


t; = % for every i. Hence the uniqueness of the decomposition is established. 

DEFINITION 1b. Let X be a compact group, and let #,, be a system, of any 
power, of the subgroups of X. We shall say that X is decomposed into a direct 
sum of the groups ©,, if a) the minimum closed subgroup which contains all the 
groups ®,, coincides with X. b) Let ¥; be the minimum closed subgroup which 
contains all the groups @ with the exception of one group %;, then the intersection 
of V; and #; contains-only zero. 

Remark 1b. The power of the set of groups ®,,, which give the decomposi- 
tion of X into a direct sum, is denumerable or finite. To prove this let us 
suppose that the index m runs over a well ordered set of values. Let us denote 
by =; the minimum closed group which contains all the groups #; for 7 2 j. It 





‘0 Alexander, J. W., and Cohen, L. W. A classification of the homology groups of compact 
spaces. These Annals (2) 33 pp. 538-566 (1932). 

1 St. Pietrkowsky: Theorie der unendlichen Abelschen Gruppen. Math. Ann. 104 (1931) 
pp. 535-569. 

2D. v. Dantzig. Groupes monoboliques et functions presque périodiques. C. R. 
Paris, 1933 pp. 1074-1076, théoréme IV p. 1076. 
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is obvious that =; forms a well ordered descending sequence of groups, but from 
a general assumption of this paper, the second axiom of countability for X, it 
follows that the sequence %; stops at a finite or countable term. In this way we 
can say without loss of generality that m assumes integer values. 

Remark 2b. Every element a C X can be uniquely represented as an infinite 


sum a = b am (the infinite sum has a meaning, since X is a continuous group). 
m=1 

The totality of all the convergent sums of the above type is easily seen to form 

a compact subgroup of the group X, which contains all the ,, and therefore must, 

in accordance with Definition 1b, coincide with X. The uniqueness of decom- 

position is proved in the same way as in Remark 2a. 

TueorEM la. If & and X are orthogonal (see Definition 3) and if & is decom- 
posed into a direct sum of growps Un, then there exists a decomposition of the group 
X into a direct sum of groups ®n, which is such that (X, Un) D &, for n ¥ m, and 
Un and ®,, are orthogonal. 

THEOREM lb. Jf G and X are orthogonal, and if ®,, gives the decomposition of X 
into a direct sum, then there exists a decomposition of the group © into subgroups Un 
under the same conditions as in Theorem 1a. 

In order to prove both these theorems we first prove two preparatory lemmas. 

Lemma A. Let @ and X be orthogonal and §,, an arbitrary system of subgroups 
of G, whose intersection we will designate by . If Zm = (X, Hm) and if the mini- 
mum closed subgroup which contains all Zn be designated by Z, then Z = (X, §). 

Proor. It is easily seen that (X, 5) D Z,, moreover since (X, ) is closed, 
it contains =. Let r C G, andr ¢ §, then there exists an 7, such that r € §&,, 
hence there exists an a C Z; C Z such that ar ¥ 0, so that (G, Z) = §. 

Lemma B. This lemma is analogous to Lemma A with © and X interchanged. 
Its proof is analogous to the proof of Lemma A. 

Proor OF THEOREM la. With the notation of Definitions la and 1b, let us 
suppose that 4,, = (X, ¥,,) and prove that ,, give the desired decomposition of 


the group X. Let r C %;, in accordance with Remark 2a, r = by Im. Since 
m=1 
rC %,x; = 0. Ifz belongs simultaneously to all the B,,, then r = 0: that is 
the intersection of all the %,, contains only zero. From this it follows, from 
Lemma A that the product of all the ©,, coincides with X. Analogously the 
intersection of all the %,, with the exception of %; coincides with 1;, from which 
it follows by Lemma A that ¥; = (X, 11;). Since the product of U,; and %; coin- 
cides with G, it follows from Lemma B and Theorem 3 and 4 that the intersection 
of 6; and VY; contains only zero. In this way, ©,, give a decomposition of the group 
Xintoadirectsum. From ¥; = (X, U,) itis obvious that (X, Un) D Bn, m # Nn. 
We shall show now that UL, and ©,, are orthogonal. Let 0 ~ zr C U;. Because 
of the orthogonality of G and X there exists an a C X with ax ~ 0. In accord- 


ance with Remark 2b we have a = >> Am but ant = 0 with m # 7, hence 


m=1 
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ar = ar ¥ 0, that is (U;, &;)) = (0). In the same way we can prove that 
(6;, Ui) = (0). 

The proof of Theorem 1b is entirely analogous. 

Remark 3ab. From Theorems 1a and 1b, there exists a complete duality 
between the decomposition into a direct sum of a discrete group and that of the 
group of its characters. Moreover the decomposition of the one group into a 
not further decomposible sum corresponds to the decomposition of the other 
group into a sum which is likewise not decomposible any further. This fact 
enables us, starting with examples for discrete groups, to arrive automatically 
at example for continuous groups. It also shows that the question of decom- 
position of continuous compact groups is equivalent to the question of decom- 
position of discrete groups. (See First Fundamental Theorem.) 

ExamMpPLe 1. H. Priifer!* gave an example of a group G, all of whose elements 
are of a finite order and which cannot be decomposed into a direct sum of inde- 
composible subgroups, although it admits of a decomposition into a sum of 
further decomposible subgroups. If we construct for G its group of characters X 
we get an example of a compact, zero-dimensional group (see Appendix 2, 
Theorem 2c), which possesses the same properties of decomposibility. A more 
detailed study of the group X shows that it satisfies the conditions of the paper of 
Alexander and Cohen" and also the conditions of the paper by St. Pietrkowsky."' 
In this way it gives an example which contradicts the results of these papers, 
since these papers assert the decomposibility of groups satisfying certain given 
conditions into non-decomposible subgroups. 

The group © is given by its generators y, x;, (¢ = 1, 2, ---) and relations be- 
tween them py = 0, p‘zr; = 9, where p is any prime number. It is easy to see 
that the order of the element r; is p‘+1, and that the order of the element y is p. 

Let us form the group of characters X of the group G by means of its genera- 
tors, 8, a, (¢ = 1, 2, ---) where 6 and a; are determined by the conditions 


: 1 Vie : 1 . 
B(y) = D’ B(x;) = pa a; (y) = 0, aj(z;) = 0 with 7 ¥ j, a:(z,) = = The right 


hand sides of these equalities are numbers, which are considered as elements of 
agroup K. (See Definition 1.) It is easily seen that every element of the group 


X can be expressed as an infinite sum b 6 + »> a;a; with 0 S b < p and 


i=1 


0 S$ a < pi’, since the conditions p‘ a; = 0, and pB = b 3 a; are fulfilled. Also 
t=1 

the k neighborhood of zero in X is determined by the condition b = 0, a; = 0, 

with i < k. The group X which is determined by its generators and given 

relations, and which is the group of characters of G, obviously satisfies the con- 

ditions of Alexander and Cohen. It is not difficult to show that it likewise 

satisfies the conditions of St. Pietrkowsky. 


ene 





‘SH. Priifer: Untersuchungen tiber die Zerlegbarkeit der abzahlbaren primdren Abelschen 
Gruppen. Math. Zeitschr. 17 (1923) pp. 35-61 (§18). 
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EXAMPLE 2. Let us construct a group @ without any elements of finite order, 
whose rank is two and let @ be such that it is not decomposible into a direct 
sum. The group of character X of the group © will be a compact connected 
group of dimensionality 2, (see Appendix 2, Theorems le and 2c) which is like- 
wise not decomposible into a direct sum (see Theorem 1b), which contradicts 
the statements of the paper of D. v. Dantzig.” 

We will give the group © by its generators », ri, (¢ = 0, 1, 2, ---) and the 
relation, 


(*) MH =U +Y, (¢ = 0,1, 2, ---), 


where k; are positive integers satisfying only the condition that some k’s are 
arbitrarily large. 

It is easy to see that the element y of the group © is free, since from the 
relation (*) we cannot eliminate all the x; in such a way as to leave a relation in 
yalone. Let us designate by the subgroup of the group @ with the genera- 
tory. In forming the factor group G/ if we denote by r, the element of @/§ 
into which z; goes, then r; is the system of generators of @©/ with the relation 
git y',, = 2;, 80 that the group contains no elements of finite order. Since 
and @/ do not contain any elements of finite order, the group © itself has the 
same property. 

Because of the absence in © of elements of finite order, division in G is unique, 
that is the equation ga = 6b, where a C G, 6b C G, and g an integer, has not more 
than one solution. Therefore in G we can use fractional coefficients without 
fear. 

Now we shall show that @ does not contain any infinitely divisible elements, 
that is for every element b, a sufficiently large integer k can be found such that 
if ¢q > k the equation ga = 6 has no solution or, which is the same, there exists 


no element “6 From this the non-decomposibility of G can be derived with- 


out much effort. 
Making use of fractional coefficients we can express all the generators of ® by 
means of y and y = r. Simple calculations show, that 


= i a yl + 2h + girtte + it + Qi tket- ++ +k) 


Dkitket: ++ +ky 





zi 


In this way every element of the group @ can be written in the form rz -+ s), 
where r and s are rational numbers, but of course not every expression of this 
type represents an element of @. In particular, if there are two elements 
rx + s’yand rr + s’’y, then s’ — s’’ is an integer: In fact (s’’ — s’)y is an ele- 
ment of © since it is the difference of two of its elements. But since @/H has 
no elements of finite order, s’’ — s’ must be an integer, for otherwise G@/ would 
have an element of finite order. Let us suppose now that some element b admits 
of infinite division. From what we just said, 6 cannot be a multiple of y. _There- 
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fore in the transition to the factor group, 6 will go into an element 6’, but if 6 
admits an infinite division, so will b’. However, in G/® infinite division can 
only take place by arbitrary high powers of 2. Therefore 6 admits division by 
arbitrary high powers of 2. But it b admits such a division, an arbitrary multiple 
of 6 will have the same property, and therefore it would be possible to find an 
element 6 = mr + ny which admits a division by arbitrarily high powers of 2 
BETSY Wt with 


with m and n integers. In this way G contains an element rere 


an arbitrarily large 7. Let us form the difference mz; — 56,; it is equal to 


y m(1 + Qh + Dkitks + en oe Qhitket- + -+kj-) — ” 


= y-t. 
Dhathet: + +h; 





From the preceding remarks the number ¢ must be an integer. Let us show that 
this is impossible. First of all it is clear that with a sufficiently large j, it is 
positive. Let us show that for some arbitrarily large 7, <1. To prove this 
statement let us estimate ¢. Replacing the sum which is in the numerator of t 
by a geometrical progression we find easily that 


(|m| + | n[)Qbtet teat 2(|m| + |n]) 
Dhithet: + +k; = Qk; 





t< 


but as k; takes on arbitrarily large values, it is true that for some arbitrarily 
large 7 we have < 1. In this way G does not contain any elements which 
admit infinite division. 

Let us suppose now that @ is decomposible into a direct sum of two groups 
@’ and @”’. The groups G’ and G”’ have to be of rank 1 and without elements 
of finite order. Let us study the structure of such a group © without any ele- 
ments of finite order and of rank 1. Let uand » be elements of G. Since the 


rank of G is 1 we have nv = mu that is v = =u. Putting every element » in 


correspondence with a rational number — we obtain an isomorphic mapping of 
n 


the group G into a group of rational numbers, that is G is isomorphic with some 
subgroup of the group of rational numbers. But a subgroup of the group of 
rational numbers is either cyclic or else contains elements which allow infinite 
division. But since © has no elements which admit infinite division, it follows 
that @’ and G” will have to be cyclic, which is obviously impossible. 


Appendix 2 


Connectivity and Dimensionality of the Group of Characters 


Here I endeavor to explain the simplest topological properties of the group 
of characters X of some discrete group @ and to establish a connection between 
these properties and the algebraic properties of the group G. 
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THEOREM le. The group of characters X of the group © 1s connected if and only 
if the group & has no elements of finite order. 

Proor. Let us suppose that @ has an element r of finite order. Let us denote 
the group which has r for a generator by : this group is finite. Let @ = (xX, §). 
By Theorem 3, the group X/® is the group of characters of the group §. Since 
© is finite, its group of characters X/@ is also finite, by Lemma3. Hence X can 
be continuously mapped by means of the homomorphism X/¢® into a finite system 
of elements. Hence X is not connected. 

Let us suppose X can be divided into two non-intersecting compact parts 
Uand V. Let 1, 2, --- , Hn, --- be an increasing sequence of subgroups of 
the group @, whose sum coincides with @, and each of which has a finite num- 
ber of generators. Let , = (X, ,). The intersection of all ©, contains only 
zero, hence there exists a sufficiently large number m, such that the following 
condition is satisfied for the group ®,. IfaCU and BC V, then 6B — a€ 4, 
Because of this condition, U and V go into two non-intersecting compact sets in 
forming the factor group X/®,. Hence X/®,, is not connected. But X/®,, is 
the group of characters of §,, with a finite system of generators, by Theorem 3. 
If §,, had no elements of finite order, it would have a finite system of linearly 
independent generators, and X/®,, would be a toroidal, that is a connected, group 
(see Remark 5). Hence §,, contains elements of finite order and so also does ©. 

CorouuaRy le. Let & be a discrete group, and let X be a group of its characters. 
Let be the subgroup of & composed of all the elements of finite order in G, and let 
& = (X, H). Then ® is the component of zero in X. 

Proor. By Theorem 3, # is the group of characters of @/H, and since G/H 
has no elements of finite order, @ is connected, by Theorem 1c. At the same 
time, ® is the maximal connected subgroup of ©. For suppose that # is a proper 
subgroup of ’, and let 5’ = (G, ®’). Then §’ is a proper subgroup of © (see 
Thecrem 4), and hence @/’ has elements of finite order, which means that its 
group of characters ®’ is aot connected. 

THEOREM 2c. If @ is a discrete group, and X the group of its characters, the 
dimensionality of X equals the rank of ©. 

Proor. Let us prove that the dimensionality of X cannot exceed the rank r 
of &. Ifr is infinite, the statement has nu meaning. Suppose that r is finite. 
Let 1, D2, --- , Gn, --- be an increasing sequence of subgroups of G, having 
the rank r. Let the sum of all the 6, equal G, and let each §, have a finite 
number of generators. Let’, = (X,6,). The intersection of all &, contains 
only zero, that is, there exist arbitrarily small subgroups among the groups ®;. 
Since , has a finite number of generators, it decomposes into a direct sum of r 
free cyclic subgroups and a finite group. Hence the group of its characters X/®, 
is a direct sum of a toroidal group of rank r and a finite group (see Appendix 1, 
Theorem la and Remark 5), that is, the dimensionality of X/@, is r. But fora 
sufficiently large n, X/#, can be obtained from X by an arbitrarily small dis- 
placement, which, as is well known, cannot lower the dimensionality. Hence 
the dimensionality of X does not exceed r. 
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Let us show now that the dimensionality of X is not less than the rank r of ©. 
To do this, it is sufficient to show that the dimensionality of the component of 
zero in X is not less than the rank of G, that is, using the preceding corollary, it 
is sufficient to discuss only the case where G has no elements of finite order. In 


this case there exists a finite or infinite system m1, 2, --- , Yn, --- of linearly 
independent elements of ©, which is such that every element of G can be ex- 
pressed uniquely as a finite linear form in 1, Yo, --- , Yn, «++ With rational 


coefficients. Let us now build a homomorphic mapping of the group G into an 
additive group of real numbers, putting every element r of the group @ into 
correspondence with a real number a(t, f2, --+ , tn; x) where t), fo, --- , t, are 
real numbers upon which the homomorphism depends. This homomorphism 
is determined by the conditions a(t, to, --- ,tnj ti) = t; with i = 1, 2,---, 
and a(t, te, --- , nj %;) = Owithy >n. It is easy to see that from these con- 
ditions a is uniquely determined. Reducing the number a(é;, ts, --- , tn; x) 
modulo unity, we obtain the homomorphism of the group © into the group K. 
It is easy to see that if 0 <¢;< 1,7 = 1,2, --- , , then to every system of 
values t;, t2, --- , t, corresponds its own special homomorphism. Hence there 
isa subset in X homomorphic to the interior of an n-dimensional cube, but n 
is an arbitrary number not exceeding the rank of ©. 

CoroLLary 2c. The group of characters X of the discrete group © is zero- 
dimensional if, and only tf, all the elements of & are of finite order, since in this case 
the rank of & ts zero. 


Appendix 3 


(Added in proof May 14, 1934). 

The reason why we do not introduce topological relations in definition J’ of 
the character group & of a compact group X is that in @ there cannot exist any 
convergent sequence. We must prove that if X and @ form an orthogonal pair 
§ cannot contain a sequence Qi, g2, --- , Gn, --: Converging to zero. We will 
prove that this is impossible by constructing a character x of @ such that x g, 
does not converge to 0. 

Let G, be the subgroup of @ generated by qi, --- , gn and @’ the subgroup 
generated by gi, G2, --- , Qn) -:: . We suppose first that ©’ does not have a 
finite basis. Then there are arbitrarily big numbers n such that g, is not con- 
tained in G,_;. Suppose that x(G,_1) has already been constructed. If g, is 
independent of G,_1 then we put x gn = 3. If g, is linearly dependent on 
G1 we take a relation k g, = 9’, 9’ © Gn-1, with lowest possible positive 


/ 


integer k. Then we put x gn = «E, taking the value of x8. that is as far 


away from zero as possible. The character x now defined over W’ can be 

extended over G. As we have for arbitrarily big values of n either x g, = 3 or 
/ 

X Gn = re with k > 1 so that x gn is at least } away from 0, we do not have 


lim x gn = 0. 
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Now we take the case where (’ possesses a finite basis a, --- , Gy, by, --- , 6, 
where a, --- a), are linearly independent and 6,, --- 6, have finite order. 
Putting 


Gx = Ti a+ --. $175, + 8p bi + --- + BF 


we can suppose that r} ~ 0 for arbitrarily high n. Then we make x a, = 0, 


(@ = 2,---,p),x6;=0,(@ =1,---,qg) andxa,=d. It is easy to see that 
d can be chosen in such a way that lim r7? d ¥ 0. 


no 


Moscow (U.S.S.R.). 
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ON THE CHARACTERS OF DISCRETE ABELIAN GROUPS 


By J. W. ALEXANDER 


(Received March 15, 1934) 


1. Let A be an arbitrary discrete abelian group. We select any basis of A, 
form a set of fundamental relations in the base elements, and from these relations 
construct two (finite, infinite, or transfinite) matrices P and p which determine 
the group A completely, (§2). Next, we consider the character group B of A. 
In much the same way as before we select a “‘pseudo-basis” of B, form a set of 
fundamental relations in the elements of the pseudo basis, and from these rela- 
tions construct two matrices P’ and Q’ determining B, (§3). The matrices P’ 
and Q’ turn out to be the transposed of the matrices P and Q respectively. 
Finally, we show that there is always a group C composed of characters of B and 
simply isomorphic with the original group A, (§4). 

In a subsequent paper we shall develop some of the consequences of the above 
result. The character group B of A has a natural topological structure. If we 
assign this structure to the group B, then the group C will be shown to be the 
group of all continuous characters of B. We shall thus obtain a slight extension 
of a theorem derived by L. Pontrjagin for the case where the group A is 
countable.!_ We shall also bring out how the matrices P’ and Q’ make it possible 
to obtain a clear geometrical picture of the character group B of A, at least in the 
case where A is countable. 

Our method of procedure will be closely related to one suggested by R. E. A. C. 
Paley and N. Wiener for obtaining the characters of discrete, abelian groups.’ 

2. We shall be dealing exclusively with abelian groups and shall, therefore, 
describe the resultant of two group elements a and a’ byasum,a + a’ = a’ + a. 
The resultant of any finite sequence of group elements will thus be expressible 
as a finite linear form in the group elements with integer coefficients. 

Now, let A be any discrete, abelian group. By a basis of A we shall mean 
any set of elements of A such that a general element of A can be expressed in 
one or more ways as a finite linear combination of elements of the set with integer 
coefficients. Thus, for example, the set of all elements of A will be one possible 





‘This is one of the results in Mr. Pontrjagin’s paper on the theory of topological com- 
mutative groups (pp. 361-388 of this issue). A summary of Mr. Pontrjagin’s paper in the 
form of a letter to Mr. Lefschetz was known to me at the time of writing the present note. 

In a paper on the homology groups of abstract spaces; these Annals, Vol. 35 (1934), pp. 
130-151, I have corrected an error in a paper by L. W. Cohen and me on a classification 
of the homology groups of compact spaces; these Annals, Vol. 33 (1932), pp. 538-566. This 
error was pointed out by Mr. Pontrjagin and is mentioned in Appendix I to his paper. 

* Characters of Abelian Groups, Proc. of Nat. Acad., vol. 19 (1933), pp. 253-257. 
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basis of A. Given an arbitrary basis of A, there will, in general, be certain 
linear combinations L of the base elements which are not identically zero, yet 
which represent the zero element of A. Any subset of the linear forms L will be 
called a fundamental set provided the forms L can each be expressed as finite 
linear combinations of forms belonging to the subset with integer coefficients. 
Given an arbitrary basis of A, we can always find a fundamental set composed of 
linearly independent forms L; = 0 in the following manner: 

We arrange the base elements of A in a well ordered set. Then if a base 
element a of A has the property that no multiple of a is expressible as a finite 
linear combination of the base elements preceding it, we say that a is a base 
element of the first kind, otherwise that it is of the second kind. Next, we split 
up the set of base elements into two well ordered subsets 


(2:1) Qj, Ge, *** ; a, G2, °° 


composed of the base elements a; and a; of the first and second kinds respectively. 
No linear combination of elements of the first kind can vanish identically, but to 
each base element a; of the second kind there corresponds at least one linear 
relation, 


(2:2) L; = 2 Dis @ + 2) isd, = 0 


(qi ¥ 0; dis = Ofori < s), 


expressing the fact that some multiple q;; of a; is a linear combination of ele- 
ments a, and of elements a, preceding a;. If we choose the relations (2:2) in 
such a manner that the coefficients q;; of their last terms are positive and 
numerically as small as possible, then the forms (2:2) will constitute the desired 
fundamental set. For they will clearly be linearly independent, since each 
contains a base element a; not appearing in any of the preceding forms. More- 
over, every linear form L representing the zero element, 


(2:3) L=Zp,a,+2q,a, = 0 
(s <1, qi ¥ 0), 


will be expressible as a finite linear combination of the forms L, (s < 7), as we 
can prove in the following manner, by transfinite induction. We first observe 
that the last coefficient ¢; of L must be exactly divisible by the last coefficient qi: 
of Li, (qi = Aqii), since the form L; was so chosen that its coefficient qi; was 
numerically as small as possible. Consequently, we may write 


L = Md, + 7’, 


where L’ is a form which either involves no base element a, of the second kind, or 
only elements a, preceding a;. In the first case, the form L’ must vanish identi- 
cally; in the second, we may assume as the hypothesis of the induction that L’ 
is expressible as a finite linear combination of the forms L,, (s < i). In either 
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case, therefore, the form Z will be a finite linear combination of the forms 
L, (8 S %)- 

We can think of the coefficients p;, and q;, of (2:2) as the elements of two 
(finite or infinite) matrices P and Q respectively with well ordered rows and well 
ordered columns. The matrix P will be subject to the sole restriction that it 
have at most a finite number of non-vanishing elements p,, in each row. The 
matrix Q will be a “‘square”’ matrix with zeros above the main diagonal, with no 
zeros at all on the main diagonal, and with at most a finite number of elements 
in each row. 

Let 
(2:4) a = Lia, + 27,0, 
be an arbitrary group element of A. Then we shall speak of the integer coeffi- 
cients 


(2:5) (G1, f, --> 5 = Ly Ma, > ) 


as the coordinates of the element a with respect to the given basis. Of course, 
the element a will, in general, have more than one set of coordinates, since the 
form (2:4) will only be determined modulo the forms (2:2). 

3. A character b of A will be defined as any function of a variable element a of 
A satisfying the following two conditions: 

(i) At each element a of A the value of the function b(a) is a real number 


reduced modulo 1. 
(ii) The function b is linear in a, in the sense that if a and a’ are any two 


elements of A then we have 
b(a + a’) = b(a) + b(a’) (mod 1). 


The negative of a character b will be the character with the values —b(a), modulo 
1: the swm of two characters b and b’ will be the character with the values 
6+ b’. Thus the set of all characters b of A will form a group B under the 
operations of addition. The group B will be the character group of A. 

We shall now show how to construct the character group B of A. Clearly, a 
character b of A will be completely determined when we know the values of b at 
all the base elements of A. For let 


(3:1) (m, ets 21, 22, *** ) 


be any set of real numbers congruent, modulo 1, to the values of b at the base 
elements a; and a; respectively. 

b(ai) = Ni, b(a;) = 2; (mod 1). 
Then, at an arbitrary element a of A, cf. (2:4), the value of the characters 6 will 
be given by the expression 
(3:2) b(a) = LVémi + Uarizi (mod 1), 
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therefore b will be fully determined. Now, by Condition (ii), it follows imme- 
diately that every character b must vanish, modulo 1, at the zero element of A, 
Therefore, in virtue of Relations (2:2), every set of numbers (3:1) determining a 
character b will have to be a solution of the congruences 


(3:3) LPisNs + Liszs = 0 (mod 1). 


Conversely, every solution (3:1) of the congruences (3:3) will determine a char- 
acter. For the functions b determined by (3:2) will then have a unique value, 
modulo 1, at each element a of A, regardless of how we express the element a in 
terms of the base elements of A. Moreover, the function 6 will obviously fulfil 
the two requirements imposed at the beginning of the section and will therefore 
be a character. 

It will be more convenient to replace the congruences (3:3) by an equivalent 
set of equations 


(3:4) Lpiets + Wists = Yi 


where the new variables y; are allowed to range over all integer values. These 
equations will be solvable for the variables z; in terms of the variables y, and »,. 
For we know that in the left-hand member of the 7th equations the coefficient q;; 
of the last term is always different from zero. Therefore we can express the 
variable z; as a finite linear combination of the variables z, preceding z;, of the 
variables 7,, and of the variable y;. It follows immediately, by transfinite 
induction, that we can express the variable z; as a finite linear combination 


(3:5) 25 = LMisns + TZNis Ys 


of the variables 7, and y, alone. An easy computation shows that if M is the 
matrix of coefficients m;, and N the matrix of coefficients n;., then we must have 
N = Q-'and M = —Q™'P, but the exact form of the matrices M and N need 
not concern us here. 


Relations (3:5) tell us that to every choice of the numbers 
(3:6) (m, my °°? 3 Y1, Y2, °** ) 


where the 7;’s are arbitrary real numbers and the y,’s arbitrary integers, there 
corresponds a set of numbers (3:1) satisfying the congruences (3:3) and, there- 
fore, a character b. Conversely, to every character b there corresponds at least 
one set of numbers (3:1) satisfying the congruences (3:3) and, therefore, by 
(3:4), at least one set of numbers (3:6). We can thus form what may, perhaps, 
be called a “pseudo basis’ for the characters b consisting of a set of characters 


(3:7) Bi, Bo, nl i ; bi, be, _— 


such that 8; is the character determined by setting the number 7; equal to unity 
and all the other numbers in (3:6) equal to zero, and such that b; is the character 
determined by setting the number y; equal to unity and all the others equal to 
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zro. In terms of the elements (3:7) an arbitrary character b corresponding to 
an arbitrary choice of the numbers (3:6) will be expressible as an infinite linear 


form 
(3:8) b = 2niBi + LVyid; 


with real coefficients ; and integer coefficients y;. In order that the representa- 
tion (3:7) have a significance we must show that to derive the sum or difference 
of two characters b; and b2, we have only to add or subtract corresponding coeffi- 
cients in the representative forms of b; and be. This is obvious, however; for the 
value of a character b at an element a of A isa linear form (3:2) in the coordinates 
(3:6) of b involving, for each particular element a, only a finite number of coordi- 
nates of b. 

To describe the character group B completely we shall still have to show under 
what conditions two linear forms (3:8) determine the same character b. This 
problem reduces, of course, to the one of finding all linear forms representing the 
zero element of B. Now, obviously, the form (3:8) will represent the zero ele- 
ment if and only if its coefficients are such as to make all the numbers (3:1) 
integers (so that they reduce to zero, modulo 1). We can therefore construct a 
“fundamental set” consisting of all the forms (3:8) determined by setting one of 
the numbers (3:1) equal to unity and all of the others equal to zero. Thus, by 
making n’s unity and the other numbers zero we obtain the form 


(3:9) M, = Bs + ~pi; b; = 0 
and by making z, unity and the other numbers zero, the form 
(3:10) N, = Lis b; = 0. 


The form corresponding to an arbitrary choice of the integers (3:1) will be the 
infinite form 


(3:11) 0M, aa > aN = >) 1 Bs + > } (ns Dis + Zs Gis) 6; = 0, 


where the coefficients 7», and z, are arbitrary integers. The coefficient 
2 (ns Dis + 2eQis) of b; in (3:11) will, of course, be a finite sum, so that the form 


(3:11) will always have a perfectly definite meaning. If we regard the coeffi- 
cients p;, in (3:9) as the elements of a matrix P’, then, clearly, P’ will be the 
transposed of the matrix P defined in §2. For, in the present case, we are sum- 
ming over the first index i and not, as before, over the second index s. By a 
similar argument, the matrix Q’ of the coefficients q;. in (3:10) will be the trans- 
posed of the matrix Q. 

It would be incorrect to argue from Relations (3:9) that the base elements 8; 
were redundant. These relations enable us to eliminate arbitrary integer 
multiples of the 8,’s but not arbitrary real multiples. 
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4. The original group A associated with the character group B can be obtained 
from B by dualizing the process of §3. Let 


(4:1) (v1, Va, °** ; Wi, We, *** ) 


be any set of real numbers such that at most a finite number of them are different 
from zero. Then the numbers (4:1) determine a (single or multiple valued) 
function c of an element b of B such that the values of c in terms of the coordi- 
nates of b are 


(4:2) c(b) = Zoini + Vwiyi (mod 1). 


The function c(b) will be single valued provided its value does not depend on the 
particular choice of the coordinates of b: that is to say, provided the numbers 
(4:1) satisfy the congruences 

v, + Dpisw, = 0 
(4:3) (mod 1). 

2qisws = 0 

Conversely, if the numbers (4:1) satisfy the congruences (4:3) then the func- 
tions c(b) will be single valued. Moreover, c(b) will have the property that if b 
and b’ are any two group elements of B, then we shall have 


(4:4) c(b + b’) = c(b) + c(b’) (mod 1). 


In other words, the function c will be a character of B. We shall denote the 
group formed by the characters (4:2) by C. Of course, we do not assert that C 
is the complete character group of B. 

Now, the congruences (4:3) may evidently be replaced by an equivalent set of 


equations 
Vs + >) Dis Wi = & 
a 


> ; Jis Wi = Lz 
i 


where the new variables £ and x, are arbitrary integers such that at most a 
finite number of them are different from zero. For corresponding to each allow- 
able choice of the numbers (4:1) the total number of non-vanishing terms in the 
combined left-hand members of (4:5) will be finite; therefore the same will be 
true about the number of non-vanishing terms in the right-hand members. 
Equations (4:5) may be solved for the w,’s and »,’s._ By inspection, we see that 
the solution will be 
WwW; = » Nsj Ls 


8 
= s+ » Ms; Xs, 
3 


(4:5) 


(4:6) 
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where the coefficients m,; and n,; have the same meaning as in Relations (3:5). 
Thus, to every determination of the integers 


(4:7) (f1, it? 5 U1, 2, **° ) 


such that at most a finite number of them are different from zero, there will 
correspond a character c. Conversely, to every character c of the form (4:2) 
there will correspond one or more sets of integers (4:7). We can thus form a 
basis of C of the ordinary sort (§2), consisting of a set of characters of the form 


(4:8) Vly 2p °°* 3 Cty Cay *°* y 


where 7; is the character determined by setting £; equal to unity and the other 
integers equal to zero and where ¢; is the character determined by setting z; 
equal to unity and the other integers equal to zero. A general character c will 
then be a finite sum of the form 


(4:9) C= Lies + TLC, 


The character c will vanish if and only if the coefficients £, and z, are so chosen 
as to make all the numbers », in (4:1) vanish, and as to make all the numbers 
w, vanish modulo 1. We emphasize the fact that the numbers v, must actually 
vanish, and not merely vanish modulo 1, because the coefficients n; in (4:2) are 
arbitrary real numbers and not arbitrary integers. We can therefore obtain a 
fundamental set for the group C by constructing all the forms (4:9) obtainable 
by setting one of the integers w; equal to unity and all the other integers in (4:1) 
equal to zero. In this way we shall be led to the relations 


(4:10) Dy Pete + Dy dues = 0. 


By comparing (4:10) with (2:2) we see, at once, that the group C is simply 
isomorphic with the group A from which we started. 


Tue INsTITUTE FOR ADVANCED Stupy, 
PrIncETON, N. J. 
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SUR LA TOPOLOGIE DE CERTAINS ESPACES HOMOGENES 


Par CHARLES EHRESMANN 


Préface. Les propriétés d’un espace homogéne dans lequel opére un 
groupe transitif de Lie expriment simplement les propriétés de ce groupe. II 
serait intéressant de savoir les relations entre la topologie d’un tel espace et 
les propriétés de son groupe de structure. Nos connaissances 4 ce sujet sont 
encore trés incomplétes. Cependant, dans ses recherches concernant les 
groupes simples et les espaces homogénes symétriques, M. E. Cartan est arrivé 
4 des résultats remarquables qui font connaitre certaines de ces relations. Un 
des résultats les plus surprenants raméne la détermination des nombres de Betti 
d’un espace riemannien symétrique clos 4 un probléme purement algébrique 
concernant le groupe linéaire d’isotropie de cet espace. I] existe une classe 
d’espaces riemanniens symétriques clos qui sont réalisés par des variétés algé- 
briques complexes. Dans ce mémoire nous nous proposons d’étudier les 
propriétés topologiques des espaces de cette classe. La méthode indiquée par 
M. E. Cartan pour calculer les nombres de Betti revient, pour ces espaces, 4 
décomposer certains groupes linéaires en groupes irréductibles. Ce sera l’une 
des méthodes employées. Comme les espaces considérés ont des définitions 
géométriques simples, nous avons cherché une deuxiéme méthode, qui utilise 
des procédés habituels 4 la topologie, 4 savoir les déformations et les subdivi- 
sions en cellules. Par cette deuxiéme méthode on peut déterminer d’une facon 
élémentaire les bases d’homologie et les groupes de Poincaré. Nous étudierons 
ainsi tous les espaces de la classe considérée et nous appliquerons la deuxiéme 
méthode a4 certaines autres familles de variétés algébriques. Nous démon- 
trerons par la topologie certaines formules de géométrie énumérative, en 
particulier une formule importante due 4 H. Schubert. 

Pour faciliter la lecture de ce mémoire, nous rappelons dans la premiére sec- 
tion quelques notions et quelques résultats qui jouent un rédle fondamental dans 
les travaux déja mentionnés de M. E. Cartan. En ce qui concerne la topologie, 
nous renvoyons 4 un ouvrage de M. S. Lefschetz: “Topology” (voir |’index 
bibliographique). Au sujet des propriétés classiques des variétés étudiées, on 
trouvera des renseignements trés complets dans un article de C. Segre: Mehrdi- 
mensionale Réume. 

Qu’il me soit permis d’exprimer ici ma profonde reconnaissance 4 M. Elie 
Cartan et 4 M. Salomon Lefschetz qui ont bien voulu montrer de |’intérét 
pour mon travail. Leurs critiques et leurs suggestions m’ont grandement aidé 
au cours de mes recherches. 
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I. Généralités sur les espaces homogénes' 


1. Définitions et propriétés générales. Un espace homogéne du type le plus 
général est un espace topologique dont le groupe des homéomorphies est 





‘Voir E. Cartan, a et 6. Pour les titres complets des articles et des ouvrages cités 
voir l’index bibliographique. 
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transitif. Dans la suite nous réservons le nom d’espace homogéne 4 une 
variété topologique 4 n dimensions qui est transformée transitivement par un 
groupe fini et continu G. Ce groupe sera appelé le groupe de structure de l’espace 
et nous supposerons que c’est un groupe fini et continu de Lie. 

Soit E un tel espace homogéne, G son groupe de structure et g le plus grand 
sous-groupe de G qui laisse invariant un point O de l’espace. g est un sous- 
groupe fermé dans G. En outre g ne contient pas de sous-groupe invariant 
dans G, si aucune transformation de G ne laisse fixes tous les pointsde H. G est 
supposé connexe. Le groupe g s’appelle groupe d’isotropie ou groupe des rota- 
tions autour de 0. 

A un point M arbitraire de H on peut faire correspondre |’ensemble Sg de 
toutes les transformations de G amenant O en M. On les obtient.en effectuant 
successivement une transformation arbitraire de g et une transformation particu- 
liére S qui améne O en M. Réciproquement étant donné un groupe G, soit g 
un sous-groupe fermé dans G. L’ensemble de G et de g peut servir 4 définir 
un espace homogéne E dont les points correspondent aux ensembles de trans- 
formations Sg de G. Il y aura une correspondance ponctuelle entre les points 
de E et les points de la variété du groupe G. Un point de G a pour image un 
point unique M de E, mais un point M de E correspond & un ensemble de 
points Sg de G. Un voisinage du point M dans E se compose des images 
des ensembles sSg, ot: s est un élément arbitraire d’un voisinage V > de |’élément 
unité dansG. Ainsi un voisinage du point O se compose des images des ensem- 
bles sg. Supposons que les paramétres dans une région autour de |’élément 
unité de G soient des paramétres canoniques. Chaque transformation dans 
cette région est alors représentée d’une maniére et d’une seule par le symbole 
€:X1 + 2Xo +--+ + CnXn + CnyiXngi + --: + .,X,. Le sous-groupe g, qui 
est fermé dans G, est un groupe de Lie et nous supposerons que sa partie con- 
nexe contenant |’élément unité est engendrée par Xn41,--- , X41, Xr. Si Vo 
est suffisamment petit, tout élément s de Vo est le produit d’une transformation 
bien déterminée de g par une transformation bien déterminée ¢ de Vo représentée 
par eX; + e.X2+ --- +e,X,. Cela veut dire que la variété sg coupe |’hyper- 
plan é@n4i1 = €ny2 = ++: = €, = 0 en un seul point ¢ A l’intérieur de Vo. Le 
point P qui représente dans F |’ensemble sg est en correspondance biunivoque 
avec le point ¢ de paramétres (¢, 2, --- ,€n). Tout autre point de G corres- 
pondant au point P est représenté d’une maniére et d’une seule par un produit 
tg. Donc la région de G qui a pour image sur Z un voisinage V, suffisamment 
petit de O est le produit topologique de V; et de g. 

Une transformation T de G fait correspondre au point M, image de Sg, le 
point M’, image de TSg. En particulier S- transforme le voisinage VoSg du 
point M en un voisinage S~'V)Sg du point O. Les points de ce dernier voisinage 
sont encore en correspondance biunivoque avec des points ¢ de paramétres 
(e1, €2, +++, én). En revenant au point M par la transformation S, on voit 
qu’un voisinage Vs de M a pour image dans G le produit topologique de V> 
et de g. Cette propriété a lieu pour un voisinage suffisamment petit d’un 
point quelconque de £Z; mais, en général, la variété de G n’est pas globalement 
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le produit topologique de £ et de g. £ est un espace de décomposition pour 
la variété G. Les propriétés d’un espace homogéne ne traduisent ou ne révélent 
que des propriétés de son groupe de structure. Cette remarque s’applique en 
particulier aux propriétés topologiques. L’existence méme de Ja décomposition 
de la variété G qui fournit l’espace homogéne E est une propriété topologique 
de G, qui permettrait peut-étre d’arriver encore 4 de nouveaux résultats. 


2. Groupe de Poincaré d’un espace homogéne. Le groupe de Poincaré 
de l’espace homogéne FE dépend d’une facon assez simple des propriétés de 
l’ensemble de G et de g. 

Toute courbe dans G a pour image une courbe dans l’espace homogéne L. 
Tout are OM dans E peut étre recouvert par un nombre fini de voisinages V5 
dont chacun a pour image dans G une région qui est le produit topologique de 
ce voisinage avec g. On obtient alors sans peine un are continu JS dans G 
qui a pour image l’are OM. On peut aussi trouver dans @ deux arcs voisins 
ayant pour images dans £ deux arcs voisins donnés. Si l’on déforme l’are OM 
d’une fagon continue en laissant les points O et M fixes, on peut définir une 
déformation correspondante de l’are JS, I restant fixe et S se déplacant en 
général sur l’ensemble Sg. Etant donnée dans F une courbe fermée orientée C 
partant de O et y revenant, il lui correspond dans G une courbe orientée allant 
de ’élément unité J 4 un point J de g. 

Le sous-groupe g peut se composer de plusieurs parties connexes go, 91, «++, i« 
La condition nécessaire et suffisante pour que la courbe C soit réductible 4 O 
par déformation continue est qu’il lui corresponde dans G une courbe JJ qui 
soit déformable en une courbe située sur go, le point J étant fixe et J pouvant 
se déplacer d’une facon continue sur g. Le point J se trouvera alors nécessaire- 
ment sur go. On peut alors définir dans la variété de G un groupe I’ isomorphe 
au groupe de Poincaré de l’espace Z. Une courbe allant de J 4 un point J. 
de la variété g. représente un élément du groupe. Soient deux courbes IJ 
et IJz. Si S est le point général de la courbe JJ, le point SJ. décrit une 
courbe J.J, allant du point J, au point Jy = JsJa. La courbe composée de 
IJ, et JaJy représentera le produit des deux éléments de T' correspondant 4 
IJ, et IJz. L’élément unité du groupe sera représenté par toutes les courbes 
IJ, qui sont déformables en des courbes situées sur go, en supposant J fixe et Jo 
mobile sur gp. Le groupe I a pour sous-groupe invariant le groupe Io repré- 
senté par les courbes J.Jo. Le groupe quotient I'/I') est isomorphe au groupe 
quotient g/go. En particulier, si g est conneze le groupe T se réduitad To. Si le 
groupe G est simplement connexe, T se réduit a g/qo. 

Si G n’est pas simplement connexe, on peut considérer la variété simplement 
connexe de recouvrement de G. C’est la variété d’un groupe G. go a pour 
image dans G une variété Jo formant un sous-groupe de G. 90 n’est pas néces- 
sairement connexe. Si Io est la partie connexe de g contenant |’élément 
unité, le groupe discontinu 90/9 est isomorphe au groupe Tp. Si g est le plus 
grand sous-groupe de G recouvrant g, le groupe T° est isomorphe au groupe 
quotient 9/9,. 











400 CHARLES EHRESMANN 


3. Espaces homogénes orientables et non orientables. Considérons un 


point P infiniment voisin de O. II définit un vecteur infiniment petit OP ou 
une direction issue de 0. Le point P se déduit de O par une transformation 
infinitésimale e,:X, + --- + enX, bien déterminée et les quantités ¢, ¢2, ... , ¢, 


-_ 
peuvent étre considérées comme les composantes du vecteur OP. Etant donnés 


n vecteurs infiniment petits OP, OP,, see , OP», nous dirons que le simplexe 
OP;P; --- P, est de sens positif lorsque le déterminant | ei)| des composantes 
de ces vecteurs est positif. Si le déterminant a une valeur négative, le simp- 
lexe est dit de sens négatif. Etant donnée une courbe allant de O 4 M, on peut 
la considérer comme image d’une courbe dans la variété G allant de |’élément 
unité J A un élément S. La courbe JS définit un déplacement continu le long 
de la courbe OM amenant le simplexe OPP, --- P, en un simplexe MQ,Q, 
.-. Q,. Soit en particulier une courbe fermée (C) passant par O. On peut 
lui faire correspondre dans G une courbe allant de J 4 un élément R qui appar- 
tient 4 g. Le déplacement le long de la courbe (C) améne le simplexe OP;P, 
.-- P, en un simplexe 0Q,Q2 --- Q,. Un point P correspondant 4 une trans- 
formation infinitésimale s est amené au point Q correspondant 4 la transforma- 
tion Rs ou (RsR“)R. Le point Q est done défini par la transformation 
infinitésimale RsR-! qui se déduit de s par une opération du groupe adjoint 
linéaire de G. Lorsque R varie d’une fagon quelconque dans g, cette opération 
engendre un sous-groupe du groupe adjoint linéaire. Comme elle laisse invari- 
antes les transformations infinitésimales de g, les variables ¢, --- , én sont 
transformées entre elles suivant les transformations d’un groupe linéaire y. Ce 
groupe indique simplement comment le groupe g transforme entre eux les 
vecteurs infiniment petits d’origine O. Nous l’appellerons groupe linéaire d’iso- 
tropie. Si le déterminant de l’opération de y correspondant a RF est positif, le 
simplexe 0Q:Q2 --- Q, a le méme sens que le simplexe primitif. Si ce déter- 
minant est négatif, le déplacement le long de la courbe fermée (C) raméne le 
simplexe au point O avec un sens opposé. 

L’espace E sera orientable lorsque le déterminant de y est toujours positif. Il 
sera non orientable lorsque ce déterminant n’a pas son signe constant. En particu- 
lier si g est connexe, Je déterminant de y ne peut pas changer de signe et l’espace 
E est orientable. Ainsi la variété d’un groupe est toujours orientable. 

Le groupe vy est en relation avec d’autres propriétés de l’espace HZ. Rap- 
pelons que |’existence dans EZ d’une métrique riemannienne invariante par G 
revient 4 l’existence d’une forme quadratique définie positive en ¢1, €2, «+ - 5 &n 
invariante par le groups y. 


4. Les invariants intégraux d’un espace homogéne a groupe fondamental clos.’ 
Un invariant intégral de degré p de l’espace homogéne E est une intégrale J2 
de degré p dont |’élément © est invariant par G. @ est une forme extérieure 


YAi,i,... i, [dx;, dx;, --- dx;,] dont les coefficients A;,,... i, sont des fonctions 





2 Voir E. Cartan, b. 
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uniformes des coordonnées 2}, 22, --- , Z, d’un point M dans l’espace FE. Les 
produits extérieurs [dz;, dz;, - - - dx;,] sont les composantes d’un p-vecteur formé 
de p vecteurs infiniment petits d’origine M. 

La forme @ sera complétement déterminée par sa valeur 2° au point O, soit 
Qo = TA fj,...«, [dzs,dz;, --- dx;,]. On peut considérer comme composantes d’un 


ss 
= 

vecteur infiniment petit OP soit les différentielles correspondantes dx, --- , dxn, 

soit les paramétres ;, we, ---,, de la transformation infinitésimale 

wX; + weX2 +--+ + wrX, qui améne O en P. Les w; sont des formes 

linéaires indépendantes par rapport aux dz;. Donc 2 peut se mettre sous la 

forme 2B;,i, ... i, [w;, 5, -*- w,]. Une transformation R du groupe des rotations 


— — 
g améne le vecteur OP de composantes ; en un vecteur OP’ dont les compo- 
santes @; se déduisent des w; par une transformation du groupe linéaire y. Le 
fait que 2 est invariant par g se traduit par |’égalité: 


DB;,, ... ip [a;, Wi, eee @,] c= DBii, ts ip [w,, Wye: w;,] 


c'est-d-dire la forme 2B;,5)...:, [wi, wi, - - - :,] est une forme extérieure a coefficients 
constants invariante par le groupe linéaire y. 

Réciproquement toute forme extérieure 2B;,x,.... ;, [wi,#i, --- @;,] & coefficients 
constants invariante par y définit un invariant intégrale © de l’espace F. 

Done la recherche des invariants intégraux de Vespace homogéne E revient a la 
recherche des formes extérieures 2B;j,... :, [wi, i, «++ i,] tnvariantes par le groupe 
linéaire +. 

Si le groupe de structure G de l’espace £ est clos on a deux théorémes impor- 
tants démontrés par M. E. Cartan: 

a) Toute intégrale de différentielle exacte est équivalente a un invariant intégral. 

b) Tout invariant intégral équivalent a zéro est la dérivée extérieure d’un invariant 
intégral dont le degré est moindre d’une unite. 

Les intégrales que l’on considére sont des intégrales multiples {Q réguliéres* 
dans tout |’espace. Rappelons qu’une telle intégrale {Q est dite intégrale de 
différentielle exacte, si la dérivée extérieure 0’ de Q est identiquement nulle. 
Liintégrale {Q est dite équivalente 4 zéro, si la forme © est la dérivée extérieure 
d’une forme II dont le degré est moindre d’une unité. Plusieurs intégrales de 
différentielles exactes sont dites linéairement indépendantes, lorsqu’aucune 
combinaison linéaire de ces intégrales n’est équivalente 4 zéro. 

Il résulte des théorémes (a) et (b) que, si l’espace E admet en tout n, formes 
invariantes de degré p, linéairement indépendantes au sens algébrique ordinaire, 
et siv, de ces formes sont a dérivée extérieure nulle, le nombre d’intégrales de dif- 
Sérentielles exactes linéairement indépendantes de degré p est égal d vp + vp — Np-1. 

Un espace homogéne E dont le groupe de structure est un groupe de Lie 
forme une variété analytique sans singularités. I] en existe par suite une sub- 
division polyédrale définissant une multiplicité (en anglais ‘“‘manifold”’) du point 





° Voir G. de Rham, a. 
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de vue de la topologie combinatoire.* G étant clos, l’espace EH forme une variété 
analytique close 4 n dimensions dont une subdivision polyédrale fournit un 
complexe analytique fini. Cette variété rentre dans la catégorie des variétés 
closes au sujet desquelles M. G. de Rham a démontré le résultat fondamental 
suivant? 

Le nombre d’intégrales de différentielles exactes de degré p linéairement indé- 
pendantes est égal au nombre de Betti relatif a la dimension p. 

La considération des invariants intégraux fournit ainsi une méthode pour 
déterminer les nombres de Betti d’un espace homogéne a groupe fondamental 
clos. Soit R, le nombre de Betti relatif 4 la dimension p. On a: R, = 
Vp + Vp1 — Np-1. Cette méthode se simplifie dans le cas des espaces homo- 


génes symétriques. 


5. Les espaces homogénes symétriques.6 Un espace homogéne F qui a 
G pour groupe de structure et g pour groupe d’isotropie au point O est dit 
symétrique s’il existe une transformation ponctuelle o, de cet espace ayant les 
propriété suivantes: 

1. oo est involutive. 

2. O est un point invariant isolé pour op. 

3. oo est une automorphie de G. 

4. La partie connexe de g contenant la transformation identique est le plus 
grand sous-groupe continu de G dont toutes les transformations sont invariantes 
par oo. L’existence d’une ‘‘symétrie’’ oo par rapport au point O entraine 
existence d’une symétrie analogue par rapport 4 un point quelconque de 
espace et toutes ces symétries sont transformées entre elles par le groupe G. 

Les résultats rappelés au §4 se simplifient ici en vertu du théoréme suivant: 

Tout invariant intégral d’un espace homogéne symétrique est une intégrale de 
différentielle exacte. 

Done si l’espace homogéne symétrique EF est clos, le nombre d’intégrales de 
différentielles exactes linéairement indépendantes de degré p, ou encore le nombre 
de Betti R,, est égal au nombre d’invariants intégraux de degré p linéairement 
indépendants dans le sens algébrique ordinaire. On connaitra les nombres de 
Betti si l’on sait trouver le nombre d’invariants linéaires du groupe linéaire yp 
qui indique comment les formes extérieures [e;, e;, - - - :,] sont transformées par 
le groupe linéaire d’isotropie y. 

y étant un groupe clos, il existe une forme quadratique définie positive 
invariante par y et par suite une métrique riemannienne A ds? défini positif 
invariante par G. 

La détermination des espaces riemanniens symétriques se raméne & la déter- 
mination de ceux que sont dits irréductibles. Pour un espace irréductible, le 





‘Voir au sujet de cette subdivision: S. Lefschetz, a, p. 364-366. S. Lefschetz and 
J. H. C. Whitehead, a. B.O. Koopman and A. B. Brown, a. 

5G. de Rham, a, chap. III, p. 73. 

6 Voir E. Cartan, a, b et c. 
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groupe y est irréductible dans le domaine réel des variables 1, e2, --- , en 
Laissons de cété les espaces riemanniens symétriques ouverts qui sont tous 
homéomorphes 4 l’espace euclidien. Les espaces symétriques irréductibles clos 
se répartissent en deux catégories. La premiére catégorie comprend les espaces 
des groupes simples clos.’ La deuxiéme catégorie* comprend les espaces dont le 
groupe de structure G est un groupe simple clos, le groupe d’isotropie g, ou au 
moins sa partie connexe contenant |’élément unité, étant le plus grand sous-groupe 
continu de G dont toutes les transformations sont invariantes par une automorphie 
involutive de G. 

Pour les espaces de la deuxiéme catégorie, deux cas peuvent se présenter. 
Dans le premier cas, le groupe linéaire d’isotropie est un groupe linéaire simple 
ou semi-simple et irréductible méme dans le domaine complexe des variables 
e, €2, ++ » €n» Dans le deuxiéme cas, le groupe linéaire y, qui est toujours 
irréductible dans le domaine réel des variables e1, é2, --- , én, est réductible dans 
le domaine complexe de ces variables. II transforme entre elles n/2 variables 
Uy, U2, «++ , Un/2, Combinaisons linéaires A coefficients complexes des ¢1, ¢2, --- , En; 
ainsi que les n/2 variables %;, wz, --- , %nj2, combinaisons linéaires de ¢), €2, «++ , en 
4 coefficients complexes conjugués des précédents. Le groupe y, opérant sur 
ces nouvelles variables, laisse invariante la forme d’Hermite 


Uy, + Uotle + +--+ + Unpotlaye 


et contient toujours le groupe & un paramétre u, = e”u,. y sera le produit 
direct de ce groupe 4 un paramétre et d’un groupe simple ou semi-simple y’. 
Les espaces correspondant 4 ce deuxiéme cas forment une classe d’espaces 
riemanniens symétriques clos qu’on peut considérer comme analytiques complexes. 
Considérons particuliérement les espaces de cette derniére classe. 

Pour déterminer les nombres de Betti d’un tel espace, il faut déterminer le 
nombre d’invariants linéaires du groupe yp qui indique comment y transforme 
les formes extérieures [e;,¢;, «++ ¢i,], OU [Ui -+- Uig Bias: *** Hip] avec les variables 
u; et a;. Une combinaison linéaire de ces formes n’est invariante par Ja trans- 


formation 


/ 
UK 


-! “ 
uu; = e~ 9G, 
que si elle se compose de formes ayant autant de variables u, que de variables 
ui. En particulier il n’existe pas de forme extérieure invariante de degré impair. 
Donec les nombres de Betti relatifs aux dimensions impaires sont nuls. 
Considérons alors les formes extérieures de degré 2s, combinaisons linéaires 
des formes [u;, --- w;, @, «++ @;,]. Elles sont transformées par y’ suivant un 
° . e / ° . 
certain groupe linéaire y,,. Le nombre de formes de degré 2s invariantes par 
’ . = . > ° ° / . 
7, ¢’est-A-dire le nombre d’invariants linéaires du groupe y2,, est égal a la valeur 





’ Voir E. Cartan, d. 
* Voir E. Cartan, e. 
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moyenne du caractére de y;,.2_ On voit que le caractére dey, , est le produit des 
caractéres des groupes linéaires 7. et 7" qui indiquent comment y’ transforme 
les formes [uj, Ui, +--+ Ui.) et [Hi, Hi, --- Wis). Done le caractére de y,, est égal 
au carré du module du caractére de Ya. Pour en trouver la valeur moyenne, 
on peut décomposer le groupe linéaire y. en groupes linéaires irréductibles. §j 
l’on obtient k groupes linéaires irréductibles non équivalents entre eux, ces 
groupes figurant respectivement v; fois, ve fois, --- , »% fois dans la décomposition, 
la valeur moyenne du carré du module du euvaitien de y, est égale a 


vit vet oes +. 


C’est aussi le nombre de Betti R»,. 

En particulier y; est irréductible et par suite les nombres de Betti R, et 
R,-2 sont égaux a l’unité. 

Abstraction faite de deux espaces exceptionnels correspondant 4 un groupe 
simple de type exceptionnel, cette derniére classe d’espaces symétriques clos 
comprend les espaces suivants: 

L’espace projectif complexe. 

L’espace des variétés planes ad p dimensions de Vespace projectif complexe a n 
dimensions. 

La quadrique complexe non dégénérée. 

L’ espace des variétés planes a p dimensions génératrices de la quadrique complexe 
ad 2p dimensions. 

L’espace des variétés planes a p dimensions qui appartiennent a un complexe 
linéaire non dégénéré de V'espace projectif complexe d 2p + 1 dimensions. 

L’étude des espaces de cette classe sera l’objet principal de ce mémoire. 
Nous appliquerons la méthode que nous venons de rappeler et qui conduit a 
des problémes intéressants concernant certains groupes linéaires.!° Comme 
tous les espaces de cette classe ont une définition géométrique trés simple, il 
sera intéressant d’étudier leur topologie aussi par une méthode plus directe qui 
donne des renseignements plus précis et qui s’applique 4 un grand nombre 
d’autres variétés algébriques. 


II. Les variétés de Grassmann considérées comme des espaces 
homogénes symétriques 


6. Le groupe de structure et le groupe d’isotropie. L’ensemble des variétés 
planes 4 k dimensions d’un espace projectif complexe A n dimensions définit 
une variété algébrique V appelée variété de Grassmann. En définissant chaque 


p4 ') coordonnées pliicker- 


iennes homogénes pj i,...;,, On oObtient une représentation biunivoque de la 


variété plane 4 k dimensions par l’ensemble de ses ( 





* Voir pour la théorie des caractéres: H. Weyl, a. 

‘0 Au sujet de l’application de cette méthode A l’espace projectif complexe, A l’espace 
des droites de l’espace projectif 4 3 dimensions et 4 la quadrique complexe, voir E. Cartan, 
b et g. 
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variété V par une variété algébrique sans singularités de l’espace projectif A 
(; ; ') —1dimensions. (Nous désignons par (F le nombre de combinaisons 
bibdea éléments.) La variété V est connexe, car elle est transformée transi- 
tivement par le groupe projectif complexe, qui est connexe. 

La variété V peut étre considérée comme un espace homogéne symétrique clos. 
Considérons en effet le groupe hermitien elliptique, c’est-a-dire le groupe pro- 


jectif G 


/ _ 
(1) i; = z Ai; Xj, (i, J, = 0, l, a Ae n) 
qui laisse invariante la forme d’Hermite 2 % + 2121+ --- + 2n%,. SiA est 
la matrice de la transformation (1) et A* la matrice imaginaire conjuguée 
transposée, on a: A A* = 1. Nous pouvons supposer | A | = 1. Les trans- 
formations infinitésimales sont: 
62; = 2 ay Zj, ay + ay = 0. 
Nous désignerons toujours par [k] une variété plane 4 k dimensions. Soit la 
variété plane [k]o définie par les équations a4: = tiy2 = --- = 2, = 0. En 
appelant yo, Yi, --- » Yq les nm — k derniéres variables 241, 242, --+ , Xn, le plus 


grand sous-groupe g de G qui laisse invariante la variété plane [k]o a pour 
équations: 


(g) x; pe 2 Gj 5 2; (j, 7’ = 0, i Peay , k) 
g , _— 
Ye = Dei Yi (i, 7 = 0,1, --- ,qg) 


C’est aussi le plus grand sous-groupe continu de G qui soit invariant par 
linvolution: 


’ ’ ’ , ! , 
To = To, Ty = M1, +s y Ly = Mk Yo = — Yu Yr = — Yes Vg = — Va 


Cette involution est une automorphie involutive deG. L’ensemble de G et de g 
définit done un espace homogéne symétrique clos. 

Chaque transformation infinitésimale de G se décompose d’une maniére et 
d’une seule en une transformation infinitésimale de g et une transformation 
infinitésimale de la forme: 


6a; = — Lay y; (¢ = 0,1,--- ,q) 
by; = 2 wij Fj (j = 0,1,---,k) 
Celle-ci transforme la variété [k]o d’équations yo = yi = --- = Y, = 0 en une 
variété [k] d’équations: 
@) icin 


Les (k + 1) (n — k) paramétres complexes w;; peuvent étre considérés comme 
les coordonnées complexes de cette variété plane. Les équations de toute 
variété plane [k] voisine de [k]) peuvent se mettre sous la forme (2). Le groupe 
G est done transitif dans la variété de Grassmann V au voisinage de |’élément 
[kK]. Les transformés de [k] par le groupe clos G engendrent une variété close 
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V’, qui devra étre une région de V n’ayant pas de frontiére dans V. Par suite 
V’ est confondu avee V. La variété de Grassmann V peut donc étre considérée 
comme Vespace riemannien symétrique clos défint par G et g. 

Sous forme symbolique, les équations de g s’écrivent: 


(x’) = (a) (2) 
(y’) = (6) (y) 


avec les conditions: (a) (4)* = 1, (b) (6)* = 1,|a| . |b | = 1. Soit () la 
matrice des paramétres w;;.  Etant donnée la transformation infinitésimale 


(5y) = (@) (2), 
cherchons sa transformée par une transformation de g. On aura: 
(6y’) = (6) (6y) = (6) @) (x) = (6) @) (@)* 2’). 
La transformation infinitésimale cherchée est donc définie par la matrice (w’): 
(w’) = (b) (w) (a) = (6) @) @*. 


La matrice (w) est done transformée comme la matrice dont les éléments sont 
les produits y; Z;. Posons 


(a) = e (a), (b) = e¥ (bi), 
les matrices (a;) et (b;) étant unimodulaires. On aura: e**+Deti@+Dy — |, 
(3) (w’) = 4 (by) (w) (a)* = e®* (bi) () ()*. 


Le groupe linéaire d’isotropie est le groupe linéaire 7 qui opére sur les paramétres 
w,; et @; et qui est définie par l’équation (3). Il est du type considéré 4 la fin 
du §5. Le groupe linéaire qui opére sur les w;; seuls est le produit de groupe 
d’équation (w’) = e® (w) et du groupe y”’ défini par: 


(w’) = (bi) (@) (@)*. 


Désignons par g, et g, les groupes linéaires unimodulaires unitaires opérant 
respectivement sur les variables x, --- , 2, et sur les variables yo, --- , Yq: 
Le groupe y" est identique au groupe suivant lequel sont transformés les produits 
Yi x; lorsque les variables x; et y; subissent respectivement les transformations des 
groupes gy, et Qa. 


7. Détermination des invariants intégraux et des nombres de Betti. 
Déterminons les invariants intégraux de l’espace riemannien symétrique réalisé 
par la variété de Grassmann V. D’aprés le §5, il suffit de déterminer les formes 
extérieures 4 coefficients constants des variables w;; et ,;, ces formes étant 
invariantes par y. II n’y a pas de forme extérieure invariante de degré impair, 
c’est-a-dire les nombres de Betti relatifs aux dimensions impaires sont nuls. Pour 
chercher les formes invariantes de degré 2s, nous décomposons en groupes 


° ° " e . e 
irréductibles le groupe y, qui opére sur les formes extérieures [w;;, - ++ isis! 
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lorsque les variables w,; subissent les transformations de y’’. Nous employons 
la méthode des poids dominants de M. E. Cartan." 

y’ est une représentation linéaire irréductible du groupe semi-simple g, X ,, 
produit direct de g., et de g,. Nous considérons le sous-groupe abélien de y’’ 
correspondant aux transformations infinitésimales: 


-_ 
— 
~~ 
— 
- 
. 
_ 
=~ 
— 


bx; = dj Xj, (J 
8Yi = Mi Yiy (¢ = 0,1, --- , q) 


ot les \; et les 4; sont imaginaires pures et satisfont aux relations b> hj = 0 
i 


et > yu; = 0. Par rapport 4 ce sous-groupe abélien, la variable 2x; est de poids 


hj, yi est de poids py; et w; est de poids ); + y;. La variable [w;,;, --- w;,;,] est 
de poids Aj, + +++ + Aje + Mia + +++ + Hig Ce poids est une forme linéaire 
i coefficients entiers: 


II (A, #) = ™moXo + +++ + mE AL + No Mo +--+ + Ng Mg 


ol mo + m+ +--+ +m =nm+m+--- +n, = 8. Le poids II (A, u) est 
dit plus haut qu’un autre poids IT’ (A, uw) défini par des entiers m : et n, lorsque: . 


/ , ° 

m —m =m; — M,, (j = 0,1, ---,k — 1) 
, / ° 

Ni — Ng 2N; — Ny, (i =0,1,---,q—1)), 


l'une au moins de ces conditions étant une inégalité. D’aprés un théoréme 
fondamental de M. E. Cartan, tout groupe irréductible T', contenu dans y’, est 
completement déterminé par sa variable dominante. Pour qu’une variable uw, 
c’est-a-dire une combinaison linéaire de formes extérieures [w;,;, --- ;,j,], Soit 
la variable dominante d’un groupe irréductible I, il faut et il suffit que le poids 
de u soit plus haut que le poids de n’importe quelle variable transformée de w. 

Au lieu de considérer seulement les transformations des groupes unitaires 
Qi: et g,, appliquons aux variables z; et y; les transformations des deux groupes 
linéaires unimodulaires 4 coefficients complexes arbitraires. Les produits 2,y; 
subissent alors les transformations d’un groupe semi-simple y’’’. C’est le groupe 
4 paramétres complexes qui a la méme structure que le groupe unitaire y’’. 
Toute représentation linéaire [ de y’’ peut étre élargie en une représentation 
linéaire '’ dey’’’. Si TI’ est irréductible, I lest également, et réciproquement.” 
Appliquons done aux variables ; les transformations du groupe y’’’. Pour 
que wu soit une variable dominante, il faut et il suffit que son poids soit plus 
haut que le poids de toute variable transformée. II suffit de considérer les 
transformations infinitésimales de y’’’ qui correspondent aux transformations 
infinitésimales 2; af/dx; et yx Af/dy;. A une variable de poids II elles font corres- 
pondre une variable de poids II + Aj — dj ou II + ww — mw. Ainsi pour que 





" Voir E. Cartan, f et H. Weyl, a. 
” Voir H. Weyl, a, p. 289-290. 
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u soit variable dominante, il faut et il suffit que les transformées de u par 
x; Of/dx; ou yx af/dy; soient identiquement nulles lorsque j’ < j ou i’ < j. 

Soit w une combinaison linéaire de formes extérieures [o;;, --- «;,;,]. Pour 
que u soit une variable de poids II(A, u), il faut et il suffit qu’elle ne soit composée 
que de formes extérieures de poids II(A, w). Si II(A, #) est le poids dominant 
d’un groupe irréductible T,, on a: 


m 2m 2--- 2m, Mm 2m 2+ 2, 


car en permutant les \; entre eux et les yu; entre eux, on obtient encore des 
poids de T,. En permutant convenablement les w;; dans chacune des formes 
extérieures [w;,;, --- ;,j,], on peut d’abord écrire les mp variables w;; dont l’indice 
j est égal 4 0, puis les m variables w;; dont l’indice 7 est égal 4 1, ete. On 
arrangera les variables w;; qui correspondent 4 une méme valeur de j de telle 
fagon que leurs indices 7 soient rangés par ordre croissant de gauche 4 droite. 
u aura alors la forme suivante: 


U = LapPw [wio --- Din0 Pings 11 Pimsol ** -]. 


Dans cette expression, P,,, désigne une permutation P a effectuer sur les indices 
11, 12, +++ , Us, et ap est un coefficient dépendant de la permutation P. Nous 
allons ranger les termes de cette expression dans un ordre bien déterminé. 
Prenons d’abord les termes dans lesquels le premier indice 7 a la plus petite 
valeur. Parmi ceux-ci prenons les termes dans lesquels le deuxiéme indice 7 a 
la plus petite valeur. En continuant la sélection d’aprés le méme principe, on 
arrive finalement 4 un terme bien déterminé, qui sera pris comme premier 
terme. Le deuxiéme terme sera obtenu de la méme facon parmi les termes 
restants. On voit qu’on pourra ainsi ranger tous les termes. 

Soit [wo --- Qin 0 ines 11 --+] le premier terme. Nous allons montrer qu’il 
est égal 4 la forme extérieure 


[woo w10 *** Wmo—10%01 011 *** Wm—11 ** -], 
que nous designons par v. Soit 7, le premier des indices 7), --- , im, tel que 
t > h — 1. Posons 7, = p et appliquons la transformation infinitésimale 


Yrs Of/dy,. La variable transformée de u doit étre identiquement nulle. Or 
c’est la somme des termes qu’on déduit des termes de u en remplacant par 
h — 1 un quelconque des indices 7 qui est égal A p. En particulier, en rem- 
plagant dans le premier terme de u l’indice 7, par h — 1, on obtient une forme 
extérieure qui ne peut figurer qu’une fois dans la variable transformée de uw. 
Par conséquent il n’y a pas d’indice 7, tel que 7, > h — 1. Ce raisonnement 
montre que le premier terme de u est égalAv. Or v est une variable dominante 
de poids II(A, ~). Done u — v est une variable dominante de poids II(A, u)- 
Ainsi le deuxiéme terme de wu devrait étre un multiple de v, c’est-d-dire la 
variable wu se réduit simplement A la forme extérieure v. 
A tout ensemble d’entiers (mp, mi, --- , mz), tel que 


mo +m +--+ +m =s, qt+l=n—kE>m =>m2=--+ >mMm 29 
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correspond une variable dominante, [woo 10 +++ Wm—10@01 - ++], et par suite un 
groupe eae r, bien déterminé. A deux ensembles detiaate (mo, My =, 
m,) et (mo, m,, +++, m,) correspondent deux groupes irréductibles I, et Tr; qui 
ne sont pas pane aieeae. Done la valeur moyenne du carré du module du 
caractore de y, est égal au nombre de ces ensembles d’entiers (mo, mi, --+ , mx). 
Done: 

TuforrMeE. Ltant donné l’espace riemannien symétrique réalisé par la variété 
de Grassmann V, le nombre de ses invariants intégraux de degré 2s est égal au nom- 
bre d’ensembles de k + 1 entiers (mo, mi, «++ , mx) tels que mo + m+ --- +m =s 
dn-k 2m =m 2--- 2m 20. Ce nombre est aussi le nombre de Betti Ro, 
de la variété V. 

Pour connaitre les variables qui sont transformées par le groupe I, corre- 
spondant aux entiers (mo, mi, --- , m), on peut utiliser le schéma (mo, m, --- , 
m,) qui caractérise d’aprés M. H. Weyl," la représentation linéaire irréductible 
du groupe g, de poids dominant moAo + mA + -++ + mpdrx. 





1 ° ‘ > ‘ Mo 


m +1 P ; mo + m schéma (mo, m, «-+ , Mx) 


Le schéma définit un certain arrangement des s premiers nombres entiers 
Dans la premiére ligne nous écrivons les my premiers nombres, dans la deuxiéme 
ligne les m; nombres suivants, etc. Le coefficient n; du poids dominant de I, 
est le nombre d’entiers contenus dans la 7*™e colonne du schéma. En échangeant 
les lignes avec les colonnes, on obtient un deuxiéme schéma qui caractérise la 
représentation linéaire de g, de poids dominant mouo + Mimi + +++ + Nghe. 
I, est équivalent au produit des deux représentations linéaires correspondant 
4 ces deux schémas. 

Soit P une permutation des nombres du schéma (mo, mi, --- ,m). Soit A 
une permutation par laquelle les nombres de chaque colonne sont permutés 
entre eux. Soit B une permutation par laquelle les nombres de chaque ligne 
sont permutés entre eux. Si P peut se mettre sous la forme AB (on effectue 
d’abord la permutation B, ensuite la permutation A), nous posons ep = signe 
de la permutation A; sinon ¢, = 0. Si P peut se mettre sous la forms BA, 
nous posons ¢, = signe de B, sinon ¢, = 0. Les variables du groupe I’, sont 


alors les quantités ts €pP jp [wij, +++ igi] On a en effet: 


P 
, 
z= €pP [wii aikcthas Wigis] aa b> €pP (wij, ect, Wisial- 


? ? 


On en conclut que les quantités > €pP (i [wi,j, + + + @rgig] SOnt transformées entre 
P 





* Voir H. Weyl, a. 
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elles par les operations de I, qui correspondent soit aux transformations de g, 
soit aux transformations de g,. Par suite ces quantités sont bien transformées 
entre elles par le groupe I,. 

Le groupe I, étant clos, il laisse invariante une forme d’Hermite définie 
positive. En remplacant dans cette forme d’Hermite les produits ordinaires 
par des produits extérieurs, on obtient une forme extérieure invariante par ¥, 
La forme d’Hermite est déterminée 4 un facteur constant prés, car il n’y a 
qu’une forme extérieure invariante par T,. L’invariant intégral le plus général 
est défini par une combinaison linéaire arbitraire des formes extérieures jn- 
variantes qui correspondent aux différents groupes I,,. 

Ainsi l’invariant intégral de second ordre est défini par = [w;;0;;]. Il est facile 
d’en donner |l’expression explicite en fonction des coordonnées pliickeriennes 
Paya, ...a,- Le groupe hermitien elliptique G transforme les variables pag, isl 
suivant un groupe linéaire irréductible clos, qui laisse invariante une certaine 
forme d’Hermite. Comme chaque terme de cette forme doit avoir un poids nul 
par rapport aux transformations infinitésimales 62; = d,x;, ok 7 = 0,1, --- ,n 
et ot les \; sont imaginaires pures, on trouve que la forme d’Hermite invari- 
ante est LPay:...0, Pay ...«,- Imposons aux variables Paa,...a, la con- 
dition Paya; ... a, Pas ...c, = 1. L’invariant intégral du second degré sera 
S2ldpara, ... a, Taya, ...a,). On en déduit un invariant intégral de degré 2s, a 
savoir f(2[dpaya; ... a, UPaya; ... a,])°: En général il y aura encore d’autres invari- 
ants intégraux de degré 2s. 

Si V est l’espace projectif [n] lui-méme, ec’est-a-dire si k = 0, on obtient ainsi 
tous les invariants intégraux. Ona R., = 1. On peut imposer aux coordon- 
nées 2%, ---, 2, la condition 2x,%; = 1. L’invariant intégral de degré 2s sera 
J (2[dx,dz;])°. 

VERIFICATION. Donnons une vérification des résultats précédents en utili- 
sant un théoréme“ de topologie di 4 M. 8S. Lefschetz. D’aprés ce théoréme, 
le nombre de points fixes d’une déformation d’une multiplicité orientable V, 
est égal 4 la caractéristique d’Euler-Poincaré multipliée par (—1)". La variété 
de Grassmann V est une multiplicité orientable, parce que c’est une variété 
algébrique sans singularités, on encore parce que le groupe d’isotropie g est 
connexe. D’aprés les résultats précédents, la caractéristique d’Euler-Poincaré 
est égale 4 la somme des nombres de Betti R2,. C’est le nombre d’ensembles 


d’entiers (mo, mi, --- , m,) tels quen —k >m [m =>--- >m=O0. En 

remplacant m, par]; = m; + k — 7, on obtient les ensembles d’entiers (Io, li, - «+ , /+) 

tels quen 2) >1>--- >i, 20. Lacaractéristique d’Euler-Poincaré est 
~{n+1 

done égale a (: Pa 4 


D’autre part, le groupe projectif complexe étant connexe, toute transformation 
projective de [n] est une déformation de [n]. Etant donnée une transformation 





14 Voir S. Lefschetz, a, p. 272. 
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projective générale, le nombre de points fixes est n + 1 et le nombre d’éléments 


(k] fixes est : : i) On retrouve bien la valeur de la caractéristique d’Euler- 


Poincaré. Cependant il reste &4 démontrer que tout élément fixe doit étre 
compté avec l’ordre de multiplicité égal 4 +1. Ceci résulte du théoréme général 
suivant: 

TutorbMe. LEtant donné un groupe continu de Lie G opérant transitivement 
dans une variété analytique complexe V, les transformations de G étant définies 
par des équations analytiques par rapport a des variables et des paramétres com- 
plexes, tout point fixe isolé d’une transformation de G doit étre compté avec un 
ordre de multiplicité égal a +1. 

En effet, soit O un point fixe isolé d’une transformation 7 deG. Un systéme 
de paramétres canoniques de G sera fourni par un systéme de r paramétres 
complexes ¢:, --- , @. Supposons que les r — n derniéres transformations 
infinitésimales de base engendrent le groupe d’isotropie relatif 4 O. L’ensemble 
des n paramétres complexes ¢1, 2, --+ , én, constitue un systéme de coordonnées 
pour un voisinage v de O. (Voir §1.) Dans w la transformation T est repré- 
sentée par des équations linéaires par rapport aux variables ¢, 2, --- , én. 
Pour définir la multiplicité du point fixe O, on considére le produit topologique 
ty X Vo, € ‘est-a-dire le domaine défini par le systéme de coordonnées ¢é, é2, --- , 
én, €,, €s, ++, €,. Dans ce systéme de coordonnées, la transformation 7 et la 
transformation identique sont représentées par des variétés planes complexes 
qui se coupent seulement au point e; = e, = 0. L’indice de Kronecker de ce 
point d’intersection est égal 4 +1, ce qui prouve le théoréme énoncé. 


III. Etude directe de la topologie des variétés de Grassmann” 


8. Démonstration d’un lemme. Comme les variétés de Grassmann ont une 
définition géométrique trés simple, il est naturel d’étudier leurs propriétés topo- 
logiques sans passer par l’intermédiaire des intégrales de différentielles exactes. 
On peut chercher A les décomposer en cellules. Il n’est pas nécessaire d’arriver 
4 une subdivision en simplexes; en ce qui concerne l’homologie et |’homotopie, 
des cellules d’une espéce plus générale peuvent remplir le méme réle que les 
simplexes. L’intérieur des cellules que nous aurons 4 considérer sera homéo- 
morphe a l’intérieur d’une sphére ordinaire, mais la frontiére ne sera pas néces- 
sairement homéomorphe & la surface de cette sphére. L’emploi de cellules de 
cette‘espéce est justifié 4 cause du lemme suivant: 

Lemme. Etant donnés un complexe K et un sous-complexe L dans K, si K-L 
est homéomorphe a une cellule ouverte, toute chatne sur K, de dimension inférieure 
dla dimension de K-L, peut étre déformée d’une fagon continue en une chaine sur L. 
Pendant la déformation les points de L peuvent étre maintenus fixes. 

L’expression “cellule ouverte’? désignera toujours un ensemble de points 








* On trouvera un résumé de cette méthode et l’indication des variétés auxquelles nous 
l'avons appliquée dans une note des Comptes Rendus: C. Ehresmann, 6. 
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homéomorphe 4 l’intérieur d’une sphére ordinaire. Les complexes considérés 
sont formés de simplexes. Si L est un sous-complexe du complexe K, nous 
appelons K-voisinage de L l’ensemble des simplexes de K dont la frontiére g 
une partie commune avec L. Soit Nx ce K-voisinage. K-—N{ est |’ensemble 
des éléments de K qui n’ont pas de partie commune avec L. K-N¢ est un 
complexe ferm4, Nx est un ensemble ouvert. Le A-voisinage est dit normal, 
si tout simplexe de K qui a tous ses sommets sur L est situé entiérement sur L. 
Si le K—voisinage n’est pas normal, on peut considérer le complexe dérivé K’ 
de K et le K’—voisinage de L sera normal.’® Nous pouvons donc supposer 
dans la suite que le K—voisinage de L est normal. 

Si K-L est homéomorphe 4 une cellule, toute chaine sur K—L est déformable 
en une chaine sur NX, A condition que la dimension de la chaine soit inférieure 
4 celle de K-L. Soit, en effet, C, une chaine sur K, c’est-a-dire C, est l’image 
continue et uniforme d’une chaine formée de simplexes 4 p dimensions. 
D’aprés le théoréme fondamental” de la déformation des chaines sur un com- 
plexe, la chaine C, peut étre déformée en une sous-chaine de K. Cette opéra- 
tion effectuée, nous supposerons que C, ne contient pas tous les simplexes de 
K-L, ce qui a lieu en particulier si p est inférieur 4 la dimension de K-L. II 
existe alors un point O de K-L qui est extérieur 4 C,. Considérons l’homéo- 
morphie représentant K—L sur |’intérieur d’une sphére S. II existe une sphére 
S’ intérieure 4 S et contenant 4 son intérieur l’image O du point O ainsi que 
l'image de l’ensemble fermé K-Nx. On effectue alors la déformation suivante 
de l’image C, de la partie de la chaine C, intérieure 4 K—L: Les points de C, 
extérieurs 4 S’ et situés sur S’ sont laissés fixes. Les points de C, intérieurs a 
S’ sont déplacés le long des rayons issus de O et sont finalement projetés sur S’. 
Aprés cette déformation la chaine C, se trouvera complétement 4 |’intérieur 
de Nx. 

Dans le raisonnement précédent, on aurait pu considérer aussi bien le K'- 
voisinage Nk,, ot K’ est une subdivision normale de K. Nous supposerons 
donc C,, déformé en une chaine sur VX,. Il existe une déformation continue du 
complexe K qui réduit Nx, 4 L et qui réduit par suite C, 4 une chaine sur L. 
En effet, comme le K-voisinage de L est normal, tout simplexe E, de Nx a en 
commun avec L un simplexe E,, bien déterminé. Pour faire la subdivision 
normale de K, nous introduisons un sommet M 4 l’intérieur de EZ, et un som- 
met M’ a l’intérieur de E a Les points M sont les sommets des simplexes de 
Nx. Le segment rectiligne M M’ est bien défini 4 l’intérieur du simplexe £,. 
Faisons correspondre 4 tout point M le point M’ correspondant tandis que les 
sommets de K—Nx se correspondent 4 eux-mémes. Nous définissons ainsi une 
transformation barycentrique du complexe K’ et les segments M M’ définis- 
sent une déformation barycentrique qui réduit Nz, AL. Seuls les simplexes de 
Nx-L subissent une déformation; en particulier les points de L restent fixes. 





16 Comparer S. Lefschetz, a, p. 91. 
17 Voir S. Lefschetz, a, p. 86. 
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Il existe done bien une déformation continue satisfaisant 4 l’énoncé du lemme. 
En particulier la frontiére de la cellule ouverte K—L est toujours connexe. 

Le fait qu’une chaine contenue dans un voisinage N” de L peut étre déformée 
en une chaine sur L, a été démontré par M. S. Lefschetz'* avec des hypothéses 
moins restrictives. Il suffit de supposer qu’il existe une métrique dans K et 
que K et L sont clos et localement connexes. Le lemme démontré ici est 
valable si l’on suppose de plus que A-L est une cellule ouverte. Mais nous 
n’aurons qu’A considérer le cas ot K et L sont des complexes. 


9. Conséquences du lemme. Soit K un complexe formé de simplexes. Les 
points d’un simplexe qui n’appartiennent pas 4 la chaine-frontiére de celui-ci 
seront appelés points intérieurs du simplexe. L’ensemble de plusieurs simplexes 
sera considéré comme une cellule lorsque l’ensemble de leurs points intérieurs 
est homéomorphe 4A l’intérieur d’une sphére. Les simplexes qui composent une 
telle cellule forment une multiplicité combinatoire ouverte, en vertu d’un 
théoréme de M. E. R. van Kampen. La frontiére de la cellule sera aussi 
composée de simplexes. On peut fixer une orientation de la cellule, ce qui 
détermine en méme temps une orientation de ses simplexes de dimension maxi- 
mum. La cellule orientée définit alors une chaine bien déterminée, somme de 
ses simplexes orientés, et par suite une chaine-frontiére bien déterminée. 

Supposons que le complexe K puisse étre considéré comme un assemblage de 
cellules du type considéré satisfaisant aux conditions suivantes: 1. Tout point 
de K est intérieur a une cellule et une seule; 2. La frontiére de chaque cellule est 
un ensemble de points formé par la somme d’un certain nombre de cellules de 
dimension inférieure. Désignons par £} les cellules orientées & p dimensions ou 
également les chaines de simplexes définies par ces cellules orientées. Comme 
la chaine-frontiére d’une cellule Z} est un cycle orienté, elle contient toute la 
chaine définie par une cellule H:_,, dés qu’elle en contient un simplexe. D’une 
facon plus précise, les chaines-frontiéres des cellules Z* sont des combinaisons 


linéaires des chaines H?_,, ce qu’on écrit sous la forme: 


. Soit K, le complexe formé par toutes les cellules de K dont la dimension est 
inférieure ou égale A p. Le lemme du paragraphe précédent entraine alors la 
conséquence suivante: 

a. Toute chaine C, sur le complexe K peut étre déformée d’une fagon continue en 
une chaine sur le complexe Kp. 

Le preuve par induction est évidente. 

En particulier tout cycle T, sur K peut étre déformé en un cycle sur K,. 
Une nouvelle déformation de ce cycle fournit ensuite un cycle formé de sim- 
plexes de K,. D’aprés une remarque déja faite, le cycle sera déformé en une 





** Voir 8. Lefschetz, a, p. 92-94. 
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combinaison linéaire des chaines EL}, plus des simplexes dégénérés le cas échéant. 
Done: 

b. Tout cycle 1, est homologue a une combinarson linéatre des cellules E}. 

Soit I, un cycle homologue 4 zéro. II existe une chaine C,,, telle que: 
C,y41—T,. Supposons Il, déformé en une combinaison linéaire de cellules FE’. 
D’aprés le lemme, nous pouvons laisser fixes les points de I’, et déformer C,,,,; 
en une chaine C ; ,, sur K,,;. Nous pouvons supposer que "id 41 est formé de 
simplexes de K,,:. Comme Cc. 4, est un cycle (mod K,), en d’autres termes 
comme sa frontiére est sur K,, C,,, Sera une combinaison linéaire de cellules LZ’, ,. 
L’homologie I’, ~ 0 sera une combinaison linéaire des homologies = yu? ; H? ~ 0, 
Par conséquent: 

c. Les bases d’homologie, les nombres de Betti et les coefficients de torsion s’ obtien- 
nent simplement par la réduction des systémes de relations (1) a la forme canonique 
habituelle. 

Les considérations précédentes permettent d’étudier la structure topologique 
d’un grand nombre de variétés algébriques. Rappelons que toute variété 
algébrique, réelle ou complexe, admet une subdivision en simplexes. Un 
domaine ouvert d’une variété analytique sera appelé une cellule analytique, 
s’il est homéomorphe a l’intérieur d’une sphére et si sa frontiére est composée 
d’éléments analytiques. L’ensemble d’une cellule analytique et de sa frontiére 
peut étre subdivisé en simplexes de telle fagon que le complexe formé par cette 
subdivision admet un sous-complexe recouvrant exactement la frontiére. Done 
le lemme du paragraphe précédent s’applique et toute chaine C, sur la cellule 
analytique 4 p dimensions peut étre déformée en une chaine sur la frontiére 
de la cellule, A condition que gq soit inférieur 4 p. Comme nous n’aurons qu’A 
considérer des variétés algébriques, il sera commode d’utiliser |’expression 
“cellule algébrique”’ pour désigner un domaine ouvert d’une variété algébrique, ce 
domaine étant homéomorphe a une cellule ouverte et sa frontiére étant composée 
d’éléments de variétés algébriques. Un point sera considéré comme une cellule 
algébrique de dimension zéro. 

Etant donnée une variété algébrique V, supposons qu’on sache trouver un 
systéme de variétés algébriques contenues dans V et fournissant une subdivision 
de V en cellules algébriques Z}. Cette subdivision devra satisfaire aux con- 
ditions suivantes: 1. Tout point de V appartient 4 une cellule Z et une seule; 
2. La frontiére de chaque cellule Z* est la somme d’un certain nombre de cel- 
lules de dimension inférieure 4 p. Il existe dans ces conditions un complexe 
formé de simplexes recouvrant la variété V et tel que chaque cellule algébrique 
E} soit subdivisée par un sous-complexe de ce complexe. Alors le lemme du 
paragraphe précédent est applicable et le complexe formé des cellules algébriques 
E; jouit des propriétés a, b et c. 





1® Ceci est 4 rapprocher d’un résultat de topologie combinatoire qui indique dans quelles 
conditions un agrégat de cellules peut étre traité comme une celiule unique dans le calcul 
des nombres de Betti et des coefficients de torsion. Voir A. W. Tucker, a. 

20 Voir B. L. van der Waerden, a. 
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Les variétés algébriques considérées ici peuvent étre supposées réelles ou 
complexes. En ce qui concerne les variétés algébriques complexes, on arrive 
ainsi 4 des propriétés topologiques particuliérement simples. Une cellule ‘algé- 
brique complexe a un nombre pair de dimensions réelles; sa frontiére, qui est 
par hypothése formée de parties de variétés algébriques complexes, sera au plus 
i 2p — 2 dimensions réelles, si la cellule est 4 2p dimensions réelles. Une 
cellule algébrique complexe définit done un cycle. On sait qu’une variété 
algébrique complexe V est toujours orientable et qu’il existe une orientation 
naturelle bien déterminée pour V et pour toute variété algébrique contenue 
dans V.24_ Supposons que par un systéme de variétés algébriques complexes 
on sache décomposer la variété V en cellules algébriques complexes 2},. La 
structure topologique de V sera alors trés simple et trés particuliére. Chaque 
cellule E;, définira un cycle orienté bien déterminé. Tout cycle Is,,, sur V 
pourra étre déformé en un cycle r, p+ Sur le complexe K2, défini par l’ensemble 
des cellules algébriques dont la dimension est inférieure ou égale A 2p. Ce 
cycle Ke ,, est uniquement formé d’éléments dégénérés; donc tout cycle T2)+1 
est homologue a zéro. Il n’y aura aucune homologie liant les cycles algébri- 
ques définis par les cellules Z},. Donec ces cycles formeront une base minima du 
groupe @homologie relatif ad la dimension 2p et il n’y aura pas de coefficients de 
torsion. 

Une cellule algébrique 4 une dimension complexe a pour frontiére un point 
unique. Done sila variété V est connexe, le complexe de ses cellules algébriques 
n’a qu’un élément Ho, formé par un point unique. Toute courbe fermée dans 
V peut étre réduite a ce point par déformation continue. Le groupe de Poincaré 
se réduit ad Videntité. 

Un exemple classique d’une variété algébrique de cette nature est fourni par 
lespace projectif complexe [n]. I suffit de considérer une suite de variétés planes 
[n — 1], [n — 2], --- , [2], [1], [0] satisfaisant aux conditions: 


[n] D> [n —1]D--- D[p] D[p — 1] D--- D [2] D [1] > [0]. 
Les cellules algébriques sont [p] — [p — 1]. Si [p] a pour équations 


Lott = Ipig = °° = 2, = 0 


une chaine C,, o s S$ 2p + 1, peut étre déformée en une chaine sur [p] par la 
déformation homographique: 


t, = 2; (i = 0,1, --- , p) 


v 


xr; = dry (j=p+1,p+2,---,n) 


2 
le facteur \ variant d’une facgon continue de 1 A O; par une petite déformation 
préalable il faudrait pourtant faire disparaitre les points d’intersection éventuels 
de C, avec la variété plane d’équations: x) = 21; = --- = 2» = 0. 





*' Voir S. Lefschetz, a, ch. VII. 
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Nous allons voir que la réduction en cellules algébriques réussit pour un grand 
nombre de variétés algébriques; en particulier l'étude de la topologie des variétés 
de Grassmann devient par 1a d’une simplicité extréme. 


10. Les bases d’homologie des variétés de Grassmann. Nous considérons 
la variété V de tous les [k] d’un espace projectif complexe [n]. Pour éviter les 
confusions, nous représentons par {k} une variété plane [A] qui est considérée 
comme élément générateur d’une certaine variété. Introduisons les symboles 
de Schubert [a, a, --- , a]. Etant données k + 1 variétés [ao], [a,], --- , {a,] 
satisfaisant aux conditions: 


OSam<a<---<HFn, [ao] C [a1] C --- SC [a,] C [nl], 


le symbole [ao, ai, --- , %] représente la variété des {k} contenus dans [a,| et 
ayant en commun avec [a;| une variété plane 47 dimensions au moins. Les 
variétés [a, a1, --- , a] seront appelées variétés fondamentales de Schubert. 

Ainsi [0, 1, --- , k] représente un élément {k} unique; la variété V elle-méme 
a pour symbole [n — k,n — k — 1, ---, n]. 

La variété fondamentale [dao, a;, --- , a] est une variété algébrique contenue 
dans V. Onmontre facilement que sa dimension complexe est a) + a, + --- + 

k(k + 1) 
oie me 
est parfaitement déterminée, sauf dans le cas of! aj;; — a; = 1. Un {k} seraun 
élément singulier de la variété [ao, a;, --- , a], s’il coupe l’un des [a,] suivant un 
[¢ + 1], pourvu qu’on ait aj,,— a; > 1. Le lieu des éléments singuliers sera 
composé d’un certain nombre de variétés fondamentales dont les symboles 
s’obtiennent 4 partir de [do, a1, --- , a] en exprimant que |’élément {k} coupe 
suivant un [7 + 1] l’une des variétés [a;] pour laquelle aj; — a; > 1. Par 
exemple, le lieu des éléments singuliers de [1, 3, 4, 6] est composé de [0, 1, 4, 6] 
et [1, 2, 3, 4]. Une variété fondamentale moins le lieu de ses éléments singuliers 
est une variété homogéne transformée transitivement par un groupe projectif de 
espace [n]. Les seules variétés fondamentales qui n’ont pas d’éléments singu- 
liers sont les variétés de tous les {k} contenus dans un [m], ou les variétés de 
tous les {k} contenus dans [m] et passant par [r]. Ce sont des variétés de 
Grassmann; la variété des {k} contenus dans [m] et passant par [7] est, en effet, 
en correspondance biunivoque avec la variété des [k — r — 1] d’un espace 
[m — r — 1]. 

Ceci étant, nous allons montrer que la variété V peut étre décomposée en 
cellules algébriques par un systéme de variétés fondamentales de Schubert. 


k La variété [a,;] qui intervient dans la définition de [ao, ai, --- , a] 


Prenons dans [n] une suite de variétés planes [n — 1], [n — 2], --- , [1], [0] satis- 
faisant aux conditions: 
(1). [n] D> [n — 1] D[n —2]D.--. D[lJ D [0] 





” H. Schubert, a et 6; C. Segre, a, p. 795. 
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et considérons toutes les variétés [ao, a, --- , a] définies A |’aide des [a,] de cette 
suite. Démontrons par récurrence la régle suivante: 

La variété ao, a1, «++ , 4%] devient homéomorphe a une cellule ouverte, lorsqu’on 
en retranche toutes les variétés fondamentales dont les symboles se déduisent du 
symbole [do, 41, -+* , a,] en y remplacgant un des nombres a; par a; — 1. Si un 
symbole obtenu de cette fagon n’a pas de sens, on le néglige. 

Supposons la régle démontrée pour les variétés fondamentales engendrées par 
des'{k — 1} et montrons qu’elle est alors également vérifiée pour les variétés 
fondamentales engendrées par des {k}. Comme elle est vérifiée pour k = 0 
(espace projectif), elle sera démontrée pour tous les cas. 

Considérons la variété [ao, a1, --- , a]. Un élément général {k} de cette 
variété rencontre [ao] en un point M et coupe suivant un {k — 1} un hyperplan 
général [n — 1]’. Nous pouvons choisir l’hyperplan [n — 1]’ de telle fagon qu’il 
satisfait aux conditions suivantes: [ao] est coupé par [n — 1]’ suivant [ay — 1]; 
les variétés [a + 1], [ao + 2], --- , [nm — 1] de la suite (1) sont coupées par 
{n — 1]’ respectivement suivant des variétés [ao]’, [ao + 1]’, --- , [n — 2]’ dis- 
tinctes des variétés planes de la suite (1). L’élément {k} de [ao, ai, --- , ax] 
correspond d’une fagon biunivoque 4 |l’ensemble d’un point M de [ao] et d’un 
{k — 1} de l’hyperplan [n — 1]’, pourvu que {k} ne rencontre pas la variété 
[a — 1]. L’élément {k — 1} n’est pas arbitraire dans[n — 1]’. En effet, si 
{k} coupe [a,] suivant un [7], il coupe [a; — 1]’ suivant un [7 — 1]. Réciproque- 
ment, si {k} coupe [a; — 1]’ suivant un [7 — 1], il coupera [a,] suivant un [7], a 
condition que le point d’intersection M de {k} et de [ao] ne soit pas sur [a — 1]. 
Done les {k} qui ne rencontrent pas [a) — 1] correspondent aux {k — 1} de la 
variété [a; — 1, ag — 1, --- , ax — 1)’ — [ap — 1, ae — 1, --- , a, — 1)’, définie 
4 l'aide des variétés planes de la suite [a> — 1], [ao]’, [ao + 1)’, --- , [nm — 1]’. 
Or par hypothése la variété [a,; — 1, a2 — 1, --- , ax — 1)’ se réduit 4 une cellule 
ouverte lorsqu’on en retranche toutes les variétés dont le symbole se déduit du 
symbole [a; — 1, ag — 1, --- , a, — 1]’ en remplagant un des nombres a; — 1 
para; — 2. Lorsque {k — 1} décrit cette cellule ouverte pendant que M décrit 
la cellule ouverte [ao] — [ao — 1], l’élément {k} déterminé par l’ensemble de 
{k — 1} et de M engendre une variété homéomorphe au produit topologique des 
deux cellules ouvertes; c’est-A-dire {k} engendre une cellule ouverte. 

La cellule ouverte ainsi engendrée par {k} est la variété [ao, ai, --- , ax] dont 
on a enlevé les variétés suivantes: 1°. La variété [aj — 1, a1, --- , a«] pour 
laquelle le point M se trouve sur [a) — 1]. 2°. Les variétés des {k} qui coupent 
"hyperplan [n — 1]’ suivant les {k — 1} générateurs des variétés 
la, —1l,ag—1,--- ,a;—2,--- , a, — 1)’, ov 7 est l’un quelconque des indices 
1, 2,---,k, le point M étant arbitraire sur [a]. Si {k — 1} coupe [ao + s]’ 
suivant un [7], l’élément {k}, déterminé par {k — 1} et un point M extérieur 
a [a> — 1], coupe [ao + s + 1] suivant un [r + 1]. Done la variété 
[a — 1, ag — 1,---, a; — 2,--+, ae — 1)’ correspond a la variété 
ao, 4), @2, --- a; — 1, «++ , ay] engendrée par des {k}. Certains symboles qu’on 
serait ainsi conduit A écrire peuvent ne pas avoir de sens. Par hypothése, nous 
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n’avons pas a tenir compte des symboles [a; — 1, a2 — 1, --- ,a@; — 2,--- , a, — 1)’ 
qui n’ont pas de sens. Si @ = a; — 1, le symbole [ao, a; — 1, --- , a;] n’a pas 
de sens. On voit qu’il suffit de le remplacer également par zéro. 

Le raisonnement précédent suppose que a > 0. II reste 4 considérer le cas 
d’une variété [ao, a1, --- , a@%],ou.a, = ret a4. >r+1. Soit[n — r— 1]’une 
variété qui ne coupe pas [a,] et qui coupe [a, + 1], [a, + 2], --- , [m — 1] suivant 
des variétés [0]’, [1]’, --- ,[n — r — 2]’. Tout {k} de la variété [ao, a,, --- , a;] 
est bien déterminé par son intersection avec [n — r — 1]’. Cette intersection est 
un élément {k — r — 1} engendrant la variété 


/ 
[Qn41—-r—1,---,a—r—1l,---,a—r—1] 


définie A l’aide des variétés de la suite [0]’, [1]’, --- ,|[~ — r — 1]’.. Comme la 
régle énoncée est vérifiée pour cette variété engendrée par des {k — r — 1}, on 
voit qu’elle est encore vérifiée pour la variété [ao, a1, --- , ax]. Ceci prouve la 
régle dans tous les cas. 

D’aprés cette régle, l’ensemble des variétés fondamentales |do, a1, - ++ , ax] fournit 
une subdivision de la variété de Grassmann V en cellules algébriques. Nous avons 
un complexe de cellules algébriques auquel nous pouvons appliquer les résultats 
du §9. 

La variété V est une multiplicité orientable 4 (k + 1) (n — k) dimensions 
complexes. Chaque variété fondamentale [a, a, --- , a,| définit un cycle avec 
une orientation bien déterminée; ce cycle sera représenté par le méme symbole 
[a@0, @, --- , |. Nous pouvons énoncer les théorémes: 

TuHtorrkmMe. Tout cycle T2, ow T241 sur la variété V peut étre déformé en un 
cycle qui recouvre complétement un certain nombre de variétés fondamentales 


[ao, Mi, +++ , Ax], O Go + Gy + +++ + OR — a <s. En particulier, la 


variété V est simplement connecze. 

THEOREME. Les cycles algébriques do, ai, --- , ax], @ s dimensions complexes, 
forment une base minima du groupe d’homologie pour la dimension 2s. Il n’y a 
pas de coefficients de torsion. Les nombres de Betti relatifs aux dimensions 
impatires sont tous nuls. 


11. Intersection de deux cycles de dimensions complémentaires. Nous 
dirons que deux cycles sur la variété de Grassmann V ont des dimensions 
complémentaires, lorsque la somme de leurs dimensions est égale 4 la dimension 
réelle de V, c’est-i-dire égale 4 2(k + 1) (n — k). Ainsi deux variétés 


(ao, @1, +--+ , a] et (bo, bi, --- , bx] sont de dimensions complémentaires lorsque: 
(1) M+tat---+athth+--- +h = (4+ 1)n. 
Etant données deux variétés [ao, a1, --+ , ax] et [ao, a1, --- , ax|’ dont les sym- 


boles sont composés des mémes nombres, il existe une transformation projective 
de [n], et par suite une déformation continue, qui transforme la premiére variété 
en la deuxiéme. Ces deux variétés définissent toujours des cycles algébriques 
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homologues. Soient [ao, ai, --- , a] et [bo, bi, --- , bs] deux variétés fonda- 
mentales de dimensions complémentaires. Par une transformation projective, 
amenons la variété [d, a1, --- , a] en une position telle que les variétés 
[a], --- , [ax] aient des positions générales par rapport aux variétés [bo], - - + , [bi 
qui servent 4 définir [bo bi, --- , bx]. Pour qu’il existe alors un élément d’inter- 
section de [do, a1, «++ , a] et de [bo, bi, --- , bx), il faut qu’il existe un {k} qui 
coupe [a,] suivant un [2] et qui coupe [b,_,] suivant un [k — 7]. Or les variétés 
[i] et [k — 2] ont un point d’intersection sur {k}; done [a,] et [b,_;] ont un point 
d’intersection. Comme [a;] a une position générale par rapport A [b,—;], il en 
résulte que a; + bk; 2 nm. Mais en vertu de |’équation (1) on a alors 


a; + bhi; = n, quel que soit 2, et le symbole de la variété [bo, b:, --- , by] est 
[n — Qk +++, — M,N — A]. Réciproquement les deux variétés [ao, a), -- + , ax] 
et [nm — dy, +--+, — Gy, M — Qo] Ont un élément d’intersection et un seul, si l’on 


a donné 4 la premiére variété une position générale par rapport 4 la deuxiéme. 
Cet élément d’intersection est Vélément {k} déterminé par les k + 1 points 
d’intersection [a,] - [nm — a,]’, en supposant que |[a,] et [n — a,]’ servent A 
définir respectivement les deux variétés fondamentales considérées. 

Le cycle d’intersection de deux cycles queleconques sur une multiplicité a été 
défini par M. S. Lefschetz.27 Dans le cas de deux cycles de dimensions complé- 
mentaires, on peut définir le nombre algébrique de points d’intersection ou Uindice 
de Kronecker des deux cycles. Si A et B sont deux variétés algébriques de 
dimensions complémentaires contenues dans la multiplicité K formée par une 
variété algébrique sans singularités, l’ordre de multiplicité d’un point d’inter- 
section isolé de A et de B est le nombre algébrique de points qu’il représente 
quand on évalue l’indice de Kronecker des cycles algébriques A et B. Rappelons 
que cet ordre de multiplicité est positif lorsque K, A et B sont des variétés 
complexes. 

Soit M un point d’intersection isolé de A avec B, les variétés A, B et K étant 
supposées complexes. M admet dans K un voisinage formé par une cellule 
analytique complexe #, dont les points sont définis par un systéme de coordon- 
nées complexes wu, Us, --- , Ue. Al’intérieur de £, les voisinages de M sur les 
deux variétés A et B sont des domaines de variétés complexes qui sont repré- 
sentées par des variétés analytiques complexes a et b dans le domaine des 
coordonnées w1, U2, +--+, Ue. Si le point M est un point ordinaire de a et de b, 
c’est-d-dire s’il admet sur chacune des deux variétés sécantes un voisinage 
formant une cellule analytique complexe, l’ordre de multiplicité de M est égal 
4 +1, A condition que M soit le seul point d’intersection des deux plans tan- 
gents en M aux variétés a et b. Dans le cas général on fera subir 4 b une 
petite déformation définie par une translation arbitraire dans le domaine des 
variables u, we, --- ,Uq. Aprés cette déformation, les variétés a et b se coupe- 
ront en h points d’intersection voisins de M et tels qu’en chacun de ces points 





** Voir S. Lefschetz, a, ch. IV. 
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l’intersection sera du type simple qu’on vient de considérer. L’ordre de multi- 
plicité de M sera alors égal a h. 
Ceci posé, il est facile de démontrer d’une fagon rigoureuse que l’indice de 


Kronecker des deux variétés fondamentales [ao, di, --- , ax] et [nm — ay, ++», n — ay, 
n — aol est égald +1. Désignons comme au §6 par 2o, 21, +++ , Lk, Yo, Yay ++ , Yo 
les coordonnées homogénes des points de [n], et soit [k]o la variété définie par les 
équations: yo = yy) = --- = y, = 0. Un élément {k} voisin de {k}, a pour 
équations: 
+=0,1,.-.. 
(2) Yi = Wi Tj ( ) 
j3=0,1,---,k ; 


C’est l’élément défini par k + 1 points Po, Pi, --- , Px, le point P; ayant pour 
coordonnées 
x; = 1, xy = 0, Yi = i (j’ ¥ j). 


Les équations (2) sont valables tant que ne rencontre pas la variété 
[n — k — 1] d’équations: m = m% =--- = = 0. Les (k + 1)(n — k) 
quantités w,; forment un systéme de seubileaidaten: complexes pour la cellule 
ouverte [n — k,n —k+4+1,--- ,n] —[n—K-—1,n—k+1,---, nl. 

Considérons une variété [do, a1, --- , @| contenant |’élément Bo. ya sup- 
posons que {k}, est un élément général de cette variété c’est-d-dire que son 
intersection avec la variété [a,| qui intervient dans la définition de [ao, ai, --- , ax] 
est une variété plane 4 r dimensions exactement. Par une transformation pro- 
jective de [n] laissant invariant |’élément {k}o, on pourra amener les variétés 
[a,] en coincidence avec les variétés suivantes: 


[ax] You = Yingtt) = *°s BY =O a, = m+k 
[axa] Lo = Yr, = Yom) = 2 = YQ =O Quai =m+k-1 
[Q.+] Xo = Hy = + = Ty = Yn = Yost) = = YQ=O aQp~=m+k—r 
[ao] Lo = Ty =) = Lh = Ym, = Yom) = °° = YQ = 0 do = M 
Les inégalités n = a, > a1 > --- > a; > ao = O entrainent les inégalités 
n—k2m2=m2--->m2Z=0. Soit {k}un élément général de [ao, ar, - - - , a] 


défini par les équations (2). La condition que les variétés planes {k} et [a:—,| 
se coupent suivant une variété plane 4 k — r dimensions entraine w;; = 0 pour 
tous les ensembles d’indices 7 et j vérifiant les inégalités i => m,,7 2 r. Dans 
l’espace des variables complexes w;;, la variété [ao, a;, --- , ax] est done repré- 
sentée par une variété plane dont les équations sont: 


wi = 0 pour 2 => mj. 


Ceci prouve, en passant, que la dimension complexe de la variété [ao, a1, -- «  %! 
est 
k(k + 1) 


M+m+---+m=—a+a+---+a,— 5) 
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Considérons maintenant la variété d’éléments {k} ayant pour équations: 
w; = 0 pour? <m,;. C’est une variété fondamentale de symbole [n — a, --- , 
n — dy, N — Qo] définie par les variétés planes suivantes: 


[n — a] Y=rHrMw=-+ =Ym» =0 
[n — ay] Te = Yo= Yi = --- = Ym,» = 0 
[n — a+] Seg) ees Te Yo =H Hi = ++) = Iw a 
[n — ay] My = +++ = Le = Yo= Yi = +++ = Ym at 
Les deux variétés [ao, ai, --- , ax] et [n — a, --- ,m — a, n — a] sont repré- 


sentées dans l’espace des variables w,; par deux variétés planes qui n’ont qu’un 
point d’intersection, w; = 0; c’est le point représentatif de l’élément {k},. 
Cet élément doit donc étre compté avec l’ordre de multiplicité égal 4 +1 dans 
l’intersection des deux variétés. Comme il n’y a pas d’autre élément d’inter- 
section, l’indice de Kronecker des deux variétés est égal A +1: 


[ao, a1, +++ Qe] -[m — ay, +--+, n — An — A] = +1, 


en désignant par A-B |’indice de Kronecker de deux cycles A et B. 

Pour chaque dimension 2s nous avons une base minima du groupe d’homo- 
logie formée par Re, cycles fondamentaux [ao, a1, ---, Gi], OU Go + G + +--+ + 

k(k + 1) 
iii. 
fondamentaux de dimension 2s avec les cycles fondamentaux de dimension com- 
plémentaire est égale 4 la matrice-unité, 4 condition d’écrire ces cycles dans un 
ordre convenable. Soit T'2, un cycle quelconque sur V. Ona l’homologie: 


ai. = s. La matrice des nombres d’intersection des cycles 


(3) Te, ~ Z(n — Gk, -°° >” i ai, n - ao) [ao, 1, wicks , a]. 
Le coefficient (n — ax, --- , n — a, N — dp) dans cette homologie est le nombre 
d’intersections de I's, et de |n — ax, --- ,m — G1, n — Ad): 

(n — Qk, +++, — Qy, NM — Ao) = T'x-[m — Ge, +++ Mm — A, NM — Ad). 


Soit fos un cycle de dimension complémentaire, s’ = (k + 1)(n — k) — s. 
On aura: 
Paw sed =(ao, G1, +++, ax)’ [n ~ y+ sm oa = Ao] , 


‘ , 
ou: (ao, Gy,+-+, ax)’ a rs, é [ao, G,+*:, a,]. 
. ° , 
Le nombre d’intersections de T2, et de I',,, sera:: 
(4, : ' 
) T2,-T,, = Z(n — Ak, re t= ai, ed ao) (o, ma *** » ax) . 


En particulier si Iz, est le cycle défini par une variété algébrique A, les coeffi- 
cients (n — ay, --- ,m — a1, n — do) sont des nombres positifs. H. Schubert, 
qui les a déja considérés dans ses recherches de géométrie énumérative, les a 
appelés les degrés (en allemand Gradzahlen) de la variété A. Si l’on a deux 
variétés algébriques A et B de dimensions complémentaires, les degrés de A 
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étant les nombres (n — az, --- ,m — Gi, M — Qo) et ceux de B étant les nom- 
bres (do, @, --- , a)’, le nombre d’intersections de A et de B sera: 
(4)’ A-B = X(n — ay, --+ ,n — Qi, NM — Ap)(Ao, As, - ++ , ax)’. 


Cette formule constitue une généralisation du théoréme de Bézout. En effet, 
soit V l’espace projectif complexe [n], qui est un cas particulier des variétés de 
Grassmann. Si A,,) est une variété algébrique contenue dans [n], de dimension 
complexe s, on a l’homologie: A, ~ (m — s)[s]. Le nombre (n — s) est le 
degré de A d’aprés la définition ordinaire de cette notion. Soit Bi.) une 
variété algébrique 4 n — s dimensions complexes. On a: Bins) ~ (s)’[n — s], 
ou (s)’ est le degré de Byn_,). Il en résulte: Ay.)- Bins) = (nm — 8)(s)’, ce qui 
constitue le théoréme de Bézout. 

Considérons aussi le cas particulier des variétés de droites. V est la variété 
des droites de [n], A.) et By) sont des variétés algébriques engendrées par 
des droites. Supposons s + s’ = 2n — 2. Alors les formules précédentes 
deviennent: 


Ay ~ X(n — g,n — p) [p, ql, p+q=s 
Bor) sid X=(p, q)’ [n ries qd; ieee’ | 
As) + Bor) = U(n — g,n — p) (p, gq)’. 


Un complexe de droites, c’est-A-dire une variété algébrique A (2n_3) contenue dans 
V, n’a qu’un degré: Acn—s) ~ (0, 2) [n — 2, n], od (0, 2) = A cen_sy-{0, 2]. 
Si (0, 2) = 1, Acen—s) est un complexe linéaire. Une surface réglée, c’est-a-dire une 
variété Ba), a aussi un seul degré; c’est le nombre (n — 2, n) = B,-[n — 2, ni]. 
Le nombre de droites communes a A (2n_3) et Bay est égal au produit de leurs 
degrés. 

Les bases d@’homologie de la variété des drottes de V espace projectif |3] sont: 


(2, 3] a= 
(1, 3] kwt 
0,3] [1,2] R=2 
(0, 2] Ry = 1 
(0, 1] es | 


Considérons deux congruences de droites Ai) et By. Ona: 
Aw ~ (0, 3) [0, 3] + (1, 2) [1, 2] 
Bi ~ (0, 3)’ (0, 3] + (1, 2)’[1, 2]. 
Le nombre de droites communes sera: 
A(2)- By) = (0, 3)(0, 3)’ + (1, 2)(1, 2)’. 


Cette égalité constitue le théoréme de Halphen relatif aux congruences de droites. 
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12. Remarque au sujet du probléme des caractéristiques de Schubert. La 
formule (4)’ du paragraphe précédent exprime un résultat de géométrie énuméra- 
tive déjA obtenu par Schubert.** Cependant le raisonnement de Schubert ne 
peut pas étre considéré comme rigoureux, car il ne s’appuie pas sur une définition 
précise et générale de l’ordre de multiplicité d’un point d’intersection et il 
manque de précision en ce qui concerne une certaine déformation de variétés 
algébriques. 

Rappelons que la topologie fournit une interprétation et une justification du 
calcul symbolique de Schubert.2> Elle permet aussi de montrer que le probléme 
des caractéristiques pour une variété algébrique sans singularités admet tou- 
jours une solution. 

Etant donnée la variété de Grassmann V engendrée par les [k] de l’espace 
{n], les bases d’homologie pour les cycles algébriques sont fournies par les 
variétés [d, a1, +++ , @]. Soit A.) une variété algébrique A s dimensions con- 
tenue dans V. Elle définit un cycle algébrique A,,). La relation (3) du para- 
graphe précédent entraine une égalité symbolique de Schubert: 


A(s) _— Z(n = Gy 9 hh —' th, 8 — ao) (Ao, me os , a]. 


Cette égalité fournit la solution du probléme des caractéristiques. Les différentes 
variétés [@o, @1, --- , a] ne sont liées par aucune égalité symbolique de Schubert. 
Dans une variété de Grassmann Végalité symbolique de Schubert Ay) = By et 
Vhomologie A(s) ~ By) sont donc deux relations équivalentes. 


13. Remarque a propos d’un théoréme de M. F. Severi. Nos résultats 
topologiques sont & rapprocher d’un théoréme démontré par M. F. Severi. 
Considérons la variété de Grassmann engendrée par les {k} de [n] et soit Va 
sa représentation a l’aide des coordonnées pliickeriennes pj,;, ... ;, dans l’espace 
projectif [7], or = (? : ') — 1. Pour la dimension complexe d — 1, la base 
d’homologie est formée par la variété [n — k — 1, n — k + 1, --- , n] dont 
l’équation peut se ramener Apo... . = 0. C’est une section hyperplane particu- 
ligre de Via). Soit C une section de Vi par un [r — 1] général. La variété 
(0, 1,---,k —1, & + 1] est représentée sur Va) par une droite. Done 
C-(0,1,---,k—1,k +1] = let parsuiteC ~[n —k—1,n—k+1,--- , nl. 
Un complexe algébrique, A (g_-1), est une variété algébrique 4 d — 1 dimensions 
complexes contenue dans Vi. On aura Aq1 ~ AC, ot d est le degré du 
complexe. D’aprés un théoréme de M. S. Lefschetz,” cette homologie entraine 
l’équivalence algébrique Aw» =dC. Ainsi C forme la base minima de Severi, 





* Voir H. Schubert, a. Une autre démonstration se trouve dans F. Severi, c. Il y a 
de nombreux travaux de géométrie énumérative concernant les variétés fondamentales de 
Schubert. On pourra consulter 4 ce sujet C. Segre, a. 

*® Voir B. L. van der Waerden, a. Voir également F. Severi, 6. 

*°S. Lefschetz, b, p. 25 et 48. 
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et les complexes de degré \ forment un systéme continu complet. Comme le 
nombre de Betti relatif 4 la dimension 1 est nul, la variété Via est réguliére et 
par suite A (a1) et \C sont des variétés génériques d’un méme systéme linéaire, 
Done les complexes algébriques de degré  forment un systéme linéaire complet qui 
contient évidemment le systéme linéaire des intersections complétes de V (4) par 
les hypersurfaces de degré \ de [r]._ Dans son mémoire consacré aux variétés 
de Grassmann, M. F. Severi®?? démontre une propriété plus précise, 4 savoir que 
tout complexe algébrique est l’intersection compléte de Via) par une hypersur- 
face de [r], 


IV. Etude des autres familles de variétés algébriques de la classe considérée 


14. La quadrique complexe non dégénérée 4 n dimensions complexes. Nous 
nous proposons de montrer comment notre méthode élémentaire permet 
d’étudier la topologie des variétés algébriques qui sont classées au §5 avec les 
variétés de Grassmann comme fournissant des espaces homogénes symétriques.” 

Rappelons quelques propriétés classiques d’une quadrique non dégénérée Q,, 
appartenant 4 un espace [n + 1].22 En supposant n = 2p ou n = 2p + 1, 
la quadrique Q,, contient une infinité de variétés planes 4 p dimensions, mais ne 
contient pas de variétés planes de dimension supérieure 4 p. Sin = 2p +4 1, 
ces génératrices planes 4 p dimensions forment une seule famille continue. Si 
n = 2p, les génératrices planes 4 p dimensions forment deux familles distinctes. 
Deux génératrices [p] et [p]’ de méme famille se coupent suivant une variété 
plane 4 p — 2s dimensions. Deux génératrices [p] et [p]’ qui n’appartiennent 
pas 4 la méme famille se coupent suivant une variété plane 4 p — 2s — 1 dimen- 
sions. s est un entier tel que p — 2s > —letp—2s—12 —1. On convient 
de considérer une intersection nulle comme une intersection de dimension —1. 
En général, deux génératrices [p] et [p]’ de méme systéme (de systémes dif- 
férents) ont un point commun si p est pair (impair), et n’ont pas de point 
commun si p est impair (pair). 

Soit O un point de la quadrique non dégénérée Q,. Soit [n] l’hyperplan 
tangent en O. [n] coupe Q, suivant un céne Q,_; de sommet O. Soit [n]’ un 
hyperplan ne passant pas par O et coupant [n] suivant [n — 1]’. Par projection 
centrale de centre O on met Q, — Qn,_1 en correspondance biunivoque avec la 
cellule ouverte [n]’ — [n — 1]’. Donec Q, — Qn-1 est une cellule algébrique ouverte. 

Soit [k] une génératrice plane de Q,. Supposons k < p. [k] admet une 
variété conjuguée [n — k] qui coupe Q, suivant une quadrique Q,—x-1; celle-ci 
est k + 1 fois dégénérée et admet [k] comme lieu de ses points doubles. Soit 
O’ un point de Q,_x-1 non situé sur [k]. L’ensemble de 0’ et de [k] détermine 
une génératrice [k + 1] dont la variété conjuguée est une variété [n — k — 1). 





27 Voir F. Severi, a. 

8 Les résultats relatifs aux quadriques complexes sont connus. Voir E. Cartan, g et 
B. L. van der Waerden, b. 

28 Voir C. Segre, a. 








et 


li 


S 


TOPOLOGIE DE CERTAINS ESPACES 425 


Q, est coupé par [nxn — k — 1] suivant une quadrique Q,;-2. Tout point de 
Q,-r-1 — Qn-x-2 cbrrespond d’une fagon biunivoque 4 une droite de [n — &k] 
qui passe par O’ et qui n’est pas située dans [n — k — 1]. Done Qn-x-1 — Qn—x—2 
est une cellule algébrique ouverte. 

Supposons n = 2p + 1. Prenons une génératrice [p] de Qo; et considérons 
dans [p] des variétés[p — 1], -- -, [1], [0] telles que [p] > [p — 1] D --- D[1] D [0]. 
Nous faisons correspondre a4 une variété [k] de cette suite la quadrique Q,—»—1, 
intersection de Q, par la variété conjuguée de [k]. Si k = p, Q,-»-1 se réduit 
i[p]. Ona ainsi une suite de variétés: 


Qepi1 D Qe» D +++ DQ D [p] D [p — 1] D --- D [1] D [0]. 


La différence entre deux variétés successives forme une cellule algébrique 
ouverte. Ces variélés forment les bases d’homologie. Il n’y a pas de coefficients 
de torsion. L’indice de Kronecker {k]-Q,-. est égal a 1. 

Supposons n = 2p. Considérons sur Q2, la suite des variétés planes: 


[p] > [p — 1] > --- D [1] > [0]. 


A une variété [k] de cette suite nous faisons encore correspondre une quadrique 
Q,.1. Pourk = p — 1, Qn-«-1 se réduit 4 deux génératrices [p] et [p]’, de 
systémes différents, qui se coupent suivant [p — 1]. Les bases d’homologie sont 
encore formées par Qa», Q2y-1 +++ Qn [p], {71', [p — 1], --- 5 [1], (0). Remar- 
quons qu’il y a deux variétés de base pour la dimension p. JI n’y a pas de 
coefficients de torsion. Onaencore: [k]-Q,-; = 1 pourk ¥ p. Si pest impair: 
[p]-[p]’ = 1, [pl-[p] = [p]’-[p]’ = 0. Si p est pair: 


(p]-[p] = [p]’-[p]’ = 1, [p]-[p]’ = 0. 


15. La variété des génératrices planes 4 p dimensions d’une quadrique 
complexe non dégénérée Q.,. Considérons sur la quadrique complexe non 
dégénérée Qo, les génératrices planes 4 p dimensions appartenant a |’un des 
deux systémes de génératrices 4 p dimensions. Elles engendrent une variété 
algébrique V & p(p + 1)/2 dimensions complexes. Un élément quelconque de 
V sera designé par {p}. Nous nous proposons de subdiviser V en cellules 
algébriques. 

Supposons d’abord p = 2. Les points de Q, représentent les droites com- 
plexes d’un espace projectif [3]. Une génératrice plane de Q, représente les 
droites de [3] qui passent par un point ou les droites de [3] qui sont situées 
dans un plan. Les éléments {2} de la variété V sont donc en correspondance 
biunivoque avec les points de [3]. Cette remarque conduit aux résultats sui- 
vants: Soit {2}, un élément particulier de V. C’est une variété plane [2], con- 
tenue dans Q,. Prenons dans la variété [2], une droite [1] et un point [0] sur 
cette droite. Tout élément {2} de V a un point en commun avec [2]. Con- 
sidérons la variété des éléments de V qui rencontrent la droite [1]. Nous la 
représentons par [1, -, -]. La variété des éléments de V qui contiennent le 
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point [0] sera représentée par [0, -, -]. Représentons par [0, 1, 2] l’élément 
particulier {2}) et par [2, -, -] la variété totale V. On reconnait alors que 
(2, -, -] — [I, -, -] est une cellule algébrique ouverte. Il en est de méme pour 
(1, “y | ‘ond [0, “"¥ -] et pour [0, i | Pad [0, 1, 2). 

Passons A l’étude du cas général. Considérons sur la quadrique Q», une 
variété plane [p]o formant un élément particulier {p}o de la variété V lorsque 
p est pair, et n’appartenant pas 4 V lorsque pest impair. L intersection d’un 
élément {p} de V avec [p]) a toujours un nombre pair de dimensions; en général ce 


sera un point. Introduisons dans [p]> une suite de variétés [p — 1], |p — 2], - - - , (0] 
telles que: 

(1) [pl > [p — 1] D[p — 2] 9 --- D [0]. 

Considérons 27 + 1 variétés de cette suite: [ao] C [ai] C --- C [as;]. Lesymbole 
(ao, 1, G2, «++ , Aaj, -, --] représentera la variété des éléments {p} de V qui 


coupent [a,] suivant une variété 4 s dimensions. Dans le symbole nous mettons 
p — 27 points 4 la suite du dernier nombre a2; pour indiquer que |’élément gé- 
nérateur est une variété plane 4 p dimensions. La variété V elle-méme est rep- 
résentée par [p, -, ----]. Nous allons démontrer le lemme suivant: 

Lemme. La variété [ao, a1, --+ , Gi, -, ++] devient une cellule algébrique 
ouverte lorsqu’on en retranche les variétés représentées par les symboles qu’on 
obtient en diminuant d’une unité un quelconque des nombres du symbole donné, ou 
en remplagant, dans le cas ot a2; < p — 1, les deux premiers points qui suivent 
da; par p — let p. Tout symbole qui n’a pas de sens devra étre remplacé par zéro. 

Le lemme est bien vérifié pour p = 1 et p = 2. En le supposant exact pour 
une quadrique Q2,-2, nous allons le démontrer pour une quadrique Q2,. 

La quadrique Q2, appartient 4 un espace [2p + 1]. Soit [2p]’ un hyperplan 
ne passant pas par le point [0] de la suite (1). L’hyperplan tangent 4 Qe, au 
point [0] coupe [2p]’ suivant une variété [2p — 1]’. L’intersection de Q2, avec 
[2p — 1]’ est une quadrique non dégénérée Q2,-2. Soit {p} une génératrice de 
Qs, appartenant 4 la variété V. Si {p} ne passe pas par [0], la projection stéréo- 
graphique de centre [0] lui fait correspondre d’une fagon biunivoque une variété 
plane {p}’ de l’hyperplan [2p]’. {p}’ coupe [2p — 1]’ suivant une génératrice 
{p — 1}’ de la quadrique Qe,-». {p — 1}’ engendre un des systémes de gé- 
nératrices de Q2,-». Tout {p}’ appartenant a [2p]’ et coupant [2p — 1]’ suivant 
une telle génératrice {p — 1}’ correspond 4 une génératrice {p} ne passant pas 
par [0]. 

Les variétés de la suite (1) sont coupées par [2p — 1]’ suivant des variétés 
i. [p — 2]’, --- , [0]’ telles que: 


(2) [p — 1]. > [p — 2]’> --- D [oy’. 


Considérons la variété [ao, a1, --- , aa, -, --] et supposons a > 0. Les {p} 
de cette variété qui ne contiennent pas [0] se projettent suivant les {p}’ de 
[2p]’ qui coupent [2p — 1]’ suivant des génératrices {p — 1}’ de Qep-2. Ces 
génératrices {p — 1}’ engendrent la variété [aj, a,, --- , a3,, -, --]’ définie 4 








= 
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l'aide des variétés de la suite (2), le nombre a, étant égal A a, — 1. Nous 
pouvons appliquer le lemme A la variété [ay, a}, --- , a3, -, --]’. Celle-ci 
devient une cellule algébrique ouverte A lorsqu’on en retranche les variétés in- 
diquées dans l’énoncé dulemme. II reste 4 démontrer que les { p}’ de l’hyperplan 
(2p]’ qui coupent [2p — 1)’ suivant les éléments {p — 1}’ de A forment une 
cellule ouverte. 

Les nombres as, ai, rey a3, sont des nombres de la suite 0, 1, --- , p — 1; 
désignons par bo, bi, -++ 46 : les autres nombres de cette suite. Considérons 
sur Qop-2 une génératrice [p — 1] qui coupe [p — 1], suivant une variété [J]. 
Nous choisissons [p — 1], de telle fagon que [j] appartienne A la variété fonda- 
mentale de Schubert de symbole [b,, b;, --- , 6 ‘] définie 4 l’aide de variétés 
de la suite (2). Nous supposons que [j] occupe une position générale dans 
thy EER bj]. Les variétés [p — 1], et [p — 1], sont des génératrices de 
Qo,-2 qui n’appartiennent pas au méme systéme, car leur intersection est a 
j =p —1-— (2¢+ 1) dimensions. Soit {p — 1}’ un élément quelconque de 
la cellule ouverte A. Montrons que {p — 1}’ n’a pas de point commun avec 
(p — 1]5. On voit d’abord que {p — 1}’ n’a pas de point commun avec [7]; 
sinon {p — 1}’ appartiendrait 4 une des variétés-frontiéres de la cellule A. Soit 
[2p — 2 — j] la variété conjuguée de [j] par rapport 4 la quadrique Q2,-». Les 
variétés [2p — 2 — j] et {p — 1}’ ne peuvent pas appartenir 4 un méme hyper- 
plan de l’espace [2p — 1]’, comme leurs variétés conjuguées n’ont pas de point 
commun. Doncl’intersection de (2p — 2 — jl et {p — 1}’ esta p— 2 —j = 2 
dimensions; ¢’est précisément l’intersection de {p — 1}’ avee [p — 1]5. La 
variété [p — 1], appartient a (2p — 2 — j\. Tlen résulte bien que {p — 1} et 
[p — 1], n’ont pas de point commun. 

Soit [p], une variété contenue dans [2p]’ et coupant [2p — 1]’ suivant [p — 1]. 
Soit {p}’ une variété plane 4 p dimensions contenue dans [2p]’ et coupant 
[2p — 1]’ suivant {p — 1}’. L’intersection de {p}’ avec [p]; est un point non 
situé sur [p — 1]. Par conséquent, la variété des {p}’ est homéomorphe au 
produit topologique de la cellule ouverte A par la cellule ouverte [plo —[p— 1]>- 
Par projection stéréographique de centre [0], il lui correspond sur Qe, une variété 
d’éléments {k} qui forme bien une cellule algébrique ouverte. On voit facilement 
que la frontiére de cette cellule est formée par les variétés indiquées dans l’énoncé 
du lemme. 

Si a) = 0, on vérifie le lemme en remarquant que la variété des génératrices 
(P} de Qe, qui passent par le point [0] correspond d’une fagon biunivoque a la 
variété des génératrices {p — 1} de Qop-». 

Nous dirons que les variétés [ao, a1, --- , 42i, + , --] sont les variétés fonda- 
mentales de V. En vertu du lemme, elles subdivisent V en cellules algébriques 
complexes. Elles forment donc les bases d’homologie pour les dimensions paires. 
Les nombres de Betti pour les dimensions impaires sont nuls, et il n’y a pas de 
coefficients de torsion. 

Donnons explicitement les bases d’homologie pour la variété V engendrée par 
les génératrices {3} d’une quadrique Qe. 
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[3, +, +5] Ry = 1 
[2,-,-,°] Ryo = 1 
(1, ae a :] Rg = 1 
(0, -,-, -} [1, 2, 3, -] Re = 2 
[0, 2, 3, | Rk, =1 
(0, 1, 3, | Rk, =1 
(0, 1, 2, |] hy =1 


On reconnait que V a la méme dimension et les mémes constantes topologiques 
que Q. V et Q sont effectivement homéomorphes. On connait, en effet, une 
correspondance biunivoque entre les points de la quadrique Q, et ses généra- 
trices de l’un des deux systémes de génératrices 4 3 dimensions.*° 

Remarquons qu’on pourrait remplacer les symboles [a, --- , dei, -, --] par 
des symboles légérement différents. Soit [p], une génératrice de Q2, coupant 
[plo suivant la variété [p — 1] de la suite (1). [plo et [p]i: sont des génératrices 
de systémes différents. Considérons la suite de variétés planes: 


(1)’ [ph PD [p — IJ D--- D [1] > [0]. 


Si {p} est un élément de V, son intersection avec [p], est nulle ou a un nombre 
impair de dimensions. Prenons 27 variétés appartenant a la suite (1)’: 
[ao] C [a1] C --- C [as]. Le symbole [ao, ai, --- , d_1, - , --] représentera la 
variété des éléments {p} qui coupent [a,] suivant une variété a s dimensions. 
La variété V elle-méme serait ainsi représentée par [-, -, ---], ou figurent seule- 
ment p + 1 points. Nous dirons qu’un symbole est de premiére ou de seconde 
espéce, suivant qu’il contient 27 + 1 ou 27 nombres. Toute variété fonda- 
mentale est représentée par un symbole de premiére espéce et par un symbole 
de seconde espéce. Ces deux symboles contiennent les mémes nombres inféri- 
eurs 4 p; le nombre p figure toujours dans l’un des symboles et ne figure pas 
dans l’autre. Par exemple, (0, 2, 3, -, -] et [0, 2, 3, 4, -] représentent la méme 
variété; de méme [1, 3, 4, -, -] et [1, 3, -, -, -] représentent la méme variété. 
Le lemme s’énonce de la méme fagon quand on emploie des symboles de 
seconde espéce. 


La dimension complexe de la variété [ao, a1, --- , ds, -, --] est égale A 
; . 
net , (p — %) —(p—a) —--- —(p—a,). Eneffet, cette expression 


diminue d’une unité quand on remplace un des nombres a; par a; — 1 ou quand 
on remplace deux points qui suivent a, par p — let p. D’autre part elle prend 
toutes les valeurs entiéres de p(p + 1)/20. Remarquons qu’on peut associer 


& toute variété [ao, ai, --- , as, -, --] la variété [bo, bi, --- , by, -, --] telle que 
les nombres a, a, --- , ds, bo, bi, --- , b Soient, 4 l’ordre prés, les nombres de 





%° Ceci est lié 4 l’existence d’un parallélisme absolu dans V’espace elliptique réel 4 7 
dimensions. Voir: F. Vaney, a. 
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la suite 0, 1,---,p. Les deux variétés sont de dimensions complémentaires 
et les deux symboles seront dits symboles associés. 

Démontrons le théoréme suivant: 

TutortME. Etant données deux variétés fondamentales de dimensions complé- 
mentaires, leur indice de Kronecker est égal a 1 lorsqu’elles sont représentées par 
deux symboles associés; sinon il est égal a zéro. 

Soient [ao, di, +--+ , Gs, -, --] et [bo, bs, --- , by, -, --] deux symboles associés, 
le premier étant de premiére espéce. Considérons les variétés planes de la 
suite (1) ainsi que leurs variétés conjuguées par rapport 4 Q2,; soit [2p — k] la 
variété conjugée de [k]._ Nous avons alors une suite de variétés planes: 


(3) [2p + 1] > [2p] D --- D [ph D [p — 1] D --- D [0]. 


Montrons que les éléments {p} de la variété [ao, a:, --- , a,, -, --] appartien- 
nent 4 la variété fondamentale de Schubert définie par le symbole 


[do, G1, -+- , Qn — b, ---,n — bi, n — Dal 


i aide de p + 1 variétés de la suite (3); nous avons posé n = 2p +1. En 
effet, comme un tel élément {p} coupe [a;] suivant une variété 4 7 dimensions, 
il coupe la variété conjuguée [2p — a,] suivant une variété 4 ¢(z) dimensions, od 
g(t) =p—a;+i. On a: of) — oi +1) =ay,-—a;—1. La différence 
y(j) — v(t) indique combien des nombres bp, bi, - - - , b: sont compris entre a, et a;. 


Si dans le symbole [do, a:, --- , @s, -, --] tous les nombres de a; 4 a; sont des 
nombres consécutifs, on a g(i) = ¢(j). Soit a; un nombre du symbole 
(do, @1, +++ , Qs, -, --] tel que a; + 1 soit égal 4 un nombre by du symbole 
[bo, bi, --- , by ©, «+ J]. L’élément {p} coupe [n — b,-] suivant une variété A ¢(7) 


dimensions. Remarquons que g(i) = p — (ai — 7) = p— i’. Il en résulte 
bien que {p} fait partie de la variété fondamentale de Schubert de symbole 


[Qo, Qi, +++ , As, 2 — b, --- ,n — dy, mn — Dol. 
De méme les éléments { p} de la variété [bo, bi, --- , b:, -, --] font partie d’une 
variété de Schubert de symbole [bo, bi, --- , bi, 2 — Gs, ++, — Gi, nN — Ap). 
Si [bo, bi, --- , b:, -, --] est de seconde espéce, il faut considérer A la place de la 


suite (3) l’ensemble des variétés de la suite (1)’ et de leurs conjuguées par rapport 
4 Q.,. En déplacant la génératrice [p]o, nous pouvons donner A la variété 
[a, di, +++ , @, -, --] une position générale par rapport A la variété 
[bo, bi, --- , bb, -, --]. Ces deux variétés sont alors contenues dans deux variétés 
de Schubert qui ont un élément commun. On reconnait que cet élément 
commun appartient 4 Q2,. Done l’indice de Kronecker des deux variétés 
associées est bien égal a 1. 


Soit [co, 1, +++ , C;, -, --] une autre variété fondamentale dont la dimension 
est complémentaire A celle de [ao, a1, --- , Gs, -, --]. Nous supposons que les 
variétés planes qui servent a définir [co, ci, --- , ¢r, -, --] appartiennent 4 une 


suite [p]’ > [p — 1]’D --- D [0]’, od [p]’ est une génératrice qui n’a pas de 
point commun avec [plo. Si r + s > p — 1, les deux variétés 
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[ao, iy *?* pee | et [co, Cy s** 9 Cry *y * | n’ont pas d’élément commun; 
sinon [a,] et [c,]’ auraient un point commun, ce qui est impossible. Supposons 
s+rsp—1;dotr St. Comme [bo, bi, --- , br, -, --]et [eo c1, --- ,¢,, -, «-] 


ont la méme dimension, on a: 


p—b+p—h+---+p—-kRep-atP-—-at---+p—e, 


Au moins un des nombres ¢, ¢:, --- , ¢, est done inférieur au nombre de méme 
rang de la suite bo, bi, --- , b:; soit c; <b; Alors les variétés [n — bj] et [c,]' 
n’ont pas de point commun. Done les variétés [co, c1, --- , ¢,, -,--] et 
[do, G1, «++ 5 As, n — by, +--+ ,n — bi, m — bo] n’ont pas d’élément commun. 


Du théoréme ainsi démontré il résulte que tout cycle Tx, de la variété V 
s’exprime par une homologie de la forme: 


Tox ~ = (bo, bi, ieee » bu, _ +) [ao, Qs, $33 ie --], 
oti (bo, bi, --- , bs, -, --] est indice de Kronecker de I’, avec la variété fonda- 
mentale associée A [do, @i, --- , Gs, -, -°]. 


16. L’espace des variétés planes 4 p dimensions qui appartiennent 4 un 
complexe linéaire non dégénéré d’un espace projectif 4 2p + 1 dimensions 
complexes. Soit C un complexe linéaire de droites défini dans l’espace projectif 
complexe [2p + 1]. Nous supposons que C est non dégénéré. Les droites de C 
qui passent par un point M remplissent un hyperplan [2p], qui est appelé 
hyperplan conjugué de M. A une variété [7] est associée une variété conjuguée 
[2p — 2]; c’est la variété commune A tous les hyperplans conjugués des points 
de [2]. Siz < p, il y a des variétés [7] qui sont contenues dans leurs variétés 
conjuguées. Nous disons qu’une telle varzété [7] appartient au complexe; toute 
droite de [2] est alors une droite du complexe. Une variété [p] qui appartient 
au complexe est confondue avec sa conjuguée. Soit V la variété des [p] qui 
appartiennent au complexe. Les propriétés de V ressemblent 4 celles de la 
variété des génératrices 4 p dimensions d’une quadrique Qe2,.* Désignons par 
{p} un élément quelconque de V et soit [plo un élément particulier de V. Nous 
allons démontrer le lemme suivant: 

LemME I. La variété V devient une cellule algébrique ouverte lorsqu’on en 
enléve tous les {p} qui rencontrent [p]o. 

La démonstration se fait de nouveau par induction. Soit O un point de [plo 
et soit [2p]o V’hyperplan conjugué de O. [2p]o contient [p]o. Tout {p} qui ne 
rencontre pas [p]o coupe [2p]) suivant une variété {p — 1} qui ne rencontre 
pas [p]o. Soit {p + 1} la variété conjuguée de {p — 1}. Les éléments {p} 
qui passent par {p — 1} sont les variétés planes A p dimensions qui passent par 
{p — 1} et qui sont contenues dans {p + 1}. Considérons une variété [p — 1]o 
contenue dans [p]) et ne passant pas par O. La variété [p + 1], conjuguée de 





* Pour les propriétés classiques d’un complexe linéaire, voir C. Segre, a. 
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[p — 1]o, coupe [2p]o suivant [p]o. {p + 1} et [p + 1] se coupent suivant une 
droite passant par O. Tout élément {p} passant par {p — 1} coupe [p + 1]o 
suivant un point et correspond ainsi d’une facon biunivoque A une variété [p]’ 
passant par [p — 1]o et contenue dans [p + 1]. Les éléments {p} qui passent 
par [p — 1} engendrent une cellule ouverte lorsqu’on enléve |’élément qui passe 
par 0. Le lemme sera done démontré quand on aura montré que les variétés 
‘p — 1} qui ne rencontrent pas [p]> forment une cellule ouverte. 

Considérons dans [2p]o une variété [2p — 1], qui coupe [p]p suivant [p — 1)}o. 
Les droites du complexe C qui sont contenues dans [2p — 1], engendrent un 
complexe linéaire yon dégénéré C’. Par projection centrale de centre O, toute 
variété {p — 1} dans [2p]o qui appartient au complexe C et qui ne rencontre 
pas [plo se projette sur [2p — 1] suivant une variété {p — 1}’ qui appartient 
au complexe C’ et qui ne rencontre pas [p — 1]o. Par hypothése, les variétés 
{p — 1}’ engendrent une cellule algébrique ouverte. Les variétés {p — 1} 
qui se projettent suivant une variété {p — 1}’ donnée et qui ne passent pas 
par 0 engendrent une cellule ouverte. On peut les mettre en correspondance 
biunivoque avec les variétés [2p — 1] qui sont déterminées par {p — 1} et 
[p — lJ. Done les {p — 1} qui ne rencontrent pas [p]o engendrent bien une 
cellule ouverte. 

Le lemme se démontre directement pour p = 1 en appliquant les réflexions 
précédentes; il est done prouvé quel que soit p. 

Considérons dans [p]y une suite de variétés planes: 


[plo > [p — lo D --- D [1]o D [O]o. 


Le symbole [do, a:, --- , @&,-, --],ou00 Sa <a, < --- <a, Sp, représentera 
la variété des éléments {p} de V qui coupent [ai]o suivant une variété A 7 
dimensions. On a ajouté p — s points a la suite de a,, pour indiquer que 
élément générateur est 4 p dimensions. 

LemMeE II. La variété [ao, a1, --- , @s, -, --] devient une cellule algébrique 
ouverte lorsqu’on en enléve ensemble des variétés représentées par les symboles 
qu'on obtient en diminuant d’une unité un des nombres du symbole donné ou en 
écrivant le nombre p a la suite de a,, sia, < p. Tout symbole qui n’a pas de sens 
est remplacé par zéro. 

Nous raisonnons de nouveau par induction par rapport 4 p. Le lemme se 


Vérifie immédiatement pour p = 1. Soit [2p]’ une variété plane qui coupe 
[ao suivant [a9 — 1] et les variétés [ao + 1]o, [ao + 2]o, --- , [plo suivant des 
variétés [ao]’, [a9 + 1]’, --- , [p — 1]’. Considérons un élément général {p} de 
la variété [ao, ai, «++ , ds, +, -+]. Il est déterminé par un point M de [ao]» et 


une variété {p — 1} contenue dans [2p]’. Nous supposons que M n’appar- 
tient pas A [ap — 1]. L’hyperplan conjugué de M coupe [2p]’ suivant une 
variété [2p — 1]’. Les droites du complexe C qui sont contenues dans [2p — 1)’ 
engendrent un complexe linéaire C’. La variété{p— 1} appartient au 
complexe C’ et engendre, pour un point M donné, la variété de symbole 


[a, — 1,ag — 1, --- , a, — 1, -, -+]’ 
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définie 4 l’aide des variétés [a,; — 1]’, [a2 — 1]’, --- , [as — 1]’. Par hypothese 
on peut appliquer le lemme 4 la variété [ai — 1, a2 — 1, --- ,a, — 1, -,..}’, 
Faisons décrire A M la cellule ouverte [ao]o — [ao — 1]. A deux points M, et M, 
correspondent deux hyperplans conjugués qui coupent [2p]’ suivant des variétés 
[2p — 1], et [2p — 1],. Celles-ci ne contiennent pas le pdle J de l’hyperplan 
[2p]’. Les variétés {p — 1} dans [2p — 1; et [2p — 1]; peuvent étre mises en 
correspondance biunivoque par projection centrale de centre J. La variété 
(ao, @1, --- , @, -, --] dont on a enlevé les éléments qui rencontrent [aj — 1}, 
est donc le produit topologique de [aolo — [ao — 1]o par la variété 
[a, — 1,a2 — 1, ---,a,—1,-,--]’. Le lemme résulte de cette propriété. 

Nous dirons encore que les variétés [ao, 41, --+ , Gs, +, --| sont les variétés fonda- 
mentales de V. Elles subdivisent V en cellules algébriques et forment par suite 
les bases d’homologie. 

La dimension complexe de V est (p + 1) (p + 2)/2. En raisonnant comme 
au §15, on trouve que la dimension complexe de [do, a, --- , as, -, --] est 


(p + 1) (p + 2) 





5} —(p+1— a) —-(p+1—a) —--- — (p+1-—-a,). 
Soient bo, b:, --- , 6; les nombres de la suite 0,1, --- , p qui ne figurent pas 
parmi la suite do, a), --- ,@s. La variété [bo, bi, --- , bs, -, --] sera dite asso- 
ciée & [do, Qi, --- , Gs, - , +]. Deux variétés associées sont de dimensions 


complémentaires. On montre comme au §15 que l’indice de Kronecker de deux 
variétés associées est égal d 1. Si deux variétés de dimensions complémentaires 
ne sont pas des variétés associées, leur indice de Kronecker est nul. Par consé- 
quent tout cycle I’, s’exprime par une homologie de la forme: 


To, ~ Z(bo, bi, -++y by, -, ++)[@o, a, s+ 5 Qs, -y ee], 


les notations étant les mémes qu’au §15. 

Il y a une analogie frappante entre la variété des génératrices {p + 1} d’une 
quadrique Q2,,2 et la variété des éléments {p} appartenant 4 un complexe linéaire 
de l’espace [2p + 1]. Dans les deux cas, toute variété fondamentale est définie 
par un ensemble d’entiers (do, ai, --- , a.) tels que 0 S ay < a, < +++ < a, SP; 
le nombre p + 1 qui peut figurer dans les symboles des variétés fondamentales 
du premier cas ne joue pas un réle essentiel. Les invariants topologiques 
ordinaires (nombres de Betti, coefficients de torsion, groupe de Poincaré) sont 
les mémes. Cependant les deux variétés ne sont pas homéomorphes. Soit, en 
effet, le cas p = 1. La variété des génératrices {2} d’une quadrique Q est 
homéomorphe 4 l’espace projectif [3]. La variété des droites d’un complexe 
linéaire de [3] est homéomorphe a une quadrique Q;. On voit facilement que les 
variétés [3] et Q; ne sont pas homéomorphes. II suffit de considérer dans les 
deux cas l’intersection avec lui-méme du cycle de base 4 2 dimensions complexes. 








ese 
JV, 
M, 
tés 
lan 


été 
1] 
été 


la- 


‘ite 


me 
ast 


as 


ns 
UX 


é- 





TOPOLOGIE DE CERTAINS ESPACES 433 


17. Application de la méthode des invariants intégraux. II est intéressant 
de retrouver certains des résultats précédents par la méthode des invariants 
intégraux®? du §5. 

Considérons la quadrique Q2, d’équation: 


(1) ToYo + MYi + +--+ + Lpyp = 0. 
Soit {p}o la génératrice xm = 2) = --- = x, =0. Les génératrices {p} voisines 
de {p}, sont représentées par: 

ti = >) as Yi, ay + ax = 0. 


La variété V des génératrices {p} de méme systéme que {p}> est transformée 
transitivement par le groupe projectif G qui laisse invariantes la quadrique (1) 
et les relations y; = Z;. G est équivalent au groupe orthogonal 4 paramétres 
réels et A 2p + 2 variables. Le groupe d’isotropie g relatif 4 |’élément-origine 
{p}, est défini par: 


' (2') = (a) (2) area 
“ yy’) = (@) - 


V peut étre considéré comme Vespace riemannien symétrique défini par G et g, la 
symétrie par rapport 4 l’élément {p}> étant définie par: 


(x’) = —(2), (y’) = (y). 


Le groupe linéaire d’isotropie y opére sur des variables complexes w;; et sur 
les variables complexes conjuguées @;;. On a a; + w; = 0. Les w se trans- 
forment comme les formes extérieures [z; 2z;], en supposant que les variables 
%, 21, +++ , 2p Subissent les transformations du groupe unitaire (x’) = (a) (2), 
od (a) (@)* = 1. Aux transformations unimodulaires de ce dernier groupe 
correspond un groupe linéaire 7’’ opérant sur les w,;;. On est de nouveau con- 
duit 4 décomposer en groupes irréductibles le groupe y;’ qui opére sur les formes 
extérieures [w;,;, --- w;,;,]. En répétant les raisonnements du §7, on obtient 
facilement les variables dominantes de ces groupes irréductibles. Considérons 
le tableau des variables w;; qui s’obtient en gardant dans la matrice (w,;) 
seulement les éléments placés au-dessus de la diagonale principale. Etant 
donné un ensemble d’entiers Io, , --- , , tels quep 2h >hL>--- >i >0 
et tels quel + 1, + --- + i = 8, prenons les i) premiers éléments de la 
premiére ligne du tableau des w,;, puis les 1, premiers éléments de la seconde 
ligne, ete. Le produit extérieur de tous ces éléments, [wo1 wo2 - - - Wo, 12 13 - « «J, 
est une des variables dominantes cherchées. Toute variable dominante s’obtient 
ainsi. Done: 





* Pour ce qui concerne les quadriques complexes, voir E. Cartan, g. 
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TutoriMe. Le nombre d’invariants intégraux de degré 2s, ou le nombre de 
Betti R2,, est égal au nombre d’ensembles d’entiers (lo, li, --+ , lx) tels que: 
p2h>h>--->k20, bth+-::-+h=s. 


Considérons de méme le complexe linéaire défini par |’équation: 


(2) [70 Yo] + [tigi] + --- + [tp yp] = O. 

La variété a = 7; = --- = 2» = O est une variété {p}> appartenant au com- 
Pp 

plexe linéaire. Soit {p} une variété queleonque appartenant au complexe 

linéaire. Les variétés {p} voisines de {p}o sont représentées par: 


Nae >) ai Yi; aig = Aji. 
j 


La variété W engendrée par les {p} est transformée transitivement par le groupe 
linéaire G qui laisse invariants le premier membre de |’équation (2) ainsi que la 


? 4 = i : : ‘ : 
forme d’Hermite > es + > yi ¥i. Le sous-groupe g qui laisse invariant 
t 


{p}oest de a défini par: 
(x’) = (a)(2), (y’) = @(y), (a)(a)* = 1. 


Le groupe linéaire d’isotropie y opére sur des variables complexes w;; et aj; 
telles que w;, = w;;. w;; est transformé comme le produit 2; 2; lorsque les varia- 
bles x; subissent les transformations du groupe (x%’) = (a)(x), o (a)(a@)* = 1. 
On peut encore considérer le tableau des w;; obtenu en supprimant dans la 
matrice (w;;) les éléments placés au-dessous de la diagonale principale. On 
trouvera par la méme régle les variables dominantes appartenant aux groupes 


vi’ et on a le méme théoréme que dans le cas précédent, les entiers (Ip, li, - - - , lx) 
satisfaisant maintenant aux conditions: p+ 12h >h>--- >k 29, 


b+th+---+h=s. 


V. Les propriétés topologiques d’une classe de variétés ayant comme 
élément générateur une figure formée de plusieurs variétés planes 


18. Définitions et propriétés générales. Les raisonnements des paragraphes 
précédents peuvent s’appliquer 4 une classe étendue de variétés algébriques 
qu’on peut considérer comme des généralisations des variétés de Grassmann. 
L’exemple le plus simple est fourni par la variété des éléments linéaires de 
l’espace projectif complexe [n], en appelant élément linéaire l’ensemble d’un point 
et d’une droite passant par ce point. On peut considérer plus généralement 
ensemble d’une variété [a] et d’une variété [8], ot l’on suppose a < 6 et 
[a] C [6]. Cette figure peut étre prise comme élément générateur d’une variété 
et sera représentée par le symbole {a, 8}. Ainsi un élément linéaire est repré- 
senté par {0,1}. On peut encore considérer des variétés ayant comme élément 
générateur la figure formée par k + 1 variétés [ao], [ai], --- , [ax] telles que: 


a < ay Sees < ay} [ao] ood [a] Cc +e G&G [ax] S. [nl]. 
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Un tel élément générateur sera représenté par {ao, ai, --- , ax}. Remarquons 
que chaque élément {ao, a, --- , ax} définit aussi une variété fondamentale de 
Schubert. 

Soit V la variété de tous les éléments {ao, ai, --- , ax} contenus dans [n], les 
nombres ao, a1, --- , a étant des nombres donnés. D’aprés le théoréme fonda- 
mental de la géométrie projective, il existe une transformation homographique 
de [n] qui transforme un élément arbitraire {ao, ai, --- , a¢}; en un autre élément 
arbitraire {ao, a1,--- ,@%}2. La variété V est donc transformée transitivement 


par le groupe projectif de [n]. En raisonnant comme dans le cas des variétés 
de Grassmann, on montre que V est aussi transformée transitivement par le 
groupe hermitien elliptique. V définit done encore un espace homogéne clos 
ayant pour groupe de structure le groupe hermitien elliptique. Mais cet espace 
homogéne n’est pas symétrique. 

La dimension complexe de V est égale a 


(ao + 1)(a1 — ao) + (ar + 1)(a2 — ar) + +++ + (ax + 1)(m — ax). 


La caractéristique d’Euler-Poincaré de V s’obtient encore en appliquant le 
théoréme de M. S. Lefschetz. Une homographie générale de |n] laisse fixes - 
les n + 1 sommets d’un simplexe non dégénéré. Le nombre d’éléments 
{ao,a1,---,ax} qui sont fixes par l’homographie est égal a 


te! Ree a oi ') 
oa, +1/ \ari+1 ay +1/)° 
Ce nombre est égal 4 la caractéristique d’Euler-Poincaré, car en vertu du 


théoréme démontré a la fin du §7, chaque élément fixe doit étre compté avec 
une multiplicité égale a 1. 


19. La variété des éléments {a, 8} de [n]. La variété de tous les éléments 
(a, 8) de [n] est une variété algébrique V contenue dans le produit topologique 
de la variété des éléments {a} par la variété des éléments {8} de [n]. Con- 





sidérons de nouveau une suite de variétés planes [n — 1], [n — 2], --- , [1], [0] 
telles que: 

(1) [n] D [n — 1] D [n — 2] D --- D [1] D [0]. 

Elles déterminent les variétés fondamentales |[ao, a1, --- , da] engendrées par 
des éléments {a} et les variétés fondamentales [bo, bi, --- , bs] engendrées par 
des éléments {8}. Le symbole ad qgiliiabdg représentera la variété 

bo, 61, or , ba; vies , bg 

des éléments {a, 8} définis par l’ensemble d’un {a} appartenant A [do, a1, --- , Ga] 
et d’un {8} appartenant A [bo, bi, --- , bg]. Pour que {a} et {8} puissent étre 
des éléments généraux des variétés [ao, a1, «++ , Gal et [bo, bi, --- , bg], il faut et 


il suffit que tout nombre a; soit égal A un nombre }; dont |’indice j est supérieur 
om égal a7. Lorsque cette condition est satisfaite, le symbole considéré sera 
dit irréductible et représentera une variété irréductible que nous appellerons 
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variété fondamentale. Lorsque cette condition n’est pas satisfaite, le symbole 
est réductible et représente, en général, la somme de plusieurs variétés fonda- 
mentales. Soit, en effet, a; le premier nombre de la premiére ligne du sym- 
bole qui ne figure pas parmi les nombres }; de la deuxiéme ligne. Supposons 
a; compris entre 6; et b;,1 et soit {a, 8} un élément de la variété défini par le 
symbole donné. Si l’intersection de [a;] et de {a} ne se trouve pas entiére- 
ment dans [b,], la variété {8} coupera [a,] suivant une variété [j + 1]. Ceci 
montre qu’on peut remplacer le symbole donné par la somme des deux symboles 
obtenus en remplacant soit a; par b;, soit bj: para; Cependant lorsque b; = a;_,, 
il faudra remplacer a; par b; et diminuer d’une unité un ou plusieurs des nombres 
qui précédent a;. Ainsi i. ; z doit étre remplacé par a + & | 
Si les symboles obtenus ne sont pas irréductibles, on applique la méme opéra- 
tion jusqu’a ce qu’on arrive 4 une somme de symboles irréductibles. 

Nous allons montrer que les variétés fondamentales fournissent une subdivi- 
sion de V en cellules algébriques. Pour éviter des longueurs, nous supposerons 
que V est la variété des éléments {1, 6} de l’espace [n]; on reconnaitra immédia- 


tement que le raisonnement est général. Soit ™ re symbole 


Bo, Mo, be, bs, ai, bs, be 
d’une variété fondamentale F. Nous choississons dans [n] une variété [n — 2]’ 
qui ne rencontre pas les droites générales de [ao, a;]._ Il faudra done que [n — 2)’ 
coupe [do] suivant [a — 1] et [a] suivant une variété [a, — 2]’ qui n’appar- 
tient pas a la suite (1) mais qui est contenue dans [a, — 1]. Alors [n — 2]’ 
contient [bo] et coupe les variétés [be], [bs], [bs], [bs] suivant des variétés [b. — 1)’, 
[bs — 1]’, [bs — 2]’, [bs — 2]’. Soit {1, 6} un élément de la variété F. II est 
composé d’une droite {1} et d’une variété {6}. Nous supposons que la droite 
{1} n’appartient pas 4 [a, a, — 1] + [a9 — 1, a]. Il s’en suit que {1} ne 
rencontre pas la variété [n — 2]’. L’intersection de {6} et de [n — 2]’ sera 
une variété {4} qui appartient A la variété [bo, bo — 1, bs — 1, bs — 2, bs — 2] 
définie 4 l’aide de [bo], [b2 — 1]’, [bs — 1]’, [bs — 2]’, [bs — 2]’. Réciproquement, 
ensemble d’une droite {1} appartenant A [ao, a1] — [ao, a1 — 1] — [ao — 1, a] 
et d’un élément {4} de la variété [bo, be — 1, bs — 1, bs — 2, bs — 2]’ détermine 
un élément {1, 6} appartenant 4 la variété F. Done si l’on enléve de F les 
éléments {1, 6} dont la droite {1} appartient A [a, a, — 1] + [ao — 1, al, 
on obtient une variété qui est le produit topologique de la cellule ouverte 
(ao, a1] — [a, a: — 1] — [ao — 1, a] et de la variété (bo, bs — 1, bs — 1, bs — 2, bs — 2)’. 
Pour faire de cette derniére variété une cellule ouverte, il faut en enlever 
des variétés ayant pour symboles [b) — 1, bs — 1, bs — 1, bs — 2, be — 2’, 
[bo, be _ 2, ee “|, ee [bo, be _ 1, bs _— ., bs _ 3; be _ 27’, ---, Les variétés 
planes qui servent 4 définir ces symboles sont les intersections des variétés de 
la suite (1) avec la variété [n — 2]’. Les éléments {6} qu’on a enlevés de cette 
fagon sont les éléments des variétés représentées par les symboles obtenus a partir _ 
de [bo, ao, be, bs, ai, bs, bes] en diminuant d’une unité un des nombres bo, b2, bs, bs, bs. 
Une circonstance exceptionnelle se présente lorsque b2 — 1 = ap ou bs — 1 = %. 
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Si by — 2 = bo, on n’a pas a considérer le symbole obtenu en remplacant b2 par 
bo — 1. Mais si bs — 1 > bo + 1, il faut remplacer ap et be par ap — 1 et ao. 
Ce qui précéde permet d’énoncer, pour tous les cas, la régle suivante: 

La variété fondamentale F de symbole Po sa =o" devient une cellule 
algébrique ouverte lorsqu’on en enléve les variétés représentées par les symboles qui se 
déduisent du symbole de F en dimiunant d’une unité un des nombres de la premiére 
ou de la deuxiéme ligne. On ne garde que les symboles qui ont un sens et on les 
décompose en symboles irréductibles. 

On reconnait que notre raisonnement est tout 4 fait général; la méme régle 
s’applique done dans le cas des variétés fondamentales engendrées par un élé- 
ment {a, 8} queleonque. Par conséquent: 

Les variétés fondamentales i : eine | subdivisent la variété V en cellules 

* eee , bg 
algébriques et fournissent les bases d’homologie. Il n’y a pas de coefficients de 
torsion et les nombres de Betti Ros sont nuls. 

M. E. Cartan a bien voulu m’indiquer une autre maniére de représenter les 
variétés fondamentales et de définir les cellules algébriques correspondantes. 
D’aprés ce qui précéde, on voit que la dimension complexe de la variété 
. —— Jest ieiek 2 (a; — i) Pe > oe eee a 

SS ereee , bs . : 
tandis que j ne prend que les valeurs des indices des nombres b, qui ne figurent 
pas dans la premiére ligne du symbole. La variété est complétement définie par 
l’ensemble des nombres (a; — 7) et (b; — 7), c’est-A-dire par 8 + 1 nombres entiers 
dont les a + 1 premiers ne dépassent pas n — a et sont rangés par ordre non 
décroissant, tandis que les 8 — a nombres suivants ne dépassent pas n — 6 et 


sont rangés par ordre non décroissant. Ainsi la variété b, : 3 4 6 serait 


définie par le systéme d’entiers (2, 3 | 1, 1, 2); sa dimension est égalea9. La 
cellule ouverte correspondante est définie de la fagon suivante: Considérons les 
sommets Ao, Ai, --- , A, d’un simplexe de référence, les p + 1 premiers points 
définissant la variété [p] de la suite (1). Formons le tableau suivant: 


ApAiA2 2 + 1 points 
AoAiA3A4 3 + 1 points 
AoA, 1 + 1 points 
AoA3 1 + 1 points 
AoAsAg 2 + 1 points. 


Dans chaque ligne nous évitons d’écrire les derniers points des lignes précé- 
dentes. La droite de l’élément {1, 4} qui engendre la cellule ouverte est définie 
par les points Az + (AoA;) et Ay + (AoA1As). La variété {4} correspondante 
est définie par les points précédents plus les trois points Ai + (Ao), As + (Ao) 
et Ag+ (AoA5). Ici (A;A;Ax) représente une combinaison linéaire 4 coefficients 
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arbitraires des points A,;, A;, Ax. Les derniers indices des différentes lignes dy 


2, 4 
tableau sont ms nombres qui composent le symbole & 2, 3, 4, J 


Il est facile d’obtenir l’indice de Kronecker de deux variétés fondamentales de 
dimensions complémentaires. Soient 


/ / / 
Mo, G1, +++ » Ga | ber fie s** Qe | 

et , ’ , ’ 

hea eee bo, by, «++ , Ba, +++ , dg 
les symboles irréductibles des deux variétés considérées. Donnons a la deuxiéme 
variété une position générale par rapport 4 la premiére; c’est-a-dire nous sup- 

° / e . ° os e 

posons que les variétés [b ;] qui servent 4 définir la deuxiéme variété fondamentale 
ont une position générale par rapport aux variétés [b;] qui servent 4 définir la 


premiére. Pour qu’il y ait un élément {a, 8} commun aux deux variétés il faut 
qu’on ait, d’aprés un raisonnement déja fait 4 propros des variétés de Grassmann: 


/ / , 
+a 27, a; + Gg_} 2 N, +++ , da + Ay =n 
/ / / 
bo +bg2n, b +bgi en, +++ bs + bo 20. 
En particulier, si la deuxiéme variété fondamentale a pour symbole 


Nn — gy +++ ,N — A 
n — bg, teeeeeeeee pn — dyn — do ? 


il y a un élément et un seul commun aux deux variétés. Les nombres a; et b; 
devront étre supérieurs ou égaux aux nombres correspondants dans le symbole 
i eS ee a | Or quand on a deux variétés fonda- 
n — bg, ee ees ,n—bin — bo 
mentales F’; et Fs, définies 4 l’aide des variétés planes de la suite (1), F; est 
contenu dans F’; lorsque les nombres du symbole irréductible de F2 sont supérieurs 
ou égaux aux nombres correspondants du symbole irréductible de F;. Dans 
ces conditions, les deux variétés F', et F.ne peuvent avoir des dimensions égales 
que lorsque leurs symboles irréductibles sont identiques. Donec le symbole 
d’une variété fondamentale ayant un indice de Kronecker non nul par rapport 4 
Gay +++ >n — A 


In “+5 da | ne peut étre que} ” — 
bo, ++ eee ' by | Pp sy N — bg, see eeeeeees n — bo 
Montrons que: 


epi N — May +++ Nn — Ao a 
bo, eeeeee ) bs n— bs, eevee esrereee ; y ; ices bo 7 
Pour cela nous considérons seulement |’exemple des variétés: 


bs ay et n— a, n— ao 
bo, Qo, be, bs, a, bs, be n— be, n— bs, n—an— bs, n— be, n — ao, nr — bo 


On verra que le raisonnement est général. Nous avons considéré une variété 
[n — 2]’ coupant [ao] suivant [a9 — 1] et [a:] suivant une variété [a; — 2]’ con- 











du 


de 
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ans [a; — 1]. La variété des éléments {1, 6} do, Ay 
tenue dans [@, ] ments {1, 6} de o ee 


dont la droite ne rencontre pas [nm — 2]’ est alors le produit topologique de 
(ao, a1] — [ao — 1, a1] — [ao, a1 — 1] par une variété [bo, be — 1, bs — 1,b; — 2, by — 2)’ 
définie dans [{n — 2]’. Nous pouvons aussi considérer une variété |[n — 2]” 
coupant [n — a] suivant [n — a; — 1] et [nm — ao] suivant une variété [n — ap — 2)” 


contenue dans [n — ad — 1]. Alors la variété des éléments {1, 6} de 
n— Qn — Ao , 

; dont la droite ne 
n — by, n — bs, n — Gy, nN — b3,n — be, n — ao, nN — bo 


rencontre pas [n — 2]” est le produit topologique de 
[n — a1, n — ao] — [nm — a, — 1, n — a] — [nm — ay, n — a — 1] 


par une variété [n — be, n — bs, n — bs — 1, n — be — 1, n — bo — 2)” définie dans 
in — 2]”. Par une transformation homographique, nous pouvons amener 
n— Qa;,n — Ao 

: — by, n — b;, n — G, n — bs, n — bo, nN — a, n — bo 


a ao, ay . 
rale par rapport a de telle facon que [n — 2]” vienne 
ale p pp ere ae eT gon que | ] 


en une position géné- 


en coincidence avec [n — 2]’. Nous indiquons par un indice inférieur égal A 1 
tout ce qui se rapporte a la variété qu’on a déplacée. Nous pouvons supposer 
que les variétés [n — a, — 1] et [n — ao — 2]” viennent en coincidence avec des 
variétés [n — a, — 1], et [n — ao — 2]; de [n — 2)’ telles que [a — 1] et 
[n — ay — QI; ne se rencontrent pas et telles que [a; — 2]’ et [n — a; — 1]; ne se 
rencontrent pas. Alors les deux variétés fondamentales considérées ne peuvent. 
avoir aucun élément d’intersection {1, 6} dont la droite {1} rencontre [n — 2]’. 
En ce qui concerne |’indice de Kronecker des deux variétés, il suffit done d’en 
considérer les parties engendrées par des éléments {1, 6} dont la droite ne ren- 
contre pas [n — 2]’. Les deux variétés dont il faut chercher |’indice de Kronecker 
sont done le produit topologique de [ao, a:] — [ao — 1, a1] — [ao, a1 — 1] par 
[bo, bo — 1, bs — 1, bs — 2, bg — 2)’ et le produit topologique de 


[n — m,n — ahi — [n — a — 1, n — aohi — [mn — G, nM — GH — 1); 
par [n _ be, n— bs, a — bs _ i = bs = 1, = a bo “— 2]1. 


La variété totale des éléments {1, 6} dont la droite ne rencontre pas [n — 2]’ 
est le produit topologique de la variété des droites qui ne rencontrent pas 
[n — 2]’ par la variété des {4} de [n — 2]’. De tout cela il résulte que l’indice 
de Kronecker cherché est égal A +1, car l’indice de Kronecker de |ao, ai] avec 
[n — ay, n — ao], est égal A +1 et l’indice de Kronecker de [bo, b2 — 1, bs — 1, 
bs i 2, bs = 2]’ avec [n _ be, n— bs, n— bs _ 1, n— be _ 1, n— bo _ QI; 
est égal A +1. 
Soit T2, un cycle sur V de dimension 2s. On aura l’homologie: 
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— May ++ n— a ye ° 
le facteur ( ” ; . ' ) étant l’indice de Kronecker de I., et de 
n— bs, ce cceees n— bo 
_ a — @ : . - a ‘ 
oS ies : . Ceci résout en méme temps le probléme des caracté- 
n— ba, eeniewes n— bo 


ristiques de Schubert et donne le nombre d’intersections de deux cycles quelconques 
de dimensions complémentaires. 


20. La variété des éléments {ao, ai, --- , a} contenus dans [n]. Con- 
sidérons le cas d’un élément générateur {a, 8, y} composé de trois variétés 
planes {a}, {8}, {vy}. Soit V la variété de tous les éléments {a, 8, y} de [n]. 


Considérons de nouveau une suite de variétés planes [n — 1], --- , [1], [0] 
telles que: 
(1) [n] D [n — 1] D --- D [1] D [0]. 


En prenant dans cette suite a + 1 variétés [a;], 8 + 1 variétés [b;] et y + 1 
variétés [c;], le symbole 








Q, M1, +++» Me OSM<4<---<asn 
(2) bo, 51, ees , bs Ost <b <---> <b Sn 
Co, C1, se eee °° » Cy 0S QM<a< +--+ <Ce,Sn 
représentera la variété des éléments {a, B, y} composés d’un élément {a} 
appartenant a [do, ai, --- , Gal, d’un élément {8} appartenant A [bo, bi, --+ , bg] 
et d’un élément {y} appartenant 4 [co, ci, --- , cy]. Pour que les éléments 


{a}, {8} et {y} qui composent l’élément général {a, B, y} de la variété (2) 
soient des éléments généraux de leurs variétés respectives, il faut et il suffit que 
tout nombre a; soit égal 4 un nombre };, o1 7 S 7, et que tout nombre 8; soit 
égal 4 un nombre c;, ol 7 S k. Lorsque ces conditions sont satisfaites, le 
symbole (2) sera dit irréductible et la variété qu’il définit sera appelée variété 
fondamentale. Cette variété fondamentale moins le lieu de ses éléments 
singuliers est transformée transitivement par un groupe projectif continu, un 
élément {a, 8, y} étant dit singulier lorsqu’un de ses éléments composants, 
{a}, {8}, {vy}, est singulier dans sa variété respective. Les variétés fonda- 
mentales sont par suite des variétés algébriques irréductibles. Lorsqu’un 
symbole n’est pas irréductible, on peut le remplacer par un ou plusieurs sym- 
boles irréductibles en procédant selon les indications du paragraphe précédent. 

Considérons dans V toutes les variétés fondamentales qu’on peut définir a 
l’aide des variétés planes de la suite (1). Elles définissent une subdivision de V 
en cellules algébriques. On a, en effet, la régle suivante: 

St (2) est le symbole irréductible d’une variété fondamentale, on considére tous 
les symboles qu’on peut en déduire en diminuant d’une unité un des nombres 
ai, b; ow cy. On décompose les symboles ainsi obtenus en symboles irréductibles. 
La variété fondamentale (2) devient une cellule algébrique ouverte lorsqu’on en 
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enleve Vensemble des variétés fondamentales représentées par ces symboles irré- 
ductibles. 

Pour prouver la régle, il suffit de remarquer que la variété qui reste, aprés 
Venlevement de ces variétés-frontiéres, est le produit topologique d’une cellule 
algébrique engendrée par des éléments {a, 8} et d’une cellule algébrique engen- 
drée par des éléments {y — 6 — 1} d’une certaine variété [n — 6 — 1]’. En 
ce qui concerne l’indice de Kronecker de deux variétés fondamentales de dimensions 
complémentatres, on montre encore que: 


_ r 














Mo, *** » Qa N — Aa, +++ ,N — A 
bo, eens , bs n — bz, cee eee eee ,n — bo = 1 
| ; Cy | N — Cy ter errererecees »>n— C% 


Si les symboles de deux variétés fondamentales ne se correspondent pas de 
cette fagon, l’indice de Kronecker correspondant est nul. Donc si T2, est un 
cycle sur V, on a l’homologie: 








4 
nN — Aa, » Nm — A oeer 
To, Bi we Ey wive.sanes ,n — bo pero Yn P 
N — Cy ce rrrereeeceees »n— %& Coy streets » Cy 
L. J 


les notations étant analogues 4 celles des paragraphes précédents. Ceci résout 
en méme temps le probléme des caractéristiques de Schubert. 

Il est bien clair qu’on a des résultats tout 4 fait analogues dans le cas de la 
variété des éléments {a, ai, --- , ax} contenus dans [n]. 

A titre d’exemple, donnons les bases d’homologie de la variété des éléments 
{0, 1, 2} contenus dans [3]. 





























3 7 

2,3 Ry = | 
/1,2,3 | 

Ss Vi... 208) a 

2,3 1,3 2,3 Ry = 3 
11,2,3] L1,2,3] L0,2,3, 

SES eS ones Ve 4 

1,3 1,2 2,3 0,3 1,3 Rs =5 
(1,2,3] L1,2,3] L0,2,3] 10,2,3] L0,1,3] 

fo 6 fi1 6 61) 67 fe fs 7fe2 

0,3 1,2 1,3 0,2 0,3 1,2 Re = 6 
L9,2,3} L1,2,3 | 10,1,3] 10,2,3 | L0,1,3] L0,1,2 
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| 
J 
1 
J 
| 




















0 0 1 1 2 
0,2 0,3 0,1 1,2 0,2 R, =3 
| 0,2,3.| 10,1,3} L0,1,3_} L0,1,2]} L0,1,2 

TO ‘| [0 171 , 

0,1 0,2 0,1 R, =3 
|0,1,3.} |0,1,2.| L0,1,2| 

” : 

0,1 Ry at 
LAB: 


La somme des nombres de Betti est toujours égale 4 la valeur de la earac- 
téristique d’Euler-Poincaré qui a été déterminée au §18. 


21. Remarque sur la topologie du groupe de la geométrie hermitienne 
elliptique. Les variétés de Grassmann et les variétés plus générales qu’on 
vient d’étudier sont transformées transitivement par le groupe hermitien ellip- 
tique G et peuvent donc étre considérées comme des espaces de décomposition 
de la variété de G. Il ne semble pas facile de subdiviser la variété de G en 
cellules et de déterminer de cette fagon les invariants topologiques de G.* 
Cependant on arrive 4 une représentation assez concréte de cette variété en 
considérant la variété V des éléments {0, 1, --- , m — 1} de l’espace projectif 
[n]. Nous supposons que G est le groupe projectif de [n] qui laisse invariante 
la forme d’Hermite x % + 2141+ --- + 2n&n. Nous prenons comme élément- 
origine de V |’élément {0, 1, --- , m — 1}9 composé des variétés [a] d’équations 
x; = 0 pour k > a, a étant un des nombres 0, 1, --- ,» — 1. Le sous-groupe 
g qui laisse invariant |’élément-origine a pour équations: 


(1) 2p == efvk 7, (k = 0,1, -+-,n). 


La variété de g est homéomorphe a un tore 4 n dimensions (produit topologique 
de n cercles). 

La topologie de V est connue. A chaque point de V correspond dans G une 
variété homéomorphe 4 un tore 4 n dimensions. A un domaine suffisamment 
petit de V correspond dans G le produit topologique de ce domaine par le tore 
& n dimensions. G n’est pas intégralement le produit topologique de V par le 
tore 4 n dimensions; car s’il en était ainsi, le groupe de Poincaré de G serait 
infini. Or M. E. Cartan a démontré* que le groupe de Poincaré de G est le 
groupe cyclique d’ordre n + 1, le groupe simplement connexe G localement 
isomorphe 4 G étant le groupe linéaire unimodulaire de la forme d’Hermite 
Xo Zo + +++ + In Fn. 

A laide des résultats du §2, nous pouvons vérifier que V est simplement 





33 Une formule théorique pour le calcul des nombres de Betti a été donnée par M. E. 
Cartan, b, p. 218-222. 
% Voir E. Cartan, d. 
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connexe. A g correspond, en effet, dans G un groupe connexe g également 
homéomorphe 4 un tore a x dimensions. I] en résulte que toutes les variétés 
algébriques considérées jusqu’ici sont simplement connexes, car, aprés un choix 
convenable de |’élément-origine, leurs groupes d’isotropie, qui sont connexes, 
contiennent toujours le groupe d’isotropie g de V. 

La variété V peut aussi étre considérée comme un espace de décomposition 
du groupe G, 4 tout point de V correspondant encore dans G un tore A n 


dimensions. 


22. Remarques finales. Toutes les variétés algébriques que nous avons 
étudiées dans ce mémoire sont des variétés rationnelles. Chacune d’elles con- 
stitue, en effet, une cellule algébrique dont l’intérieur admet une représentation 
birationnelle et biunivoque sur l’espace euclidien tout entier. Il est probable 
que certaines des propriétés topologiques rencontrées sont des propriétés com- 
munes A toutes les variétés rationnelles. En particulier, il serait intéressant 
de savoir si pour toute variété rationnelle sans singularités les nombres de 
Betti relatifs aux dimensions impaires sont nuls et s’il n’y a pas de coefficients 
de torsion. On démontre facilement que toute variété rationnelle sans singu- 
larités est simplement connexe. D’une facon plus générale: 

Deux variétés algébriques sans singularités qui se correspondent par une trans- 
formation birationnelle ont des groupes de Poincaré isomorphes. 

Ceci résulte du fait que l’ensemble des points fondamentaux (c’est-d-dire des 
points dont chacun correspond 4 une infinité de points) constitue une variété 
dont la dimension complexe est inférieure 4 d — 1, d étant la dimension com- 
plexe des variétés données. 

Il faudrait aussi étudier la topologie des nappes réelles des variétés de Grass- 
mann et de leurs généralisations. On a immédiatement une subdivision de ces 
variétés en cellules algébriques réelles. Les variétés analogues aux variétés 
fondamentales introduites ici fournissent les bases pour l’homologie (mod 2). 
Pour certains cas il est facile de déterminer les nombres de Betti et les coeffi- 
cients de torsion. Nous développerons ces résultats dans un autre article. 

La méthode que nous avons employée permet d’étudier encore d’autres 
variétés algébriques. Elle conduit a des solutions simples et rigoureuses de 
certains problémes de géométrie énumérative. Elle s’applique en particulier 
i la variété des coniques ou des quadriques de l’espace projectif [n]. 





